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ABSTRACT. We study the automorphism group of Hall’s universal locally finite
group H. We show that in Aut(H) every subgroup of index < 2%0 lies between
the pointwise and the setwise stabilizer of a unique finite subgroup A of H,
and use this to prove that Aut(H) is complete. We further show that Inn(H)
is the largest locally finite normal subgroup of Aut(H). Finally, we observe
that from the work of the second author it follows that for every countable
locally finite G there exists G 2 G’ < H such that every f € Aut(G’) extends
to an f € Aut(H) in such a way that f — f embeds Aut(G') into Aut(H).
In particular, we solve the three open questions of Hickin on Aut(H) from his
1978 work, and give a partial answer to Question V1.5 of Kegel and Wehrfritz
from their 1973 work.

1. INTRODUCTION

In [2] Hall constructs a group H with the following properties:

(A) H is countable;
(B) H is locally finite;
(C) H embeds every finite group;

(D) any two isomorphic finite subgroups of H are conjugate in H.
The group H is unique modulo isomorphism and it is known as Hall’s universal lo-
cally finite group (or simply as Hall’s universal group). In model-theoretic terminol-
ogy H is a homogeneous structure, i.e. a structure M such that every isomorphism
between finitely generated substructures of M extends to an automorphism of M.
Groups of automorphisms of such structures have received extensive attention in
the literature (see e.g. [9], [10], [5] and [I7]). Despite this, not much is known on
Aut(H). In this paper we make progress in this direction proving the following
theorems:

Theorem 1. Every subgroup of Aut(H) of index less than 28 lies between the
pointwise and the setwise stabilizer of a unique finite subgroup A of H.

Theorem 2. Aut(H) is complete (i.e. Aut(H) has no center and no outer auto-
morphisms).

Theorem 3. Inn(H) is the locally finite radical of Aut(H) (i.e. it is the largest
locally finite normal subgroup of Aut(H)).
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Theorem 4. For every countable locally finite G there exists G = G’ < H such
that every f € Aut(G') extends to an f € Aut(H) in such a way that f — f embeds
Aut(G') into Aut(H).

In particular, we solve the three open questions of Hickin on Aut(H) from [4]
(see pg. 227), and give a partial answer to Question VI.5 of Kegel and Wehrfritz
from [7].

After the writing of this paper, thanks to the referee, we discovered that our
Theorem [2] is implied by a known result, i.e. that non-abelian simple groups have
complete automorphism groups (see e.g. [I], where this is attributed to Burnside).
In fact, by [7, Theorem 6.1], H is simple and so by the above we immediately get
that Aut(H) is complete. Nonetheless, we believe that our proof is enlightening
and that the underlying ideas could be used to establish the completeness of the
automorphism groups of other combinatorial and algebraic structures with the so-
called strong small index property (cf. Definition [6).

2. THE STRONG SMALL INDEX PROPERTY FOR Aut(H)
In this section we prove Theorems [6] and [l
Proof of Theorem Ml This is implicitly proved in [16, Claim 3.13(1) and 3.15]. O

As an immediate consequence of Theorem Ml we answer positively to the first
two open questions of Hickin on Aut(H) from [4] (see pg. 227).

Corollary 5. (1) Aut(H) embeds the symmetric group Sym(w).
(2) There is an infinite set S C H such that every permutation of S can be
lifted to an automorphism of H.

Proof. Let G be the countably infinite dimensional vector space over the field of
order 2, and G/ and F : f — f as in Theoremdl Let S be a basis for G’ and A(S)
the subgroup of Aut(G’) of automorphisms induced by permutations of S. Then
F witnesses that every permutation of S extends to an automorphism of H, and
F | A(S) embeds A(S) = Sym(w) into Aut(H). O

Definition 6. Let M be a countable structure and G = Aut(M). We say that M
(or G) has the small index property if every subgroup of Aut(M) of index less than
2% contains the pointwise stabilizer of a finite set A C M.

Proof of Theorem [6. We first show that H has the small index property. By [6,
Theorem 6.9] it suffices to show that Aut(H) admits ample generics. To see this,
by Sections 6.1 and 6.2 of [6] it suffices to show that the class of finite groups has
the extension property for partial automorphisms and the amalgamation property
for automorphisms. The first follows directly from the corollary on pg. 538 of [I1],
and the second is proved in [16, Claim 2.8]. The theorem now follows from the
small index property, the main result of [I5] and [16], Claim 2.8]. O

3. COMPLETENESS OF Aut(H)

In this section we prove Theorem 2l To prove this we need the technology
introduced in [I4], which we briefly review below.

Let H be Hall’s group and G = Aut(H). We denote by A(H) = {K <y, H}
(where K <ji, H means that K < H and K is finite), and by EA(H) = {(K,L) :
K e A(H) and L < Aut(K)}.
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Let (K,L) € EA(H), and we define:
G(K,L) = {h € Aut(H) h | K e L}

Notice that if L = {idk }, then Gk 1) = G k), i.e. it equals the pointwise stabilizer
of K, and that if L = Aut(K), then Gk 1) = Gky, i.e. it equals the setwise
stabilizer of K. We then let:

PS(H) = {Gx): K € A(H)} and SS(H) = {Gx.1,: (K,L) € EA(H)}.

Let L(H) be a set of finite groups such that for every K € A(H) there is a
unique L € L(H) such that L = Aut(K).

Definition 7. We define the structure FxAut(H), the expanded group of automor-
phisms of H, as follows:
(1) ExzAut(H) is a two-sorted structure;
(2) the first sort has set of elements Aut(H) = G;
(3) the second sort has set of elements EA(H);
(4) we identify {(K,idk) : K € A(H)} with A(H);
(5) the relations are:
(a) Pacmy={K € A(H)} (recalling the above identification);
(b) for L € L(H), Ppgy ={K € A(H) : Aut(K) = L};
(¢) <eam) = {((K1,L1), (K2, L2)) : (K;, Li) € EA(H) (i = 1,2), K1 <
KQ and L2 rKl g Ll}
(d) \A(H) = {(Kl,KQ) K € A(H) (Z = 1,2) and K; < KQ},
(e) sz(zg,) ={K € A(H) : {e} # K € A(H) is minimal in (A(H), Q)};
(6) the operations are:
(f) composition on Aut(H);
(g) for f € Aut(H) and K € A(H), Op(f,K) = f(K);
(h) for f € Aut(H) and (K1, L1) € EA(H), Op(f, (K1, L1)) = (K2, L2)
if f(Kl) = Ky and Ly = {f [Kﬂrffl [KQ T e Ll}

We say that a set of subsets of a structure N is second-order definable if it
is preserved by automorphisms of N. We say that a structure M is second-order
definable in a structure N if there is an injective map j mapping 0-definable subsets
of M to second-order definable set of subsets N.

Theorem 8. (1) Themapju =j: (h, (K, L)) — (h,G k1)) witnesses second-
order definability of ExAut(H) in Aut(H).
(2) Every f € Aut(G) has an extension f € Aut(ExAut(H)).

Proof. This is because of Theorem [f] and [14, Theorem 12]. O
Before proving Theorem [2] we need a crucial lemma.

Lemma 9. Let K1, Ko <y H realizing the same quantifier-free type in Ex Aut(H).
1) If Ky has prime order, then K; = K.

2) If Ky is abelian, then so is K.

3) If K is cyclic, then so is K.

4) If K1 is cyclic of order n, then K; = K.

5) K and Ky have the same order.

6) If K1 and Ky are with no center and Ky is complete, then Ki = K.

7) If K1 has no characteristic subgroup, then so does Ks.

8) If K1 is the alternating group on n > 6, then K1 = Ks.
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Proof. (1) As groups of prime order are the only groups without non-trivial sub-
groups, and if p # ¢ are prime, then Aut(C,) 2 Aut(C,).
(2) A finite group K is abelian if and only if there is cyclic Ly < Aut(K) and
K* > K such that for no Ly < Aut(K™*) we have {f | K : f € Ly} = L.
(3) A finite group K is cyclic if and only if it is abelian and there is a finite number
of primes P such that for every p € P there is a unique K; < K of order p.
(4) By (4) it suffice to define |K| for cyclic K. Let |K| = [[,, pi"", for (pi)i<k a
sequence of primes with no repetitions and n; > 1. Notice now the following:

(i) We can define {p; : i < k}.

(ii) For every i < k, we can define {K’' < K :p | |K'|}.

(iii) For every i <k, {K' < K :p; | |K'|}| = n;.
(5) If K is a finite group, then |K1| = 14 > {mg : K < K; cyclic}, where, if
|K|=n, mxg =|{a€{1,..,n—1}: (a,n) = 1}. Thus, by (4) we are done.
(6) By the choice of FzAut(H) we have Aut(K;) = Aut(Kz2). By (5) we have
|K1| = |K32|. Hence, since K; is complete, |[Aut(Ks)| = |Aut(K7)| = |K1| = | K.
Since K is centerless we have Ky = Aut(K>), and so we are done.
(7) By the choice of ExAut(H) (cf. the operation Op).
(8) Since K is the alternating group on n > 6, K7 has no characteristic subgroup.
Thus, by (7), also K5 does not have a characteristic subgroup. Furthermore, by the
proof of (2) and the fact that K is not abelian, we have that K5 is not abelian either.
Hence, the center of K5 is properly contained in K5, and so it is the identity, since
K5 has no characteristic subgroup. Let my : Alt(n) = Kj, m be an embedding
of Sym(n) into H extending my and K;* = ran(m). Let K € A(H) be such
that Ko < K5, and (K, K{") and (K3, K;) realize the same type. In particular,
|K{| = |KJ| and [K3 : Ko] = 2. We claim that K is centerless. In fact, suppose
otherwise, and let K;” < K;*™ < H be such that K;" = K{” @ Ky with | K| = 2.
Then Aut(K;'") = Aut(K;). But K5 does not have such an extension, which
contradicts the choice of K;r . Hence, K; is centerless, and so, by (6) and the fact
that n > 6, there exists 7 : K;” = K. Now, K~ has a unique subgroup of index
2, and so the same holds for K;r. Hence, ™ has to map K; onto Ks. O

We now prove Theorem

Proof of Theorem 2l Let f € Aut(G) and f be the corresponding extension of f
to Aut(ExAut(H)). Now, f maps Pgl(i;}) N P,y onto itself, where e denotes the
trivial group. Clearly,

PRy N Py = {K < H: |K| =2},

since the groups of order 2 are the only rigid groups without non-trivial subgroups.
Thus, f induces a permutation g; of Xo(H) = {x € H : x has order 2}.

Claim 1. The map ¢; can be extended to a g2 € G.
Proof of Claim 1. As X5(H) generates H, it suffices to prove that if x1,...,x, €
Xo(H) for n > 3, then there are K, Ko <fin H such that:

(1 L1yeeey Ty € Kl;

)
(il) g1(z1), .., g1(2n) € Ka;
(iif) there is an isomorphism A from K; onto Ky such that Ag_,c, h(zi) =

g1 (xz)
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Let K be the subgroup of H generated by {z1,...,z,} and n, = 2|Ky|. Then we
can find Ky > K which is isomorphic to the alternating group on n,. Thus, by

Lemma [@] letting Ky = f(K;) we are done. O

Let fi € Aut(G) be such that h +— gohgy *. We claim that fo := f{'f = idg.
Towards contradiction, suppose there exists h; € G such that he := fo(h1) # hs.
Since Xo(H) generates H, we can find xo € X2(H) such that:

T = hl(l'()) 75 h2($0) = 2.
Thus,

hlG{e,ro}hfl = G{e,xl} = f2(h1)f2(Giel,ro})f2(hI1) = fQ(G{e,zl})
= hZG{e,xo}hQ = G{e,wl}
= hg(xo) =21,

which is absurd. Hence, fo = idg, and so f = f1 € Inn(G), as wanted. O

4. Inn(H) 1S THE LOCALLY FINITE RADICAL OF Aut(H)

In this section we prove Theorem [3] which solves the third question of Hickir[]
on Aut(H) from [4] (see pg. 227). We first need some facts and a proposition.

Fact 10 ([8]). Let K <y, H. Then Cy(K) is isomorphic to an extension of Z(K)
by H (ie. Cy(K)/Z(K) >~ H).

Fact 11 ([3][Lemma 2.3]). Let A < B and C be finitely generated subgroups of
an algebraically closed group G and f € Aut(G) — Inn(G). Then there exists in
G an isomorphic copy B’ of B over A (i.e. o’ = a for every a € A) such that

f(B) £ (B',C)c-

Proposition 12. Let f € Aut(H) — Inn(H) be of finite order n < w, and K <jip
H. Then there are commuting a #b € Cy(K) — K of order 2 such that f(a) = b.

Proof. By Fact [0l we can find a € Cy(K) — K of order 2, since H is generated
by elements of order 2. Similarly, letting A = (f*(a), f*(K) : i < n)y, we can
find b € Cy({f~(K),f'(a))y) — A also of order 2. Let now A be as above,
B = (A,v")g and C = {e}. Then, by Fact [[1] there exists h : B’ 24 B such
that f(B’) € B’. Notice that f(A) C A, since f is of finite order n. Thus, letting
b = h(b") and f(V') = b, we must have that b ¢ B’, and so in particular b # a and
b¢ K, since A C B'. Furthermore, by the choice of b’ and that of (A4, B) we have:

V' € Cu({(f 1K), fHa)u) = bV eCu((fHK),fa))u)
= be CH(<K, CL>H),

since B’ 24 B and (f~1(K), f~'(a))n < A. O
Finally, we prove Theorem Bl For ¢ € H we denote conjugation by ¢ by 0.

Proof of Theorem Bl Let N < H properly containing Inn(H). We want to show
that N is not locally finite. Let then f € N — Inn(H). If f is of infinite order
we are done. So suppose f has finite order. We construct g € Aut(H) such that

L According to Hickin this question was posed by J. E. Roseblade; see [4] pg. 227.
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g 'f'gf has infinite order. Let {d; : i < w} = H. By induction on i < w, we
define K; <jfin H, ¢; € H, (agi—1,0a2;), (b2i—1,b2;) € H? such that for i < k < w:

)

) a; # ar and b; # by and {a; : j < i} N{b; : j < i} = 0;

) {aj,b5 15 <iyg = (a;: j <i)p®(bj:j<i)g = (Z2) & (La2)";
iv) K; < Kg;

) (d(), ...,di,1) S wa;

) (@ -y a2i—1), (bo, ... b2i—1), (co, -..r i) © K~

) a2, be; € Cp(K;);

(Vlll) Cc; € CH(Ki—l) and Dci maps b2(i—1) to b2i—1 and az, to ag;—1-
Base Case. Since f # idg and H is generated by involutions, we can find ag # bg
of order 2 in H such that f(ag) = bg. Let ¢ = e and Ky = {e}.
Inductive Case. Let i > 0, and suppose that K; <y, H, ¢; € H and (agj_1,az;),
(baj—1,b2j) € H? have been defined for every j < i. Using Proposition 2] we find
commuting ag;—1 # bei—1 € Cy(K;—1) — K;—1 of order 2 such that f(ag;—1) =
bai—1. Analogously, we find commuting as; # be; € Cpy((Ki—1,a2,-1,b2i-1)H) —
<Ki_17a2i_1, b2i—1>H of order 2 such that f(agi) = b2i- Then, letting

K* = (Ki_1,a33-1), G2i—1, a2, ba(i—1), b2i—1, b2, ) 1,

K* = K;_1 ® (ag(i—1), a2i—1,az,, bagi—1), b2i—1, b2, ) i = Ki—1 @ ((Z2)® @ (Z2)?).
Let m € Aut(K*) be such that 7 is the identity on K;_; and it maps:
(1) ag(i—1) = ag@i—1) and az;_1 = az, > agi_1;
(2) b2(z‘—1) — boi_1 > bz(i—l) and bgi — bgi.
Then there exists ¢; € H such that 0., behaves as m on Aut(K*). Finally, let
K; = (Ki_1,a23;-1), @2i—1,ba(i—1), b2i—1,di—1,¢;)r. Then we fulfill the inductive
requirements.
Let now, for i < w, ¢ =co---¢; and g = lim(0Oex @4 < w) € Aut(H). Then for
every ¢ < w we have:

—1

! g ! g
ag; F by b2i+1 > A2i+1 ¥ A2i+2,

and so g~ ! f~lgf has infinite order, as wanted. O

REFERENCES

[1] Joan L. Dyer and Edward Formanek, The automorphism group of a free group is complete, J.
London Math. Soc. (2) 11 (1975), no. 2, 181-190, DOI 10.1112/jlms/s2-11.2.181. MR0379683

[2] P. Hall, Some constructions for locally finite groups, J. London Math. Soc. 34 (1959), 305—
319, DOI 10.1112/jlms/s1-34.3.305. MR0162845

[3] Kenneth Hickin, a.c. groups: extensions, mazimal subgroups, and automorphisms, Trans.
Amer. Math. Soc. 290 (1985), no. 2, 457-481, DOI 10.2307/2000294. MR792807

[4] Ken Hickin, Complete universal locally finite groups, Trans. Amer. Math. Soc. 239 (1978),
213-227, DOI 10.2307/1997854. MR0480750

[5] Wilfrid Hodges, Ian Hodkinson, Daniel Lascar, and Saharon Shelah, The small index property
for w-stable w-categorical structures and for the random graph, J. London Math. Soc. (2) 48
(1993), no. 2, 204-218, DOI 10.1112/jlms/s2-48.2.204. MR1231710

[6] Alexander S. Kechris and Christian Rosendal, Turbulence, amalgamation, and generic auto-
morphisms of homogeneous structures, Proc. Lond. Math. Soc. (3) 94 (2007), no. 2, 302-350,
DOI 10.1112/plms/pdl007. MR2308230

[7] Otto H. Kegel and Bertram A. F. Wehrfritz, Locally finite groups, North-Holland Publishing
Co., Amsterdam-London; American Elsevier Publishing Co., Inc., New York, 1973. North-
Holland Mathematical Library, Vol. 3. MR0470081


http://www.ams.org/mathscinet-getitem?mr=0379683
http://www.ams.org/mathscinet-getitem?mr=0162845
http://www.ams.org/mathscinet-getitem?mr=792807
http://www.ams.org/mathscinet-getitem?mr=0480750
http://www.ams.org/mathscinet-getitem?mr=1231710
http://www.ams.org/mathscinet-getitem?mr=2308230
http://www.ams.org/mathscinet-getitem?mr=0470081

(8]
(9]
[10]
[11]

(12]

THE AUTOMORPHISM GROUP OF HALL’S UNIVERSAL GROUP 1445

Otto H. Kegel and Mahmut Kuzucuoglu. Centralizers of Finite Subgroups in Hall’s Universal
Group. Rend. Semin. Mat. Univ. Padova, to appear.

Dugald Macpherson, A survey of homogeneous structures, Discrete Math. 311 (2011), no. 15,
1599-1634, DOI 10.1016/j.disc.2011.01.024. MR2800979

Dugald Macpherson and Katrin Tent, Simplicity of some automorphism groups, J. Algebra
342 (2011), 40-52, DOI 10.1016/j.jalgebra.2011.05.021. MR2824528

B. H. Neumann, An essay on free products of groups with amalgamations, Philos. Trans. Roy.
Soc. London. Ser. A. 246 (1954), 503-554, DOI 10.1098/rsta.1954.0007. MR0062741

Angus Macintyre and Saharon Shelah, Uncountable universal locally finite groups, J. Algebra
43 (1976), no. 1, 168-175, DOI 10.1016/0021-8693(76)90150-2. MR0439625

[13] Isabel Miiller, Fraissé structures with universal automorphism groups, J. Algebra 463 (2016),

134-151, DOI 10.1016/j.jalgebra.2016.06.010. MR3527542

[14] Gianluca Paolini and Saharon Shelah. Reconstructing Structures with the Strong Small Index

Property up to Bi-Definability. Submitted, available on the arXiv.

[15] Gianluca Paolini and Saharon Shelah, The Strong Small Index Property for Free Homoge-

neous Structures. Submitted, available on the arXiv.

[16] Saharon Shelah. Existentially Closed Locally Finite Groups. To appear.
[17] Katrin Tent and Martin Ziegler, On the isometry group of the Urysohn space, J. Lond. Math.

Soc. (2) 87 (2013), no. 1, 289-303, DOI 10.1112/jlms/jds027. MR3022717

EINSTEIN INSTITUTE OF MATHEMATICS, THE HEBREW UNIVERSITY OF JERUSALEM, ISRAEL

EINSTEIN INSTITUTE OF MATHEMATICS, THE HEBREW UNIVERSITY OF JERUSALEM, [SRAEL—

AND—DEPARTMENT OF MATHEMATICS, THE STATE UNIVERSITY OF NEW JERSEY, HILL CENTER-
BuscH CaMpUs, RUTGERS, 110 FRELINGHUYSEN ROAD, PI1scATAwAY, NJ 08854-8019


http://www.ams.org/mathscinet-getitem?mr=2800979
http://www.ams.org/mathscinet-getitem?mr=2824528
http://www.ams.org/mathscinet-getitem?mr=0062741
http://www.ams.org/mathscinet-getitem?mr=0439625
http://www.ams.org/mathscinet-getitem?mr=3527542
http://www.ams.org/mathscinet-getitem?mr=3022717

	1. Introduction
	2. The strong small index property for 𝐴𝑢𝑡(𝐻)
	3. Completeness of 𝐴𝑢𝑡(𝐻)
	4. 𝐼𝑛𝑛(𝐻) is the locally finite radical of 𝐴𝑢𝑡(𝐻)
	References

