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ABSTRACT. We extend the Fuglede-Putnam theorem from the algebra B(H)
of all bounded operators on the Hilbert space H to the algebra of all locally
measurable operators affiliated with a von Neumann algebra.

1. INTRODUCTION

The (first part of the) following problem was suggested by von Neumann (see
pp. 60-61, Appendix 3 in []]).

Problem 1. Let a,b,c € B(H). If a is normal and if ac = ca, does it follow that
a*c = ca*? More generally, if a and b are normal and if ac = cb, does it follow that
a*c=cb*?

If the operators a and ¢ belong to a finite factor M, then the first part of
the problem was resolved (in the affirmative) by von Neumann himself. In full
generality, a problem was resolved by Fuglede [4].

Furthermore, von Neumann mentioned that a “formal” analogue of Problem [II
for unbounded operators can be non-rigorously answered in the negative due to the
fact that a product of 2 unbounded operators does not always exists. A partial
affirmative answer was given by Putnam (see Theorem 1.6.2 in [9]). He proved that
if ¢b C ac, then ¢b* C ac* provided that c is bounded.

In what follows, we propose a rigorous analogue of Problem [ for unbounded
operators affiliated with a von Neumann algebra M. We start with a proper frame-
work.

The set of all operators affiliated to a von Neumann algebra M does not nec-
essarily form an algebra. At the same time, the class of unital *-algebra which
consist of operators affiliated with M is vast. In particular, it contains all algebras
of measurable operators [12] and those of 7-measurable operators [7].

According to [15], in this class, there is a unique maximal element called LS(M).
We call LS(M) the algebra of all locally measurable operators affiliated with M.
An equivalent constructive definition of LS(M) is given in Section

We now properly restate Problem [Tl for unbounded operators affiliated with M.
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Problem 2. Let M be a von Neumann algebra and let a,b,c € LS(M). If a and
b are normal and if ac = cb, does it follow that a*c = cb*?

Theorem 5 in [2] delivers the positive answer to Problem [ for the case when a, b
and c¢ are measurable operators affiliated with a von Neumann algebra M of type I
(see also [1]). In the case of an arbitrary finite von Neumann algebra M, Problem
is resolved in the affirmative in [5] (see Corollary 3.6 there).

We answer Problem [] in the affirmative in full generality. Our methods are
stronger than those of [1], [2], [], [B], [9] and are of independent interest.

The following theorem is the main result of the paper.

Theorem 3. Let M be an arbitrary von Neumann algebra and let a, b, c be locally
measurable operators affiliated with M. If a and b are normal and if ac = cb, then
a*c = cb*.

The corollary below extends the classical spectral theorem for normal operator
(see e.g. [10, Ch. 13, Theorem 13.33]) to the setting of locally measurable operators.

Corollary 4. Let M be an arbitrary von Neumann algebra and let a,b be locally
measurable operators affiliated with M. If a is normal and ab = ba, then eb = be
for every spectral projection e of the operator a. If a and b are normal, then the
following conditions are equivalent:
(a) ab=ba;
(b) ef = fe for every spectral projection e of the operator a and for every
spectral projection f of the operator b,
(c) ¢(a)p(b) = ¥ (b)p(a) for every Borel complex function ¢ and ¢ on C, which
are bounded on compact subsets.

2. PRELIMINARIES

Let H be a Hilbert space, let B(H) be the x-algebra of all bounded linear opera-
tors on H, and let 1 be the identity operator on H. Given a von Neumann algebra
M acting on H, denote by Z(M) the centre of M and by P(M)={pe M : p=
p? = p*} the lattice of all projections in M. Let Pyi,, (M) be the set of all finite
projections in M.

A linear operator a : © (a) — H, where the domain ® (a) of a is a linear subspace
of H, is said to be affiliated with M if ba C ab for all b from the commutant M’ of
algebra M.

A densely-defined closed linear operator a (possibly unbounded) affiliated with
M is said to be measurable with respect to M if there exists a sequence {p, }5>; C
P(M) such that p, 1 1, p,(H) C D(a) and py = 1 — p,, € Pyin(M) for every
n € N, where N is the set of all natural numbers. Let us denote by S(M) the set
of all measurable operators.

Let a,b € S(M). It is well known that a + b, ab and a* are densely-defined
and preclosed operators. Moreover, the closures a + b (strong sum), ab (strong
product) and a* are also measurable, and equipped with these operations S(M) is
a unital x-algebra over the field C of complex numbers [12]. It is clear that M is a
x-subalgebra of S(M).

A densely-defined linear operator a affiliated with M is called locally measurable
with respect to M if there is a sequence {z, }52; of central projections in M such
that z, 11, z,(H) C ©(a) and az, € S(M) for all n € N.
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The set LS(M) of all locally measurable operators is a unital *-algebra over the
field C with respect to the same algebraic operations as in S(M) [14], and S(M)
is a #-subalgebra of LS(M). It is clear that if M is finite, the algebras S(M) and
LS(M) coincide. If von Neumann algebra M is of type 111 and dim(Z(M)) = oo,
then S(M) = M, but LS(M) # M.

For every subset E C LS(M), the sets of all self-adjoint (resp., positive) opera-
tors in F will be denoted by Ej, (resp. E;). The partial order in LS(M) is defined
by its cone LSy (M) and is denoted by <.

Let a be a closed operator with dense domain D(a) in H and let a = ula| be
the polar decomposition of the operator a, where |a| = (a*a)z and u is a partial
isometry in B(H) such that u*u (respectively, uu*) is the right (left) support r(a)
(respectively, I(a)) of a. It is known that a = |a*|u and a € LS(M) (respectively,
a € S(M)) if and only if |a| € LS(M) (respectively, |a| € S(M)) and u € M [6],
§82.2, 2.3]. If a is a self-adjoint operator affiliated with M, then the spectral family
of projections ex(a) = e(—orj(a), A € R, for a belongs to M [6], §2.1]. A locally
measurable operator a is measurable if and only if ey (|a|) € Pyin(M) for some
A> 06 §2.2].

In what follows, we use the notation n(a) = 1 — r(a) for the projection onto the
kernel of the operator a.

Assume now that M is a semifinite von Neumann algebra equipped with a faith-
ful normal semifinite trace 7. A densely-defined closed linear operator a affiliated
with M is called T-measurable if for each ¢ > 0 there exists e € P(M) with
7(et) < e such that e(H) C D(a). Let us denote by S(M,7) the set of all -
measurable operators. It is well known [7] that S(M, 7) is a *-subalgebra of S(M)
and M C S(M, 7). It is clear that if M is a semifinite factor, the algebras S(M, 7)
and S(M) coincide. Note also that for every a € S(M, 1) there exists A > 0 such
that 7(ex (Ja])) < oo (see [7] and [6l §2.6]).

Measure topology is defined in S(M, ) by the family V(e,d), € > 0,6 > 0, of
neighborhoods of zero:

V(e,8) ={a€ SM,7): |lae|pm < J for some e € P(M) with 7(et) < e}.

Convergence of the sequence {a,,} C S(M,7) in measure topology is called conver-
gence in measure. When equipped with measure topology, S(M,T) is a complete
metrizable topological x-algebra (see [7]). For basic properties of the measure topol-
ogy, see [7]. We remark only that e, — 0 in measure, e, € P(M), if and only if
7(en) — 0.

Let M be a von Neumann algebra equipped with a faithful normal semifinite
trace 7. We set

(L1 N Loo)(M, 1) = {x e M: (jz]) < oo}.
The following property is standard.
Property 5. Let M be a semifinite von Neumann algebra and let 7 be a faithful
normal semifinite trace on M. If x,y € (L1 N Loo)(M,T), then T(xy) = 7(yz).
3. THE FUGLEDE-PUTNAM THEOREM IN S(M, T)

The proof of Theorem [3] in full generality is based on its special case for the
x-algebra S(M, 7).
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Theorem 6. Let M be a semifinite von Neumann algebra and let T be a faithful
normal semifinite trace on M. Let a,b,c € S(M, 1), and let a and b be normal. If
ac = cb, then a*c = cb*.

Our strategy for proving Theorem [ relies on a number of auxiliary lemmas.
Whereas some of them look similar to those used in [5], the lemmas below appear
to be stronger than their counterparts from [5].

Lemma 7. If a € M is normal, p € P(M) and 7(p) < oo with ap = pap, then
ap = pa.

Proof. Denote, for brevity,
a1 = pap, az = pa(l - p).
Due to the normality of a and using the equality ap = pap, we have
ajay = (ap)*(ap) = pa*ap = paa*p = (pa)(pa)” = (a1+az)(a1+a2)" = arai+azas.

Since 7(p) < o0, it follows that aj,as € (L1 N Loo)(M, 7). Taking the trace and
using Property Bl we conclude that 7(aza3) = 0. Since 7 is faithful, it follows that
az = 0. This completes the proof. O

Lemma 8. Let a,b € M be normal, ¢ € S;.(M,7) and ac = c¢b. Let A > 0 be such
that T(e(x,+00)(c)) < 00. Setting p1 = ejgx(c) and pa = e(x 4o0)(c), we obtain

pia = ap;, pib=>bp;, 1 =1,2.
Proof. Set a;; = p;ap; and b;; = p;bp; for i,5 =1,2.
Step 1. We claim that
T(ajpa12) = 7(aza21),  T(bYab12) = 7(b3ba1).
Indeed, using the equality a*a = aa* and Property Bl we have
7(ajsa12) = T(p2a*prapz) = T(p2a*aps) — 7(p2a”p2apz)
= 7(p2aa*p2) — T(p2ap2a*p2) = T(p2ap1a”p2) = T(az1a3,) = T(a3,a21).

The proof of the second equality in the claim is identical.

Step 2. We claim that
T(ajza12) < T(b12b12)
and
7(b1b21) < (a3 a21).
Since pac?ps > A%po, it follows that
1207y = pra-pa - a'pr < A2 pra- pac®py - a*pr = A (a12¢) (arzc)”

By assumption,

(1) @12¢ = p1apz - ¢ =p1 - ac-pz = p1 - cb-pa = c- p1bps = cbya.
Thus,
(2) alga’{Z é )\72(Cb12)(0b12)*.

Since ¢p; € M and since by € (L1 N Loo) (M, 7), it follows that
cbiz = cp1 - b1z € (L1 N Log)(M, 7).
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Hence (see Property [),

@
7(aiqa12) = T(a12a},) < A727((ch12)(cb12)*) = A7 27((cbi2)* (cb12)) < 0.
Using now the inequality pic?p; < A?p1, we have that
(Cb12)*(6b12) = bf202b12 = biz 'p102P1 “b1p < PN bT2p1b12 = )\Qbikgbm
and
(3) T(aipa12) < T(bizb12).
Let ¢/ = b* and b’ = a*. Taking the adjoints in the equality ac = cb, we obtain
a’c = cb'. In addition
de * de, *
ahy L/ pra'py = b3y, by, Lf pib'p2 = a3
Applying @) to the triple (a’, V', c), we obtain
T(b31b21) = 7(b21b3;) = 7((a12)"aly) < T((b12)"bia) = T(az1a3;) = 7(a3ya21).
This proves the claim.
Step 3. Using Steps 1, 2, we obtain
T(ajpa12) < 7T(biab12) = 7(b31021) < 7(a31a01) = T(ajza12).
Thus,
T(ajpa12) = T(az az1) = 7(bizb12) = 7(b31b21).
Step 4. We claim that aps = paa and bps = pob.
By (), we have
a12C = Cb12.
Now, using Property Bl we obtain
7((a12¢)(a12¢)") = 7((cb12)(cbi2)") = 7((cb12)" (cb12)).
The definition of p; now yields
(Cb12)*(0b12) = bT202b12 = ng 'P102p1 b2 < >\2sz “p1 b2 = )\Qbfgbm-
It follows from Step 3 that
T((algc)(a120)*) S )\2’7'(0,’{20,12).
In other words,
7(a12 - p2c®ps - afy) = 7((a12¢)(a120)*) < N7(ar2ayy) = 7(arz - A’pa - agy).
Hence,

7(a12 - pa(c? = N*1)ps - ajy) <0
Since 7 is faithful and since
a2 '102(02 - )\21)192 ~ayy > 0,
it follows that
(4) a1z - pa(¢® = N*1)ps - ajy = 0.

For every € > 0 and p. = €(r4c t00)(c) We have ¢®p. = p.c?p. > (A + €)?p..
Therefore,
p2 > Np2 +epe, pa(c? = N1)po > ¥pe.
We now infer from (@) that
a12 - Pe - ajs = 0.
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Since p. — p2 in measure as € — 0, we obtain aj2a}, = 0. Thus, a12 = 0 and

aps = prapz + (1 — p1)ape = (1 — p1)apz = paaps.
Hence, we infer from Lemma [ that aps = psa. Similarly, bps = pob. It follows
immediately that

apy =a—ap2 = a—paa =pia, bpy =>b—>bps =0b—pb=pib.
O

Lemma 9. Let a,b € M be normal, ¢ € Sy (M, 7) and ac = ¢b. Then a*c = cb*.

Proof. The assumption ¢ € S; (M, T) guarantees that there exists A > 0 such that
T(1 — ex(c)) < 0o. Set p2 = €(x,400)(c), P1 = (1 —p2) and a; = apj, b; = bp;,
¢; = ¢pj, j = 1,2. By Lemma [ the operators a and b commute with p;; in
particular, a; and b; are normal j = 1,2. By the same lemma, the operator a
commutes with projections (1—e,(c)) for all v > A. Since finite linear combinations
of projections (1 —e,(c)), v > A, converge to operator ¢ in the measure topology
and since multiplication in S(M, 7) is continuous in that topology, it follows that
(5) cea = acy and, similarly, cob = bes.

Appealing now to Lemma [8] we obtain

(6) Ccoa = aco =ac-py =cb-py =c-bpsy L:Ec-pgb:cp2~6202b.
Combining (B) and (@) now yields
a*cy = (c2a) = (e2b)™ = (bea)”™ = exb”.

Taking (@) into account, we rewrite ([@) as aca = cob. Combining this with the
assumption ac = cb, we infer ac; = ¢1b. Taking into account that ¢; € M and
applying the classical Fuglede-Putnam theorem we derive that

a®cy = c1b*.
Thus,
a*c=a"ci +a"cy = c1b* + cob* = cb*.

O

Lemma 10. Let a,b € M be normal and let ¢ € S(M,T) be such that ac = cb. If
n(c*) 2 n(c) orn(c) X n(c*), then a*c = cb*.

Proof. We only consider the first case (the second case can be reduced to the first
one by considering the triple (b*,a*, c*) instead of the triple (a,b,c)).

Let ¢ = v|c| be a polar decomposition of ¢ so that v*v = r(c) and vv* = r(c*).
Let w be a partial isometry such that w*w = n(c*) and ww* < n(c). Define an
isometry u = v* +w (that is, u*u = 1). It is immediate that v*|c| = ¢ and uc = |¢|.
Thus,

(uau®) el =uwa-c=u-ac=u-cb=uc-b=|c|-b.
Since u*u = 1 and since a is normal, it follows that uwau* is also normal. Applying
Lemma [@ to the triple (uau*, b, |c|), we obtain
(ua™u™) - |e| = |e| - b*.
Therefore,
a*c=a" - u|c| =u" - (ua*u®) - ] = u* || - b* = cb”.

This completes the proof. (Il
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We now give the proof of Theorem [@] in the case of arbitrary semifinite von
Neumann algebra M with a faithful normal semifinite trace 7.

Proof of Theorem [l Let us suppose at first that a,b € M. By [11l Theorem 2.1.3]
there exist central projections z1, zo € Z(M) such that

z1+20=1, n(c*)z 2 n(c)z1, n(c)za 2 n(c*)z.
It is immediate that
AZ1°C21 = A 21C 2] = Q-C2 21 = ac-z% = cb~zf =c-bz1-21 =c-z1b-21 = cz1 - bz,

Q29 CZy = G+ 22C- 29 = Q- CZ - 29 :ac-zg = cb~z§ =c-bzo-29 = C 29b 29 = cz9-b2g.

Clearly, n(cz) = n(c)z; and n(c*z;) = n(c*)zi, k = 1,2, where the left hand side
is taken in the algebra zx M. Applying Lemma [0 to the triples (az1,bz1,cz1) and
(azq, bzo, cz2), we obtain

a*z1-czy =cz1 bz, a*zy-czg = czo - b 2.

Summing these equalities, we obtain that a*c = ¢b*. This proves the assertion for
the case a,b € M.

Now let a,b be arbitrary normal operators in S(M,7) and ac = cb. Let g,
(respectively, r,,) be the spectral projection for a (respectively, b) corresponding to
the set {z : |z| < n}. It is clear that {¢,} and {r,} are increasing sequences of
projections with sup,,~; ¢, = 1 and sup,,~; r, = 1. In addition (see e.g. [10, Ch. 13,
Theorems 13.24, 13.33]), -

agn = qna, " qp = qpa™, brp=r.b, b'r, =r,b", neN
Multiplying the equality ac = ¢b by ¢, on the left and by r,, on the right, we obtain

(QHQ) : (anrn) = (QTLCTn) : (Tnb)a n € N.
Clearly, g,a € M and r,b € M are normal operators for every n € N. It follows
from the preceding paragraph that
Gn - @ c T = (¢na)" - (qnern) = (qnern) - (Tnd)" = gn - ™ - 1.
Thus,
gn(a*c—cb*)r, =0, neN.

Since a,b € S(M, 1), it follows that 7(1 — ¢,,) = 0, 7(1 — r,,) — 0 as n — oo. Thus
Gn — 1, 7, — 1 in measure. Therefore, for every z € S(M, ), we have g, zr, — =
in measure as n — oo. Taking x = a*c — ¢b*, we complete the proof. O

4. THE FUGLEDE-PUTNAM THEOREM IN THE *-ALGEBRA LS(M)

Lemma [T1] below is the key tool used to extend the Fuglede-Putnam theorem
from 7—measurable operators to measurable ones.

Lemma 11. Let M be a semifinite von Neumann algebra and let g € P(M) be
a finite projection. Then there exists partition of unity {z;}icr C P(Z(M)), such
that every von Neumann algebra z; M, i € I, has a faithful normal semifinite trace
7 with 7;(2;q) < 0.
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Proof. It is well known that a commutative von Neumann algebra Z(M) is *-
isomorphic to the x-algebra L>°(Q, %, ) of all essentially bounded measurable
complex-valued functions defined on a measure space (2,3, u) with the measure
w satisfying the direct sum property (we identify functions that are equal almost
everywhere) (see e.g. [3 Ch. 7, §7.3]). The direct sum property of a measure
w1 means that the Boolean algebra of all projections of the x-algebra L>(Q, X, u)
is order complete, and for any non-zero p € P(M) there exists a non-zero pro-
jection 7 < p such that u(r) < co. The direct sum property of a measure y is
equivalent to the fact that the functional v(f) := [, fdu is a semifinite normal
faithful trace on the algebra L (£, X, ). Therefore there exists partition of unity
{rj}je; C P(L*>®(Q,%, 1)), such that v;(f) = v(r;f) is faithful normal finite trace
on r; L>(Q, 3, u) for every j € J.

Let ¢ be a *-isomorphism from Z(M) onto the *-algebra L>(£2, ¥, u). Denote
by LT(€, 3, m) the set of all measurable real-valued functions defined on (Q, %, i)
and taking values in the extended half-line [0, oo] (functions that are equal almost
everywhere are identified).

By [13, Ch. V, §2, Theorem 2.34 and Proposition 2.35] there exists a faithful
semifinite normal extended center valued trace T,

T: M+ - L+(Q,E,,U,),

such that p({w € Q : T(¢)(w) = +o00}) = 0. Thus characteristic functions ¢, = x4,
corresponding to sets A, = {w € Q:n —1<T(g)(w) < n}, n € N, partition the
unit element xq of Boolean algebra P(L>*(92, X, 1)). In addition

T(qe " (qn)) = ¢~ "(an)T(q) < nan

for all n € N.
It is clear that {2 = ¢~ '(r;q.), 7 € J, n € N} is a partition of unity in
P(Z(M)). In addition, the functional 7;, : 22 M — [0, 00], given by the formula

Tin(@) = v;(T(2)), @ € 2 My,
is a faithful normal finite trace on zJ M. In particular,
Tin(20q) = v;(T(20q)) < nv;i(p Han)r;) < nvj(r;) < oo forallj€J, neN.
Setting ¢ = (j,n) and I = J x N, we complete the proof. O

Lemma 12. Let M be a von Neumann algebra and let {z;}icr C Z(M) be a
partition of unity. If x € LS(M) is such that xz; = 0 for every i € I, then x = 0.

Proof. Since z; < n(x) for all i € I, it follows that 1 = sup,;c;2; < n(z). Thus
n(xz)=1,1e z=0. O

The following lemma extends the result of Theorem[Glto the setting of measurable
operators.

Lemma 13. Let M be a semifinite von Neumann algebra and let a,b,c € S(M).
If a and b are normal and if ac = cb, then a*c = cb*.

Proof. Choose n so large that projections e|q|(n, +00), ey (n, +00) and e (n, +00)
are finite. Let ¢ be a finite projection given by the formula

q = €|q)(n, +00) V e (n, +00) V e|¢(n, +00).
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Let {z; }icr be the partition of unity constructed in Lemma [[1l1 We have
azi-cz; =cz; - bz, 1€
It follows from Lemma [I1] that, for a given i € I,
Ti(eja) (1, +00)2), Ti (ep) (n, +00)2:), Ti(ee (N, +00)2;) < 0o.
A standard argument yields
eja) (1, +00)2; = €|qz,| (N, +00),

where the right hand side is taken in the algebra z; M. It follows that az;, bz; and
cz; are T;—measurable operators for every i € I. Theorem [f] implies that

a*z;-cz; = czy - b 2.
The assertion follows now from Lemma O

Lemma [T4] extends the Fuglede-Putnam theorem to the setting of locally mea-
surable operators affiliated with a semifinite von Neumann algebra M.

Lemma 14. Let M be a semifinite von Neumann algebra and let a,b,c € LS(M).
If a and b are normal and if ac = cb, then a*c = cb*.

Proof. By the (constructive) definition of the algebra LS(M), there exist central

projections {pg}r>1, {@ }i>1 and {ry, }m>1 such that p, 11, ¢ 11 and r,,, 11 and
such that

apy, bqr, crm € SIM),  k,l,m > 1.
Denote the triple (k,l, m) by n and set P, = prqirm. Since
aPy, - cP, = cP, -bP,, neN?
it follows from Lemma [T3] that
a*P, -cP, =cP, -b*P,, neN>.
In other words (here, we let rq = 0),
(a*c—cb)prqi - (T — rm—1) =0, meN.

Since {7m — rm—1}m>1 is a partition of unity which consists of central projections,
it follows from Lemma [I2] that

(a"c—cb)prq =0, k,leN.
Repeating the argument for [ and, after that, for k£, we complete the proof. O

The following assertion can be found in [I] (see Theorem 1 there). We provide
a short proof for the convenience of the reader.

Lemma 15. Let M be a purely infinite von Neumann algebra and let a,b,c €
LS(M). If a and b are normal and if ac = cb, then a*c = cb*.

Proof. Recall that S(M) = M. Choose central projections {px}r>1, {¢:};>1 and
{"m}m>1 such that p; 11, ¢ T 1 and r,, T 1 and such that

apg, baqr, crm € M,k l,m > 1.
Denote the triple (k,l,m) by n and let P, = prq;r.,. We have
aP, - cP, = cP, -bP,, ne€N3.
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By the classical Fuglede-Putnam theorem, we have
a*P, -cP, =cP, - b*P,, n e N>
The same argument as in Lemma [T4] yields the assertion. O

Proof of Theorem B Tt is well known that for every von Neumann algebra M there
exist central projections z1, zo € Z(M) such that z; + 29 = 1, Mz; is the semifinite
von Neumann algebra and Mzy is the purely infinite von Neumann algebra (see,
for example, [II], Ch. 2, §2.2]). We have

azp - czp = czp - bz, k=1,2.
Lemmas [[4 and [[5] imply that
a*zp ez =czp bz, k=1,2.
Summing these equalities, we complete the proof. ([l
We need the following useful property of locally measurable operators.

Lemma 16. Let M be a von Neumann algebra and let x € LS(M). Let {pp}n>1 C
P(M) be such that p, T 1. If ppxp, =0 for every n > 1, then x = 0.

Proof. Fix m € N. For every n > m, we have

PmTPn = Pm * PnTPn = 0.
Thus, p, < 1 — r(pnz) for every n > 1. Since p,, T 1, it follows that r(p,z) = 0

and, therefore, p,,z = 0.
Hence, x*p,, = 0 for every m > 1. Thus, p,, <1 —r(z*) for every m > 1. Since

pm T 1, it follows that r(z*) = 0 and, therefore, x = 0. O

Lemma 17. Let M be a von Neumann algebra and let a,b € LS(M). If a is
normal and if ab = ba, then eb = be for every spectral projection e of the operator
a.

Proof. Let by = R(b) = # and by = (b) = %. By Theorem B we have that
ab* = b*a. Thus ab; = bja, j = 1,2. Let a Borel function ¢ be given by the formula
d(t) = (t+i)~ t € R, and let ¢; = ¢(b;), j = 1,2. Since b; = b; and since
lo(t)] <1,t € R, it follows from the Spectral Theorem that ¢; € M, j = 1,2. Since
ab; = bja, it follows that

a(by +i) 71 = (b + ) ra = (b +9) 7" (b +)a —al(by +4)) - (b +4) " =0,

that is, ac; = c¢;a. Theorem 13.33 in [I0] yields that ec; = cje, j = 1,2, for every
spectral projection e of the operator a. Thus, eb; = bje and ebs = bge. Summing
these equalities, we obtain eb = be. ([l

Proof of Corollary . @) = (0)). Lemma [IT7 states that eb = be for every spectral
projection e of the operator a. Again applying Lemma [I7 to the couple (b,e), we
obtain that ef = fe for every spectral projection e of the operator a and for every
spectral projection f of the operator b.

([B) = @). Let g, (respectively, r,) be the spectral projection for a (respectively,
b) corresponding to the set D,, = {z : |z| < n}, n € N. Denote ¢, = ¢ - xp, and
¥n =1 - XD, - By the Spectral Theorem, we have

qn - d(a) = #(a) - gn = dn(agn), Tm V() = Y(b) - T = Y (brim).
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Bounded operators aq,, and br,, are normal, and their spectral projections com-
mute. By the Spectral Theorem for bounded operators, these operators commute
and, therefore,

¢n(GQn) : wm(brm) = d)m(brm) : ¢n(QQTL)-

Thus,

dnTm * ¢(a)¢(b) *qnTm = qnTn * ¢n(aqn)wm(brm) *qnTm

=qnTm * ¢m(brm)¢n(GQn) “GnTm = qnTm * ¢(b)¢(a) *GnTm-

Taking into account that r,, T 1 and using Lemma [I6, we obtain

qn - ¢(a)1/)(b) *Qn = Qn * 1/)(b)¢(a) “Qn-

Again appealing to Lemma [I6] we obtain (@).
Taking ¢(z) = z and ¢(z) = z in (@), we obtain the implication (@) = @). O
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