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ABSTRACT. Let Ro(N) be the Riemann surface of the congruence subgroup
T'o(N) of SL2(Z). Using some properties of the field of meromorphic functions
on Ry(11), we confirm a conjecture of H.H. Chan and P.C. Toh [J. Number
Theory 130 (2010), pp. 1898-1913] about the partition function p(n). More-
over, we prove three infinite families of congruences modulo arbitrary powers
of 11 for other partition functions, including 11-regular partitions and 11-core
partitions.

1. INTRODUCTION

A partition of an integer n is a sequence of non-increasing positive integers whose
sum equals n. Let p(n) denote the number of unrestricted partitions of n. It is well
known that the generating function of p(n) is given by

zp :

(43 0)0
Here and throughout the paper, we use the following standard g-series notation:
(o]
(a; @)oo = [[(1 = ag*™).
k=1

Let [z] denote the integer part of z. For £ € {5,7,11}, let d; ; be the reciprocal
of 24 modulo ¢/, i.e., 245, ; = 1 (mod #). For n > 0, it is known that

(1.1) p(5'n+d5;) = 0 (mod 5),
(1.2) p(P'n+07;) = 0 (mod 70/2+1),
(1.3) p(1Un+611;) = 0 (mod 117).

These are known as Ramanujan congruences [24]. Congruences (1) and (L2)
were first proved by G.N. Watson using the modular equations of degrees 5 and
7, respectively. Using the modular equation of degree 11, A.O.L. Atkin [3] proved
([C3). Later M. Hirschhorn and D.C. Hunt [15], and F. Garvan [9] gave simple proofs
of (L) and (L2, respectively, without using the theory of modular functions.
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The ideas for Watson’s proof of (LI)-(L2]) and Atkin’s proof of (L3]) are similar.
Let

(0500 3 p(m + 8.,)g™ Y if n is odd,
(1.4) Lpo= m=0
(6;9) 00 > P(I"m + 0p.0)g™ T if nis even.
m=0

One can show that L,, ; are modular functions on I'(¢) for ¢ € {5,7,11}. Therefore,
we can express them using linear basis for the space of modular functions on I'g(¢).
Examining the £-adic orders of the coefficients will lead to (LI)—(T3).

Let

A=q(g;q)%, Es=1+480)

H.H. Chan and P.C. Toh [8] observed that there exist integers a,, b, and ¢, with
(5,an) = (7,b,) = (11, ¢,) = 1 such that

(1.5) L,s = 5"%a,A (mod 5"t

(1.6) L7 = 72+, A (mod 7/21+2)
and

(1.7) Ly =11"c,AEg  (mod 11™11).

It is clear that both (L) and (6] follow immediately from Watson’s work (see
[I7]). Chan and Toh [§] commented that “it is very likely that one can obtain a
rigorous proof of (7)) using Atkin’s method given in [3].” In this paper, our first
goal is to show that (7)) indeed follows from Atkin’s work [3]. So we can rewrite
it as

Theorem 1. For any integer n > 1, there exists an integer ¢, with (11,¢,) =1
such that

Ly =11"c,AEs  (mod 11™11).

Motivated by Ramanujan’s work [24], arithmetic properties of various types of
partition functions have been studied. For example, the t-regular partitions and ¢-
core partitions have drawn much attention. Let ¢ be a positive integer. A partition
of n is called a t-core partition if it has no hook numbers divisible by . We denote
the number of ¢-core partitions of n by a;(n) with the convention that a;(0) = 1.
The generating function of as(n) is given by (see [10], for example)

S o (e — (4505
nz:% e = e

A partition is called t-regular if none of its parts are divisible by ¢. For example,
4434241 is a 5-regular partition of 10, but 54+ 3 4+ 1 + 1 is not 5-regular. We
denote by b;(n) the number of t-regular partitions of n and agree that b,(0) = 1. It
is easy to see that the generating function of b;(n) is

(18) S by = i)
n=0

(45900
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If we follow the notation of Chan and Toh [8], we define pj;ea)(n) by

o0
> ppers(n)g" =
n=0

It is then clear that in this notation, we have a;(n) = ppi;—¢(n) and by(n) =
p[llt—l](’n).

For some particular integer triples (c,d,t), arithmetic properties of pijcsaj(n)
have been extensively investigated. See [1], [B]-[8], [10], [I1], [14], [16], [19]-[21], [23]
and [27])-[29]. For more comprehensive reference lists about t-core partitions and
t-regular partitions, we refer the reader to [27] and [2§].

It should be noted that so far almost all works have concentrated on discovering
congruences modulo small powers of primes for those partition functions. There
are only a few works where congruences modulo arbitrary prime powers appear;
see [41[6H8LT3L18L2T2312829] for example. By using Ramanujan’s cubic continued
fraction, H.C. Chan [6] proved that

ppioy(3n +¢;) =0 (mod 320721,

where ¢; = 1/8 (mod 37). Similarly, letting d; = 1/8 (mod 57), Chan and Toh [3]
showed that for any integer n > 0,

pui(5’n+d;) =0 (mod 5U/2).

1
d 3

. cdtel.
(¢ 9)5% (a5 4%,

Recently, using the modular equation of fifth order, L. Wang [28] proved that for
any integers k > 1 and n > 0,

5%k —1

bs (52k_1n + ) =0 (mod 5).

Wang [29] also proved that
3-5%4+1
4
While congruences modulo arbitrary powers of 2, 3, 5 or 7 have appeared in
the literature, we observed that after the work of Atkin [3], people seldom discover
congruences modulo powers of 11 for partition functions other than p(n). One of the

few examples known to us is the work of B. Gordon [12], where Gordon established
many congruences modulo arbitrary powers of 11 for the function py(n) defined by

P15 (5kn + ) =0 (mod 5").

(1.9) > r(n)g" = (g 9)k.
n=0

In view of this phenomenon, the second goal of this paper is to provide more
partition congruences modulo arbitrary powers of 11. We will follow the strategy
of Atkin [3] and Gordon [I2] to establish those congruences for three different types
of partition functions.

Theorem 2. For any integers n > 0 and k > 1, we have
an (11’“11 +11F — 5) =0 (mod 11%).

Theorem 3. For any integers n > 0 and k > 1, we have
7-112F71 5

bll (112k-1n+ 12

) =0 (mod 11%).
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Theorem 4. For any integers n > 0 and k > 1, we have

p[11111](11’“n+ ) =0 (mod 11%).

11k +1

2

We remark here that Theorem 2 was discovered by F. Garvan [I1, eq. (1.9)].
To prove Theorem [2 Garvan used Hecke operators on spaces of cusp forms, and
we will give a new proof by applying Atkin’s approach of U-operators on modular
functions.

The method used in this paper can be applied to obtain similar results for
ppe114)(n) for other values of ¢,d € Z. Since the partition functions in Theorems
2H4l are more popular, we will illustrate the method by studying these examples.

2. PRELIMINARY RESULTS

In this section, we collect some facts which are essential in proving our results.
We will follow the notation of Gordon [12].

Let H be the upper half complex plane. Recall that the Dedekind eta function
is

2miT

= ¢ (¢; )00, q=¢€""", TEH.

n(7)
For any positive integer N, the congruence subgroup I'o(N) of SLy(Z) is defined

no = { (¢ 1)

Let Ry(N) be the Riemann surface of I'o(N). Let Ko(NN) be the field of mero-
morphic functions on Ry(N). It is known that Ry(N) has a cusp at 7 = ico and
q = €?™ is a uniformizing parameter there. If f(7) € Ko(IV), then the Laurent
expansion about 7 = ico has the form

f(T) = Z anq".

n>ng

a,b,c,d € Z,ad —bc =1,¢=0 (mod N)}

By abuse of notation, we also denote f(7) by f(g). For example, let

n(121r) (4" 9"
n(r) (@)oo

¢(q) =

It is known that ¢(q) € Ky(121). This function will play a key role in our proofs.
We define the U-operator as

Uf(r) = Z aiing".

11In>ng

It is known (see [2| pp. 80-82], for example) that if f(q) € Ko(121), then Uf(q) €
Ko(11).

If f(1) € Ko(11) and p is a point of Ry(11), we use ord, f(7) to denote the order
of f(7) at p.

Let V be the vector space of functions g(7) € Ky(11) which are holomorphic
except possibly at 0 and co. Atkin [3] has constructed a basis for V. Following the
notation of Gordon [12], for k£ # 0,—1, let Ji(7) be the element of Atkin’s basis
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whose order at oo is k. We define Jo(7) = 1 and J_1(7) = J_6(7)J5(7). In terms
of the notation of Atkin, we have for k > 1,

gr(7) if k=0 (mod 5),
(2.1) Ji(T) =< gryo(r) if k=4 (mod 5),
gr+1(7) otherwise,

and Ji(7) = Gp(7) for k < —2. Explicit expressions of Ji(7) (=6 < k < 5) could
be found in [3, Appendix A]. For example, J5(7) = (n(117)/n(7))*? and
1 1

= n—3
=3 (_)5(_ 3 (1 +( - ))p5(n)qn n 112(]25((]121;(1121)20)7
Nt

where p5(n) was defined in (L9).

(2.2) Ji(7)

Lemma 2.1 (Cf. [12, Lemma 3]). For all k € Z, we have
(i) Jrts(7) = Jr(7)J5(7),
(ii) {Jx(7)|k € Z} is a basis of V,
(iil) ordeo Jk(7) = kK,
—k if k=0 (mod 5),
(iv) ordgJx(7) =< —k—1 ifk=1,2 or3 (mod 5),
—k—2 k=4 (modbH),
(v) the Fourier series of Ji(T) has integer coefficients and is of the form Ji(q) =
qk o

From [12] we know that V' is mapped into itself by the linear transformation

Ty : g(q) = U((q)*g(q))

for any integer A. Following Atkin, we write the elements of V' as row vectors and

let matrices act on the right. Let CN) = (CEL)\Z) be the matrix of T with respect to
the basis {Ji} of V. We have

(2.3) U(e(@)*u(a) =N Ju(q).
vEZ

For any integer n, let w(n) be the 1l-adic order of n with the convention that
m(0) = oco. As shown in [12], we have

(2.4) m(e) > (1w — 1= 52 +8)/10],

where 6 = d(u,v) depends on the residues of u and v (mod 5) according to Table
m

TABLE 1
“lo 1 2 3 4
7

0 -1 8 7 6 15
1 0 9 &8 2 11
2 1 10 4 3 12
3 2 6 5 4 13
4 3 7 6 5 9
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From Table [[I we see that (A, u) > —1 for any A, p. Therefore, (24 implies
that
(2.5) m(c}) > [(11y — p— 5 — 1)/10].

By Lemma 2{(v) and ([23) we know that the Fourier series of U(¢*J,,) has all
coefficients divisible by 11 if and only if

(2.6) cl(;\,), =0 (mod 11) for all v.

We define a function 6(A, ) as follows. If (Z8) holds we put (A, pu) = 1 and
O(A, 1) = 0 otherwise. From [12] we know that

(2.7) 0N p) =0(A=11,p), OA+12,1—5) =0(A p).

This implies that 8(\, ) is completely determined by its values in the range 0 <
A <10, 0 < p <4, which are listed in Table

TABLE 2
A
B 01 2 3 45 6 7 8 9 10
0 01 01010110 0
1 1101 0 0 0 1 1 0 O
2 1110 0 0 0 1 1 0 O
3 101 0100110 O
4 101 01 0 1100 O

Let My (To(NV), x) denote the space of modular forms of weight k on I'g(N) with
Dirichlet character x (see [22]). In particular, if y is the trivial Dirichlet character,
we also write My (To(N), x) as Mi(To(N)). The following result, known as Sturm’s
criterion [25], will be used in proving Theorem [II

Lemma 2.2. Let p be a prime and f(z) = Y.~ ja(n)g" € Mi(To(N)) where
an € Q for alln > 0. If a,, =0 (mod p) for

kN 1
<"V 1T (1 —)
ns g 0+ 3)
d|N
where the product is over the distinct prime divisors of N, then f(z) =0 (mod p),
i.e., ap, =0 (mod p) for any n > 0.
3. PROOFS OF THE THEOREMS

Proof of Theorem [l Asin [3, p. 20], we define a(1) = 0,a(2) =1 and for n > 3,

(n) = n—1 ifn=4 (mod5),
@) =91 n—2 otherwise.

Similarly, let b(1) = 0,b(2) = 1 and b(n) = a(n) +1 (n > 3). We denote by X° the
class of functions f(7) with

N
)= 11T (1), w(A) =0, N=>1,
n=1
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and by Y? the class of functions f(7) with

M
J) = 3 a1 Iu(r), () =0, M2 1.
n=1

Note here that we have changed Atkin’s original definitions in terms of g,(7) to
expressions involving J,,(7) according to ([2I)). We also change the sequences £(n)
and n(n) in [3] to a(n) and b(n) accordingly.

In the proof of (IL3)), Atkin [3| p. 26] showed that

(3].) 11172nL2n,1111(’7’) € XO, 117271[/2"111(,7_) € YO.

For n > 2, we have a(n) > 1 and b(n) > 1. By Lemma 2] the Fourier expansion
of J,(7) has integer coefficients. We deduce from [B.]) that

111_2nL2n_1)11(T) = )\1.]1(7’) (mod 11)7
1172nL2n111(7) = ,U,1J1(T) (mod ].].)

for some integers A\; and p; which depend on n and are relatively prime with 11.
Thus we have shown that there exist integers ¢,, such that (11,¢,) =1 and

117" Ly 11(7) = epJi(7)  (mod 11).
To prove ({7, it suffices to show that

(3.2)

(3.3) Ji(t) = AFEg  (mod 11).
By Lemma 2] we know orde.Ji(7) =1 and ordgJ1(7) = —2. Let
11
_n (1)
1) =y

From [22, Theorems 1.64 and 1.65], we know that f() € M5(I'o(11), (=1)). More-
over, ordg f(7) = 5. Hence f4(7)J1(7) € Mag(To(11)).
Note that AEg € Mgo(ro(ll)), hence f4(T)J1(T) — AFg € MQO(FO(].].)) Write
(o)
fAr)Ji(r) — AEg = Zc(n)q", c(n) €Z, Vn>0.

n=0

Using (232), it is easy to verify that ¢(n) = 0 (mod 11) for n < 20. Hence by Lemma

we deduce that

(3.4) fA(r)Ji(1) = AEs  (mod 11).
By the binomial theorem, we have f(7) = 1 (mod 11). Therefore, (84 implies
B3), and we complete the proof of Theorem [ |

Before we proceed to proofs of Theorems 2] note that by setting j = 1 in (L3),
we have

(3.5) p(1ln+6) =0 (mod 11).

It is then clear that Theorems are true for the case k = 1. Therefore, we only
need to give proofs for k£ > 2.

Proof of Theorem [2l Recall that

oo 11. 1111
Zan(n)qn _ (q( aQ) )oo
n=0 q54)
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Let
11 11 121 121. 121
Lo(r) := 2 (f) 171)(2(331:)) = ((?331 1331 S an(m)g" .
n n oo n>0
‘We have
UL _ (ql qll) 11 6 n— 54
o(7) = (q121; g121)11 Zan n+6)q
X n>0
Let
Li(1) == U?Lo(7) = mgf’Tw > an(11%n +116)g"

n>0

Note that Lo(7) € Ky(1331), hence UL((7) € Ky(121) and Li(7) € Ko(11). For
r > 2, we define

(3.6) L(1) :=U(o(r) ' Lp_1(7)),

where A, is 1 if r is odd and -11 if r is even. By induction on r we can show that
forr>1, L.(7) € V and

(3.7)
(¢ D)ool 5 ¢")M Y ann (117 n 4117 = 5)¢"~* if r is odd,
_ n>0
Li(r) = (@56 M) (@ 9) 2 Y2 ann (117 in + 1177 — 5)gn L if r is even.
n>0
Let

| —4 if ris odd,
Fr=3 1 ifris even.
For any integer r > 1, since L,(7) € V, from B we may write
(38) LT(T) = Z ar,vJV(T)v Qr y € Z.
V> py
We will prove that for any r > 1,
pr)

(3.9) w(ary) > +1+ ["_T

If r = 1, with the help of Mathematica, we find that
Ly (1) = 167948J_4(7) 4+ 3529812J_3(7) + 19501812J_5(7) + 214358881 Jy (7).
Therefore, we have
m(a1,—4) =2, w(ar,—3) =3, w(a1,—2) =4, w(a1-1)=00, w(aip) =38

and m(a1,) = oo for any v > 1. Hence ([B.9) is true for r = 1.
Now suppose ([B.9) holds for r — 1 (r > 2). From (23] we see that

g Ay — LMC Ar— 1).

s VU2

H=Hr—1
Thus
(3.10) m(ary) > min (m(a,-1,) +7(cfy1)).
HZpr—1

To complete the induction, it suffices to prove that

_2/%”]’

311)  m(ar1,) + (D) >r 414 [

" for all > pr—1,v > piy.
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By induction hypothesis and (2.1]), we deduce that
w— ur,l} n [111/ — =5\ 1 — 1}
2 10 '

Note that if we increase p by 2, the value of the right hand side cannot decrease.
Therefore, its minimum value occurs when p = p,—1 + 1. Thus

5Ar_1 — 2}

(812)  mlap1) ey )) 2+ |

(3.13) m(ar—1,u) + 7(cy (”\T 1)) >r+

[11V — Hr—1—
10
If r is odd, then p,._1y =1 and \._; = —11. For v > —3, we have

(3.14) meMJ+w@3452r+1+[E%§g}2r+1+[”§ﬂ.
For v = —4, BII) reduces to

(3.15) m(ar—1,u) + (e (/\T N>l > .

This inequality holds for = p,—1 since w(ap—1,,, ,) > r and

(A=) > 0(\p_1, pirq) = 6(—11,1) = 1.

Hr—1,V

Similarly it holds for g = p,—1 + 1, as 6(—11,2) = 6(0,2) = 1. If p > pr_1 + 2,
then we have
K= Pr—1

m(ar—1,) > 1+ [ 5

|>r+1.

Thus (3I5) holds.

Combining (BI4) with BI5]), we see that ([BI1]) holds for r.
If r is even, then p,—1 = =4 and A,._; = 1. For v > 2, from ([BI3) we have

11y -1 -1
(316)  m(ar 1) +m(e ) 214 [”1—03} >r+1+ | ).
For v = 1, BI1]) reduces to
(3.17) m(ar—1,u) + (e (/\““ N >r41, > pe1.

This inequality holds for = p,—1 since w(ap—1,,, ,) > r and
m(eXr1)) = 01, 1) = 0(1,—4) = 1.

Hr—1,V

Similarly it holds for p = p,—1 +1, as (1, —3) = 6(0,2) = 1. If g > p,_1 + 2, then
we have
W= fr—1

W(ar_laﬂ'r'fl) Z T+ [ 9

|=r+1

Thus 3I7) holds.

Combining (B16) with B.IT), we see that [B11]) holds for r.
By induction on r, we complete the proof of [B.9) and hence the theorem. O

Proof of Theorem Bl Recall that

i 11, 11
XFHWM”:Q%iJE
n=0

(¢ 9) 0

Let 121, 12
n(ilr)p(12ir) — (¢"*';4¢"h) 50
L - = E b11(n)g" ",
o(7) n(T)n(13317) (q 1331 1331 11

n>0
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‘We have

"o o
S S b (L + 6)g™

(a';
ULo(7) = (q121; ¢120)
) % 130

Let

Ly(7) :=U?Lo(7) = % Z b11(11%n + 50)q".
’ > n>0

Note that Lo(1) € Ky(1331), hence ULy(7) € K((121) and Li(7) € Ko(11). For
r > 2, we define

(3.18) L,(1):=U(op(r)* 1 L,_1(7)),

where A, is 1 if r is odd and —1 if r is even. By induction on r we can show that
for r > 1, L.(7) € V and

(3.19)

- , A1 BN e
(5 D)oo (g™ 4" %%blﬂll T 4 2 =8)q if r is odd,

r(7) = 11, 11 = 1, | TAUH BN gl e
) oo\ 1 1 .
- (@0 )oo(@:0) 50 22 bun (A1 i+ H55—=2)q" if 7 is even

n>0
Let

[ 0 ifris odd,
Hr=93 1 ifris even.

For any integer r > 1, since L,(7) € V, we may write
(3.20) Le(r)= Y arudy, ary €L
V>

We will prove that for any r > 1,

(3.21) W(ar,y) >1+4+ [%] + [V —2/%]7 Yv > .

If » = 1, with the help of Mathematica, we find that

Li(r) = Z ay,J, (7).

We have 7(a10) = 1, and the 11-adic orders of a1, (1 < v < 50) are given in Table
Bl from which it is easy to verify that (B.21I)) holds for r = 1.

TABLE 3

v 1 2 3 4 5 6 7 8 9 10
mar,) 3 4 4 7 6 8 9 10 12 12
v 11 12 13 14 15 16 17 18 19 20
m(ay,) 14 14 15 17 17 19 21 22 24 24
v 21 22 23 24 25 26 27 28 29 30
m(ay,) 26 26 27 29 29 31 32 34 36 36
v 31 32 33 34 35 36 37 38 39 40
m(a1,) 37 38 39 41 41 43 44 45 49 48
v 41 42 43 44 45 46 47 48 49 50
m(ay,) 50 51 52 55 54 56 57 58 oo 58
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Now suppose ([B.21)) holds for r — 1 (r > 2). For the same reason as in the proof
of Theorem [2 to complete the induction, it suffices to prove that

(3:22) w(ar1,) + ey ) > 1+ 5]+ [T ], forall p> v > g

By the induction hypothesis and (2.35]), we deduce that
r—1 u—,ur,l] {11u—u—5)\r,1—1}
2 ] * [ 2 + 10 '
Note that if we increase u by 2, the value of the right hand side cannot decrease.
Therefore, its minimum value occurs when g = p,.—1 + 1. Thus
r—1 11V—MT,1—5>\T,1—2}
J+| 10 ‘

m(ar—1,) + 7)) > 1+

(3.23)  m(ar—1y) + () > 1+

If r is odd, then p,._1; =1 and A\._; = —1. We have
r—1 {11V—|—2

T
2] 10

}21+[§]+[—}, Vv > 0.

(3.24) m(ar_1) () > 14]

Thus (3:22) holds for r.
If r is even, then pu,.—1 =0 and A\._; = 1. For v > 2, by (323 we have

()\T ) r—1 11y — 17 r v—1
(3.25) m(ar—1,u) +7(c;; 1)21+[—2 ]+1+{710 }21+[2}+[ 5 ]
For v = 1, (8:22)) reduces to
(3.26) m(ar—1,) + (i) > 14 [g} [ 1.

This inequality holds for g = p,—1 since m(ar—1,p, ,) > 1+ [TZ;I} and

ﬂ—( (/\1 1 ) > 0( r— la,u'Tfl) = 9(170) =
Similarly it holds for p = p,.—1 + 1, as 6(1,1) = 1. If u > p,.—1 + 2, then by the
induction hypothesis we have

r—1 I
W(GT*LH) > 1+ [ 9 ] + [ 2
Thus ([B.26) holds.

Combining (3:28) with ([B:26]) we see that ([B22]) holds for r.
By induction on 7, we complete the proof of (B:2I]) and hence the theorem. O

Remark 1. Since the progression of the odd case r = 2m + 1 is always a subpro-
gression of the even case r = 2m in (B19), the statement in Theorem Blis only for
the progressions of even r in (B19)).

Remark 2. It is only the case v = 0 that causes the expression in (B.2I)) to be 14-[]
rather than 1+ r as in (39).

Proof of Theorem H. Let

Lo(7) = n(1217)n(13317) _ (2% ¢121) oo (¢330 ¢1331) o
77(7')77(117') (q’ q)oo(qll;qll)oo

‘We have

Lo(T) — (q121;q121)00( 1331 1331 Zp 11111] n+60'
n>0
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Applying the U-operator twice, we get
Li(7) == ULo(7) = (¢; 0)o (050" )oe D, ppr1an (11%n + 61)¢" .
n>0
Since Lo(1) € Ko(1331), we have ULg(1) € Ko(121) and Li(7) € Ko(11). For
r > 2, we define
(3.27) Ly (1) := U(¢* (1) Ly—1 (7)),
> 1.

where A\, = 1 for any r By induction on r we can show that for r > 1,

L,(1) € V and

117+ 41
3.8 L, (11’“+1 ) nt1,
( ) ( ) (q q T;)P [11111) B) q

Let p, = 1 for all » > 1. For any integer r > 1, since L, (1) € V we can write
T) = Z aryJy(7), ar, €Z.
V>
We will prove that for any r > 1,
pr

(3.29) m(ar,) > 1+ 1+ [

If » = 1, with the help of Mathematica, we find that

60
T)= Z a1, J,(7)
v=1

The 11-adic orders of a1, (1 < v < 60) are given in Table @ from which it is easy
to verify that ([8.29) holds for r = 1.

;Y > g

TABLE 4

v 1 2 3 4 5 6 7 8 9 10
m(a,) 2 3 3 5 5 8 8 10 11 11
v 11 12 13 14 15 16 17 18 19 20
m(a1,) 13 14 14 17 16 18 19 20 22 22
v 21 22 23 24 25 26 27 28 29 30
m(a1,) 24 25 25 27 27 29 31 32 34 34
v 31 32 33 34 35 36 37 38 39 40
m(a1,) 36 36 37 39 39 41 42 44 46 46
v 41 42 43 44 45 46 47 48 49 50
m(a1,) 47 48 49 51 51 53 54 55 59 57
v 51 52 53 54 55 56 57 58 59 60
m(ar,) 59 60 61 64 63 65 66 67 oo 68

Now suppose ([3.:29) holds for r — 1 (r > 2). For the same reason as in the proof
of Theorem [2 to complete the induction, it suffices to prove that
V= iy
ool
By the induction hypothesis and (2.35]), we deduce that
W= fr—1 1y —pp =5 1 — 1
A |

(3.30)  m(ar—1u) + () =4+ 14+

for all u > pr_1,v > py.

(8:31)  mlap1) ey )) =+ |
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Note that if we increase p by 2, the value of the right hand side cannot decrease.
Therefore, its minimum value occurs when p = p,.—1 + 1. Thus

11y — Mr—1 — 5)\'r71 — 2}

m(ar-1,0) + (e ) 2+ | =

Since p.—1 = A\p_1 = 1, for v > 2 we have

11y — 18 -1
(3.32) m(ar—1) + (el ) >+ 14 [71/10 } zr+l+ {V 2 }
For v = 1, (330) reduces to
539 Mo oa) + ey ) 241,

By the induction hypothesis, we have m(a,—1,,, ,) > r. Since

77(05[\"’1)) >0(N\—1, pre1) =0(1,1) =1,

r—1,V

we see that ([B33) holds for p = p,—q. Similarly it holds for u = p,.—1 + 1, as
0(1,2) =1. If u > pp—1 + 2, then we have

m(ar_1,) > 7+ [%] >r 4+ 1.

Thus (333) holds for r.

Combining (332) with [B.33]), we see that ([B.30]) holds for r.
By induction on 7, we complete the proof of ([B:29)) and hence the theorem. O
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