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EXPANSION BY ORTHOGONAL SYSTEMS
WITH RESPECT TO FREUD WEIGHTS
RELATED TO HARDY SPACES

Z. DITZIAN

(Communicated by Yuan Xu)

ABSTRACT. For the basic class of Freud weights wa (z) = exp(—|z|%/2), a > 1
the coefficients of the expansion of wof € Hp(R) by the Freud orthogonal
system {wapn,a}%ozo, where pn,o are polynomials of degree n, are related
to the quasi-norm (or norm) of wq f in Hy(R). Relations are achieved for all
a > 1 and % < p < 1, and for some « for a larger range of p. As a result,
estimates for 1 < p < 2 are also improved.

1. INTRODUCTION

o0 .
For f € L,(T), f~ > C,e™® the well-known classical inequality

n=—oo
o0

(L.1) S G P+ P2 < CUA gy 1<p<2,

n=—oo

was proved by Polya. The inequality (1)) was extended by Hardy and Littlewood
to the Hardy space H,(T) i.e.

o0

(1.2) Y 1CPA+ )P < CUfNG gy» fEHNT), 0<p<L

n=-—oo

Several analogues of (1)) and ([2)) for different expansions and spaces were
given (see for instance [Ra-Th|, [Kal, [D1,13A] [Di,13B] and [D1,16]).

In this paper we deal with expansion with respect to the Freud weights w,, (z) =
exp (—|z|*/2), « > 1 which is the important and typical subset of Freud weights.

The complete orthonormal system {wapn ooz is given by

(1.3) [ . P (2)Ph.o (@)W (z)dz = (1) Z;i

where p,, ., is a polynomial of degree n. We recall that wopy, 2 is the Hermite function
hn(z) (see [Thl p. 41]).
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For fwa € L1(R)+ Loo (R) the expansion by wepn,« is well defined and given by

(1.4) fwg ~ Z Cr,aWaPn o where Cpo(fwe) =Cha= / fpnyawi.
n=0 -

Investigations of wapy, « , its derivatives, norms and the expansion (4] are given
in the texts [Di-To|, [Fr], [Le-Lu], [Mh| and in numerous articles. When we use a
result, we will give the exact location where it is proved (mostly from [Le-Lu] which
is the most extensive source). In [Di,13A], we proved
(15) > (14 m) P 2C5) |C o (fwa)” < Clfwallf pys 1<p<2,

n=0

which is a Polya-Hardy-Littlewood type inequality for the Freud expansion. In
Section [ we will prove a Hardy-Littlewood inequality for fw, € H,(R) when
a > 1 and % < p < 1. In Section BBl we will show that when a = 2k, the range
of p for this inequality is 0 < p < 1, and when « > k, the range is shown to be
mr<p<l

In Section [ we will give an improvement of (IH) for L,(R), 1 <p <2 and
other comments.

The atomic decomposition of H,(R) will be used. a(x) is an atom of H,(R) if
for some r > 0

r T
(1.6) supp a(x) C [mo ~ 3 To + 5],
(1.7) la(z)| < r=t/P
and
& 1
(1.8) / a(z)z'de =0 forall (< (=-1),£=0,1,....
—o0 p

Different atoms may have different x¢ and r. The space H,(R) has atomic de-
composition, which means for fw, € H,(R) there exist H,(R) atoms such that

(L9 Jwa =Y Nai(@), Cfwally my <D NI < Cllfwallly gy
and the last set of inequalities is denoted by > |\;|P =~ waaH%p(R) .

2. THE BASIC RESULT (a > 1, 3 <p<1)

In this section we prove a Hardy-Littlewood type result for expansion with re-
spect to the Freud weight w, , o > 1 in the Hardy space H,(R), + <p < 1.

Theorem 2.1. For fw, € Hy(R) with a > 1 and & < p <1 one has
. 19 1y

2.1) > 1+ mE R, o (Fwa) < Ol fwally ny
n=0

with C independent of f and p.

Remark 2.2. The coefficients Cy, o(fwa) are well defined by ([L4) as fw, € Hp(R)

implies fw, € S’ (the Schwartz space of distribution) and wpp,o € S (the Schwartz
space of test functions). The factor (% - %) is smaller than (% - %) and represents

an improvement which in Section ] will imply an inequality stronger than (L3H]).
For p =1, a =2 (2] was proved by Kanjin (see [Kal).
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Proof. Following many articles on the subject (see [Di,13B] p. 37], [Kal, p. 334] and
[Ra-Thl p. 3528] for example), we observe that (L8) implied that it is sufficient to
show that for any atom a(z) € Hy(R) one has

o0

19 1y
(2.2) 1= Z (1+n)m )@ 2)|Cn7a(a)|p < CHGHZI){;.(R) =C.
n=0
Fora:?—iandﬂ:(%l—_l)wewrite

I= Y + Y =81)+502).

1+n<r—8  14+n>r—~8

To estimate S(2) we use the Holder inequality and write

s@<( Y )7 (X Coala)l)

14+n>r—~8

p/2

< ((1+no>*2”+1)%7p(ﬂ%r)p/ ’

< Cl(r)l_% r P2 < 0y

since when ng = min{n: 1+n>r=8}, 14 nga r 1201,

We note that in the estimate of S(2) we did not use the fact that & < p and
hence we can use this estimate in the next section. In addition, we used the fact
that 20 > 1, which we will also use in the next section.

We now estimate S(1). As wapn,q for a > 1 has at least one continuous deriva-
tive, we write the Taylor formula

d
(2.3) wa(l’)pn,a(l’) = wa(l’o)pn,a(ﬂﬁo) + (33 - IO) % (wa (l”)Pn,a(iE)) et .
We will need the estimate
(24)  [(WaPna) Lo (r) < Cal+n)' "5 (14+n)1 720 = Co(1 4 n)6 2

which we now assume and will prove in the following lemma.

For o = % — 5= and 3 =1/(20 — 1) we now write

p

s Y (mrde /a(x)(a?—xo)(wapn’a);zgdx‘

14+n<r—58

4 —20 7_ 3 |P

<G YL (P ()|t (L n)

(14n)<r—~8
< Cyr? (1 + no)P(Uf%*%)(l + o) 201,
As

(T 208 (82

and (1 +ng) = = = r1/C7=1 when ng = max{n : (1 +n) < r~?}, we have
S(1) <C.

We observe that S(1) = 0 if » > 1 but we did not use this fact here. (We
will, however, use it in the next section.) We completed the proof of our theorem
pending the proof of (24]). O
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Lemma 2.3. For w,(z) = exp(—|z|*/2) and p,. of (1)), the inequality ([2.4)
holds with C independent of n.

Proof. We recall first from [Le-Lul, p. 360, (13.4)] that
(2:5) [wapn allzem < O+ 020

since for w, we have in [Le-Lu] a, = a_, =~ 0, ~ n'/* and T(a,) = «a (see
pp- 5-10]).

We then use the estimate from [Le-Lul p. 294, Cor.10.2, (10.3)], which for p,,
(and in fact for any polynomial p,, of degree n), yields

_ 3
(2.6) wabp ol (r) < CR'7 2 |Wapn.allL. (k)

where we used a,, d, and T'(a,) as we did for (23). Therefore,

T_2
6 «

[wapn allLo(r) < C2(1+n)
For s > a — 1, we now estimate

(s—a+1)/s (a—1)/s

ailwa(x)pn,a(x)HLw(R) < ||wapn,a||Lx(R) ||xswapn,a||Loo(R) .

g2

We use the result of Mhaskar and Saff (see p. 4, (1.12)]) i.e.

||wocpn+s||Loo(R) = ||wapn+1||Lm(fan+s,an+s)7 Up N Qpy1 < nl/a .

‘We now have
2.7) 2 'wapnallr.r) < Cs(1+ n)1=%) (1 4 n)IH+E/6 < Oy(1 + n)F 3w .

Since 1 — 1 >1— 2 we combine (Z86) and (Z7) to obtain (24). O

Remark 2.4. We note that for o =2 ||k, |z (r) < C(14n)~1/12 (see Lemma
1.5.2(iii), p. 27]) which confirms (Z3]) for the special case o = 2. To obtain ([24)
for a = 2 from the estimate of ||k, |1 (r), we may combine

d d
(- =- x) hio(x) = (2k +2)Y2 Ry 1 (z)  with (d— + x) hio(z) = (26)Y2hy_y ()
T T
(see pp. 2-5]). To obtain the estimate of || °wqapn,« || Wwe may also use repeatedly
the formula given in [Mh, (3.1.14), p. 51] since for we Yn_1/7n =~ n*/*. We used
the text [Le-Lul] which contains all the estiamtes we needed.

3. EXTENDING THE RANGE OF p FOR SOME «

In Theorem 2] the inequality (1)) was shown to hold for < p < 1 and all

a > 1. In the following theorem we show that for a significant subset of a we can
extend the range of p for which (21 is valid.

Theorem 3.1. For fw, € Hy(R), and a > L for some integer L, 2.1 holds for

L%H < p < 1. When a = 2k, @) holds for 0 < p < 1. The constant in (Z1)

depends on the interval I, = (H%’ ﬂ which contains p.
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Proof. When a > L wopn.o has (at least) L continuous derivatives and when
a =2k, WaPna € C°(R). Hence we may use the Taylor formula for £ < L (in
case @ > L) and all ¢ for o = 2k, and write

(3.1)

x — 1)t !
Wa(@)Pra(@) = wa(@)pna(@o) + -+ ET) " (4 @)pmala))

1)
r—x ¢
+ % (wa (x)pma(x))“)|a::5'

As in the proof of Theorem 2] we split the sum in (ZI)) into S(1) and S(2),
and as commented there the estimate of S(2) was already proved for all p We will

271)’

T=T0

estimate S(1) for £+_1 < p < 1 for which @I)) holds. Recall that o = 32 — ;L and
8= ﬁ and write
(3.2) SM= > (1A+n)P2Cpa(a)

(1+m)<r—>

where a(z) satisfies (L)), (I7) and () with zo of BI) and r of (B2). We use
1), (C8), (C7) and ([TI) to estimate |C, o(a)| and write

na a)| = ‘/ pn o(z)dw
1 0
(3.3) <= f, II—Iol [(Wapna) L (r)
1
< - 7‘[+1||(wapn,a)(£)”Lw(R) .

We will prove our theorem pending the estimate
H(wap”va)(Z)HLoo(R) <Ci(1+ n)(l”) (1+ n)( -2)/6
=Ci(1+ n)”é*(“%)é

for £ < L in case o > L and for any ¢ in case oo = 2I<: The estimate B is proved

in Lemma after the proof of our theorem. For Z+_1 <p< < , o= L and

18 2a
B=1/(20—1)=1/(33 — 1), we have

S(1) < 02( S ()t n)(EHB) -+ TIp (1 4 n)_Q")r_lr(“l)p
(14n)<r—8

<Cs [(1 + 1) TFBHEEP(1 4 1)~ D5 (1 4 ng)~ 2a+1}r—1r(e+1)p

(3.4)

where ng = max {n : (1 +n) <77 ?} and hence (1 +ng) < r~?. We observe that

19 1 20 1y (£—1)
E+€+6—(€+) (€+1)(E—5)— .

and hence for 8 = 1/(— — E)

S(1) < Cyr09(38-3) < ¢y
since S(1) = 0 whenever » > 1. We now have S(1) < C5 pending the proof of

@3). O

Lemma 3.2. For o > L B4) holds for £ < L. For o = 2k B4) holds for any ¢.
Both hold with constants that depend on /.
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Proof. We write first for any m (not just m < ¢)

s a2y < €+ )" 03 e

< Cy(1 4 n)(i=25)m+(1-2) /0

by repeating the result of [Le-Lul p. 294, Cor.10.2, 10.3] m times and using (2.3)).

We note that the above result of [Le-Lu] is valid for any polynomial of degree n and

p% 02 is such a polynomial. (The inequality ([B.5) applies to wapn, o With the special

Pn.o that is given in (I3]).) We now show for any integer s

(36) [ wal@p @), _ gy < CO+m)7o(1+m) (178 m(1 gm0

which follows as :Esp%%) is a polynomial of degree n—m+ s, and using the Mhaskar-

Saff result (see [Le-Lul p. 4,(1.12)]),

Hxsw (x )p;a HLOC(R) = Hacswa(ac)p%%)HLOC(fan_mH s

with @, _mys| = n'/* and hence we have (B.0)).
We now obtain for any v > 0

B7) [ wal@p @), gy < CO+m)7(1+m) ()1 ) (1-2)70

by choosing s > v (s = [y] + 1 for instance) and using the interpolation

#7002y < a2y @R -

To prove ([34]) we note that for ¢ < L in case o > L or any ¢ when o = 2k,
(Wapn.o)? is a combination of terms like (wq) ™™ (pp.o)™ with m < £. As in
both ([B.6) and ([B7) the estimate is monotone increasing in v or s, and hence the
estimate of (wy ) =™ (py,.o)™ depends only on the highest power of z in (wg)*~")
which is z(@=D=™) Therefore,

g 18w < o1 +m(=2) e g (d)m g ) (1-2)0
<01 +m) (=81 1) (=2)18
Combining (B.8) for 0 < m < ¢, we obtain ([B.4). O

4. EXTENSION FOR 1 < p < 2 AND OTHER REMARKS

In [D1,13A] the Hardy-Littlewood type inequality

s 7_ 1 1/p
(1) [ a0 2G-2)0,p)l ™ < Clfwal,m

n=0
was proved for 1 < p < 2. Using Theorem 2] we obtain the following stronger
inequality.
Theorem 4.1. For w, = exp(—|z]*/2), a > 1, Cha = Cpo(fws) given by
@), 1 <p <2 and fw, € Ly(R) one has

= 1 1 1/p
(4.2) I3 4me 20 -5) 10,01 < Cllfwal,m -

n=0
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Remark 4.2. As T > 12 ([@2) is stronger than (@I). We believe the reason the
weak (1.1) result and Marcinkiewicz interpolation used in [Di,13A] did not yield
the optimal result is that the maxima of |wq (2)pn o ()| occurs at widely different
x,, for different n.

Proof. Clearly, for p = 2 ([@2]) with equality and C = 1 is the Parseval iden-
tity. We now use [Ga-Rul, pp. 307-310, Theorem 6.1] with T(fwa) — {Cpa(n +

_of19_ 1

1)(%_%) }(:;0 in the weighted ¢, with weights {(n + 1) (1-2%) }:ozo to inter-
polate between T on fw, € Hi(R) and T on fw, € La(R). In fact, the map

T(fwy) from Hp(R) to the corresponding weighted ¢; space is strongly bounded
by Theorem 211 O

Using duality, we also have the following corollary which is an improvement over
[Di,13A] Theorem 3.2].

Corollary 4.3. If for q, 2 < q < oo there exists a constant C and a sequence {Cy,}
such that Y |Cyp|%(n + 1)(q_2)(%_%) < C, then fw, where fwy ~ > CrwabPn,a
n=0 n=0

satisfies fwqa € Ly(R) and

> 1 1 1/q
(4.3) ey < O 3 (4 pe2 (-5 0,10}

n=0

For the Hermite functions (the case o = 2) one has

oo

_9)29
(4.4) D+ ) P25 | Con(fwa) P < Cllfwallly gy, 0<p<2
n=0
which was proved by Kanjin (see [Kal) for important partial range 1 < p < 2.
To answer a question by the referee, we believe (but cannot prove) that [21) is
optimal when the whole range o > 1 and % < p <1 is considered, and that further
progress will concentrate on special o and p.
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