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ABSTRACT. In this note we discuss the relationship, under an algebraic con-
stant rank condition, between the regularity of the characteristic form’s coef-
ficients of a degenerate elliptic linear PDO in RY and the regularity of vector
fields controlling its degeneracy. We consider both the cases where the number
of vector fields is NV and it is equal to the rank.

1. INTRODUCTION

Let Q be an open subset of RY, and let £ be a second-order linear partial
differential operator of the form

N N
(1) L= aij(x)0s,00, + > bi(x)dy,, forze.
ij=1 k=1
Let us just assume (for now) that, for all z, the matrix A(z) = (aij(x))jvjzl is

symmetric and nonnegative definite; that is, £ is degenerate-elliptic. It is well-
known (see e.g. [6122[38]) that the existence of vector fields with suitable properties
allowing us to write £ as a sum of squares (possibly up to first order terms) can
be crucial for studying qualitative and quantitative properties for the solutions
or subsolutions to Lu = 0: the properties of the metric space related to such
vector fields have been widely investigated and successfully exploited. Moreover,
motivated by the studies on certain nonlinear degenerate-elliptic equations of sub-
Riemannian type and on linear subelliptic equations with nonsmooth coefficients
(see [TLIILM2L14L42L[45) and the monographs [7,[8,43], with the references therein),
there have been recent investigations concerning the minimal regularity assumptions
for having vector fields with some Hormander-type properties [9}10,24,[BTH36,[40].
For these reasons we think it is worthwhile to focus on conditions under which we
can guarantee the existence in € of vector fields with the desired regularity just
looking at the quadratic form A(x).

Before stating our results, let us be more precise about the PDE setting we are
dealing with. In [39] Phillips and Sarason showed that if z — A(z) is a C? map,
then its (symmetric, nonnegative definite) square root S(z) has locally Lipschitz-
continuous entries. Then we can identify the N columns of S with N locally
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Lipschitz-continuous vector fields Xi,..., Xy. Up to lower order terms we can
write £ as the sum of their squares. The fact they are locally Lipschitz allows us
to consider their integral curves and to look at the Carnot-Carathéodory distance
doc. Essential tools in order to trigger some PDE methods are the X-connectivity
(which makes dce an actual distance), the doubling condition for the metric balls,
and Poincaré inequalities. These properties provide Sobolev embeddings (see [17,
18,20]) and the possibility to develop the De Giorgi-Moser technique for the Holder
regularity of the solutions. In this perspective there is the study of operators, even
with possibly very rough coefficients, as the X-elliptic operators in the sense of
[19,27], where the existence of Lipschitz vector fields with doubling and Poincaré
properties controlling the degeneracy are required axiomatically [19L[26] 27,44l [46]
(see the subsection below; see also [25L27,[28] for a more general condition about
an X-controllable almost exponential map). On the other hand, one can ask for
which families of vector fields the connectivity/doubling/Poincaré properties are
satisfied. It is very well-known that such properties hold true for smooth vector
fields satisfying the Hormander condition thanks to the milestones [2337]. In the
case of nonsmooth vector fields, it is known for vector fields in specific diagonal
forms since the pioneering works [I5L[16]; see also the results and the references in
[43]. For nonsmooth vector fields in general form there has been a renewed interest,
as we mentioned, in step-r Hormander-type conditions with minimal regularity
assumptions (such as C"~1'! or peculiar intrinsic regularities) in order to have
doubling conditions [I0L33L36] and Poincaré inequalities [4L[10L[13]28]30L33]36].
Let us denote, for any = € Q, by Xi(z),...,Xn(x) the vector fields identified
with the columns of the square root S(z) of A(z). In general it is not possible
to improve the Phillips-Sarason result either for the Lipschitz outcome or for the
C2-assumption, as we can trivially show respectively with the examples

ao=(o ) o Aoy uhe)

Nevertheless, in the first section of his celebrated paper [6] Bony quickly stated that
it is possible to have smooth vector fields as soon as we have a smooth A(x) with
constant rank. This is our starting point. Thus, throughout the paper we assume
that

there exists m €{1,..., N} such that
(2) tk (A(z))=m for all x € Q.

Under this constant rank condition we can prove the following:

Theorem 1.1. The vector fields X1,...,Xn have the same reqularity as A; that
is, if A satisfies @) and A € C**(Q) for some o € [0,1] and k € NU {0, 0o, w},
then every X; € CH(Q).

In our hypotheses, the N vectors X1(x),..., Xny(z) span at any z an m-dimen-
sional subspace of R, and they are thus linearly dependent (in the meaningful
case m < N). In the applications it might be useful to have m linearly independent
vector fields and to have information about their regularity. We can consider, at
any fixed x, the decomposition

A(z) = R(z)R'(x),
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for some N x m matrix R(x) with maximal rank. We may denote by X;(z),...,
X, () the linearly independent vector fields identified with the m columns of R(z).
The decomposition (and hence the possible choice for the vector fields at any ) is,
of course, not unique. We can prove the following:

Theorem 1.2. Let Q be a contractible open subset of RN . Suppose A satisfies (2))
and A € Ck(Q) for some k € NU {0,00}. Then, there exist m linearly independent
vector fields X1, ..., Xy € C*(Q) such that A(x) = R(z)R(z) for all x € .

Therefore, in the case k > 1, we can write £ as the sum of ij up to adjusting
the first order terms. Let us explicitly remark that the reason for the C*-regularity
and not for the C*“-regularity in Theorem is technical: in our arguments we
exploit a differential topology tool for which we have found a clear reference just in
the C*-smoothness category; as long as it holds true also with Lipschitz/Holder /C%
regularity, Theorem applies even in those situations.

The plan of the paper is as follows. In Section[2lwe prove Theorem [I.I which will
readily follow from a simple differential geometry lemma. In Section [3 we finally
prove Theorem Before doing this, let us add here some further comments on
our results.

1.1. Comments and consequences. In this subsection we denote, with abuse
of notation, by Xi,..., X, the vector fields whose existence and regularity in ) is
ensured by Theorem [Tl (r = N) or by Theorem (r = m, with Q contractible)
under the constant rank assumption (). Let us write them as X; = Ef\il 0i;(x)0y,
(the N x r matrix o(x) is S(z) or R(x), respectively).

We would like at first to give the details of the statement we already mentioned by
Bony in [6] p. 279], since it was the initial motivation for the present study. Suppose
we have a second order operator £ as in (), where the nonnegative matrix A(z)
and the first order terms (by, (:10)),]1\[:1 are C*°-smooth functions. Then our vector
fields X1, ..., X, are C°°-smooth. We have

(3) L=>"X7+X, inQ,

j=1

where the C°°-smooth vector field X, = E,]jzl (bh(x) — i Xj(ohj)(x)) O, -
Thus, under our assumptions, it is completely equivalent to test the Hérmander con-
dition on X1, ..., X, or on the vector fields Ay, ..., Ay identified with the columns
of A. In fact, at any x € Q, we have

(4) Lie{A1,...,An} (z) = Lie {Xy,..., X, } (z) and

(5) Lie{A;,...,An, B} (z) = Lie{X1, ..., X,, X0} (2),

where B(z) = ZhN:1 (bh(ac)—Z;.V:l Ou; (ajn)())0y, . Asis well-known, the fact that
such vector spaces coincide for every = with the whole RY is a sufficient condition
for the hypoellipticity of £ in Q. In case of C“-coefficients, the condition coming
from (B is even necessary for the hypoellipticity [38] (see also [3,5] for discussions
and applications concerning connectivity properties for C*°-hypoellipticity).

Since we have been careful with the regularity properties, we can be more
precise. Suppose the nonnegative matrix A to be C*, and the first order terms
(bh),]:;1 € OF~1 for some N > k > 1. Then we have @) with Xi,..., X, € CF,
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and Xy € Ck~1. Moreover, if we define for s € N the vector space Lies{Y;} =
span{Y, [V, Vil oo [V [V Lo [V YTl ), for any @ € © we have

(6) Lies{A1,...,An}(z) = Lieg {X1,..., X, }(z) forall s<k+1 and

(7) Lies {A1,..., AN, B} (z) = Lieg { X4, ..., X;, Xo} (z) for all s < k.

Remark 1.3. For the reader’s convenience we provide here an outline of the proof
of @) and ([@). This will give a fortiori a proof of @) and (G).

In the notation we are using, for any j € {1,...,N} and I € {1,...,7}, we
have A;(z) = Zf\il a;j(2)0z,, Xi(x) = Zil oi(x)0y,. We recall that the exis-
tence of the C*-matrix valued function o(-) globally defined in  with rank m
comes from our results. Since we have A(z) = o(z)o'(x), we can write A;(z) =
>i—1 oji(z)Xi(x) for every j. This yields in particular (@) with s = 1, which reads
as

span {41 (z),...,An(x)} =span {X;(x),..., X, (z)} for all ,
since both vector spaces are m-dimensional. Let us now prove (@) with s = 2, which
means we have to prove for all x € 2 that

span {A;(x),[A;, Ap](x), 5, h=1,..., N}=span {X;(x), [X;, X |(z),l,q=1,...,7}.

The inclusion C is trivial since
A5, @) = Y oa(@)ong@) X0 X)@) + 3 o) Xu(ong) (@) X (2)
l,g=1 l,g=1
— > ong(@)Xg(00) () X1 (2) for all = € €.

l,g=1
To deal with the opposite inclusion, we can fix any zy € € and find an open neigh-
borhood of =y where span{A;(z),...,An(z)} = span{A;, (z),..., A4, (z)} and
span {X;(z),..., X, (z)} = span{X;, (z),..., X}, ()} (recall that r can be either
m or N). Thus, in such a neighborhood, we can write A; (x) = > 6pi(2) Xy, ()
for all p € {1,...,m} for some &(-) € C*¥. By construction (z) is invertible and
the inverse has to be C*. Hence, we have an open neighborhood U,, C € of zg
such that X;,(z) = 3270, cip(x) Ay, () for all i € {1,...,m} and = € U,,, where
c(-) € C*¥(U,,). This is enough to prove that Lies {X;} (z) = Lies {X;,} (z) C
Liep {4, } (z) C Lies {A;} (z) for all z € U,,. The arbitrariness of z¢ completes
the proof of the (s = 2)-case in ([@). We can proceed in the same way for higher
s, until the coefficients are differentiable (that is, s < k + 1). The proof of (1)
is completely analogous since Xo(z) = B(x) + Zjvzl > 11 Oz, (051) () Xy () for all
x €.

The identifications in (@) and (7)) might be useful (in the operative sense) in order
to check quantitative properties of the distances related to the vector fields under
the assumptions of Héormander condition or involutive properties. The quantitative
properties we are referring to are related to the analysis of the exponential map
and almost-exponential maps carried out in [T0LB3H35137].

Finally we would like to mention that, under our constant rank assumption,
every operator £ in (Il can be seen as an X-elliptic operator as long as we can
control the first order term given by Xy. Let us clarify this point while recalling
the definition in [I9]. Suppose A to be C! and the first order terms by’s to be
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measurable. We can write, besides [B]), the operator as £ = div(AV) + B. By the
definition of our vector fields, we get
-

(A(@)€,€) = |lo'(@)E]” = 3 (X;(2),€)° VEERY and ¥z € Q,

j=1

which gives at one time the conditions (1.2) and (1.5) in [I9]. If we want £ to be
X-elliptic in €2, we are thus left to satisfy the condition (1.4) in [I9]; i.e. there has
to exist a measurable function v such that (B(z),£)* < 42(z) 25:1 (Xj(a:),§>2.
Comparing B(z) and Xo(x) we have

r
2

(B(x) = Xo(2), )" < rN*max [0, (o) @)| 3 (X (2).€)".

j=1
Hence, according to the definition in [19], £ is uniformly X-elliptic in Q if there
exists a function 7 such that
T
(Xo(2),6)* <15(2) Y (X;(2),6)” VEeRY and Va € Q.

Jj=1

The results proved in [I9146] for such operators require the metric, doubling, and
Poincaré properties we mentioned in the Introduction, as well as some integrability
conditions for the function . In the case of the vector fields considered in Theorem
[Tl we can assume A to be locally Lipschitz in € and the conditions we have just
seen regarding the X-ellipticity are meant to be satisfied almost everywhere.

2. THE SQUARED CASE

Theorem [[] concerns the regularity of the square root S(z) of A(x). The square
root of a nonnegative definite matrix is easily defined via diagonalization. One could
think, in a naive way, to look separately at the regularity of the eigenvalues and of
the eigenvectors as functions of x. Unfortunately, there are well-known examples
of smooth matrices for which it is not possible to find an even continuous choice of
eigenvectors (see e.g. [4I]). In this direction, let us give here the example (often
used in the PDE-setting we deal with) of the Heisenberg Laplacian in R? for which

1 0 ZTo
(8) A(zy, 20, 23) = 0 1 —q
o —I1 xf + x%

We note that, for such A, the condition (@) is satisfied with m = 2: in fact the
eigenvalues of A(x1, x9, x3) are 1+ +23,1,0. For 22+23 # 0, the unit eigenvectors
(up to a sign choice) are respectively

(xZa —1'1,1'% + 1%) 1}1((17): (xlva,O) and Uo(I): (_x27x1, 1)

Vai+ady/1+af + a3 Vai a3 Vi+al+af
Thus, for any choice of an orthonormal basis of eigenvectors at a point (0,0, x3),
v14, and v; cannot be continuous at that point. Nonetheless, denoting by A and
V' the eigenvalue and eigenvector matrices, one can check that the square root
S(z) = V(z)\/A(z)V(z) is real-analytic in R? (see [I0)), as it is also a consequence
of our result. In order to give a proof of Theorem [I.T] let us fix some notation.

U1+r(x)
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Let us fix the natural numbers N > m > 1. Denoting by Symn(R) the real
vector space of all NV x N symmetric matrices with real coefficients, let us put

S{(m) ={A € Symn(R) : A > 0 and rk(A) = m}.
Let us consider the smooth (real-analytic) map
q:Sh(m) — St(m), q(M)= M
The square root function is, of course, the global inverse of ¢. In our notation, for
any = € €, the vector fields X;(x),..., Xn(z) are identified with the columns of
¢ '(A(x)). The key assumption () ensures the well-position of this composition,

for all z € Q. The proof of Theorem [[.T] will thus be a straight consequence of the
following:

Lemma 2.1. The function q is a C¥-diffeomorphism.

Let us first recall that S§;(m) is an embedded smooth submanifold of Symy (R) =
RNWV+D/2 " with dimension dy(m) = Nm — W As a matter of fact, the C¥-
differentiable structure of S};(m) locally around a matrix My (with a nonvanishing
m X m minor) is basically given by being the zero set of the minors of order (m+1)
(in the case m < N; if m = N, it is just an open set of Symy(R)).

Proof of Lemma 211 By implicit function theorem, it is enough to show that the
differential of ¢ at any point M € S§ (m) is an isomorphism between Ty (S§(m))
and Tys2(S}(m)). Without loss of generality we can consider M in the diagonal
form diag(A1, ..., Am,0,...,0), for positive Aq,..., An,. For such diagonal matrices
it is easy to describe the tangent space. The map
U : Symy(R) —» R —dn(m) - g(4) = (det (aij)ie{lw_ﬂm}u{p})
je{1,....m}U{q} Zz};erl,.‘.,N

can be used as a local defining function for S3;(m) around M. Hence, one has

(9)
T (S (m)) = ker(dpy W) = {H € Symn(R) : hy; =0 foralli,j =m+1,...,N }.

For all H € TM(SE(m))7 we have
d
duq(H) = & (M +tH)>=MH + HM.
t=0

In order to show that djsq is an isomorphism, we may just prove the injectivity. If
dyrq(H) = 0 for some H, then for every j =1,..., N we have

0=dnq(H)e; = M(Hej)+ H(Me;j).
When 1 < j < m, from the above identity we infer that He; is an eigenvector for M

with corresponding eigenvalue (—\;): since M is nonnegative definite, this implies
that He; = 0 for all j = 1,...,m. On the other hand, if j € {m +1,...,N},

we get that He; is in the kernel of M which is spanned by ey, y1,...,enx. Since
H € Ty(S§(m)) and recalling (@), we immediately deduce that He; = 0 even for
all j =m+1,...,N. This proves that H = 0 and the lemma. O

After having proved Theorem [[I] let us give here a slight generalization of
the last lemma. As a matter of fact, all the pth-powers of a matrix give a C*-
diffeomorphism if restricted to S}, (m). Even for the sake of more generalization, we
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could consider a real-analytic function f : R — R satisfying the following properties:
f(0) =0, f #£0, and the derivatives of f of every order are nonnegative.

Under these assumptions, Pringsheim’s theorem ensures that the Maclaurin series
of f converges to f itself for all x € R, that is,

> f(n)
f(z)= Z / n'(O) z", forall z € R.
n=1 ’

Moreover, we have that f is (strictly) monotonically increasing on I := [0, +o0],
and it restricts to a bijection from I to itself. Let us now define the real-analytic
map

qr : S5 (m) — SH(m), qp(M) = i

If M € S{;(m) and P is an orthogonal N x N matrix such that P*MP is the
diagonal matrix A = diag(A1,..., Am,0,...,0), one can write ¢7(A) as

a5(M) = Pqg(A)P' = Pdiag(f(\1);. ., fAn).0, .., 0)P".
It is then easy to recognize that ¢y is globally invertible (for all m =1,..., N).
Lemma 2.2. The map g5 is a real-analytic diffeomorphism.

Proof. As in the proof of Lemma 2] we have to show that the differential of ¢; at
any point M € S3,(m) is an isomorphism between Ty (SX (m)) and Ty, (ar) (SK (m)):
without loss of generality we can assume that M = diag(\y,..., A, 0,...,0), for
positive A1, ..., Ay. For H € Ty (S} (m)) we have

. f(n)
o) =5 S r ey

)
=y ! '(0) (M"'H+M"?HM +---+ HM"™ ),
n=1

n!

by the uniform convergence of the power series. Let us prove the injectivity of
dar(gy). To this aim, let das(qr)(H) = 0 for some H € Ty (Sk(m)). For j €
{1,...,m}, we have

F(0)
!

0= dur(ar)(H)e; = 3 —
n=1

n—2
(Z /\anlk> (Hej) +A\)~' - (Hey)
k=0

If we now define, for all n € N, B,, := Zz;g AM™=1k e ST (m), then it is

. . . (n) i
immediate to see that the series Y -, ! n!(o) B,, is absolutely convergent on the

Banach space Symy(R), and thus it converges to a matrix By which is actually
(symmetric and) nonnegative definite. We can then write the above equality in the
following way:

o £(n) .
0 = Bo(He;) + <§ / n'(o) A;H) (He;) = Bo(He;) + —f(/\A_J)(Hej).
n=1 ' J

It follows that He; is an eigenvector of By > 0 with eigenvalue (—f(X;)/A;) <0,
and thus He; = 0 for all j =1,...,m. On the other hand, for j € {m+1,...,N},
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the vector e; is in the kernel of M. By setting

> f(n)
My = 3 Z O art = i (£ F ) A £1(O). . FO)),
n=1 ’
we get that 0 = da(qr)(H)e; = My(Hey); i.e. the vector He; is in the kernel of
My. There are two cases. If f'(0) # 0, this gives immediately He; = 0 for all
j=m+1,...,N. If f/(0) =0, then the vectors He,, 11, ..., Heny must be included
in the span{e,,11,...,ex}: since H € Tys(SE(m)), we obtain again He; = 0 for
all j=m+1,...,N. In both cases we have H = 0, and the proof is complete. [

3. THE RECTANGULAR CASE

Let us go back to the example of the quadratic form A(z) in (&) for the Heisenberg
Laplacian. In the previous section we dealt with its square root
(10)

1 2 + 3 T1T2 1— 1 T2
zi+a3 1 V1+a3+ad zi+a3 V1+a?+a3 V1+a?+a3

S(x) = T1T2 _ 1 1 2 CC? _ z1
@) a3 +a3 (1 \/1+z§+z§> z3+a3 <x2 + \/1+x§+z§> V1t +a2

T2 _ X formg
The entries of S(z) have nothing to do with the usual Heisenberg vector fields
Oz, + 2044, Oy, — ©104,, which are a couple of smooth and linearly independent
vector fields defined globally in R3. In this section we thus want to deal with
the existence and the regularity of a global decomposition A = RR!, which in the
Heisenberg example can be seen, for example, as

1 0
Rz)=(0 1
ro —X

Le us fix some notation. Fix two natural numbers N > m > 1. Denoting by
Mpxm(R) the vector space of the N x m matrices with real coefficients, let us
define

Qn(m) ={M € Myxm(R) : tk(M) = m},
which is an open subset of My, (R) = RN™. Let us restate Theorem in this
notation.

Theorem Let Q C RYN be a contractible open set and let A : Q — S}'{,(m) be
a map of class C* (for some k € NU{0,00}). Then there exists a map R : Q —
Qn(m) of class C* such that

(11) A(x) = R(z)R(z)"  for all x € Q.

In order to prove this theorem, we are going to exploit a smooth identification
between S¥ (m) and the quotient of Myxm(R) by the action of the orthogonal
group. This is probably a known fact, but, since we want to use some specific
properties of this isomorphism and of the quotient manifold, we will briefly show
the construction for the sake of completeness. After that, we are going to invoke a
homotopy lifting property for the related principal bundle, which will allow us to
prove the desired theorem.
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Let us denote by O(m) the group of the m x m orthogonal matrices with real
coefficients, which is a Lie group of dimension m(m — 1)/2. There is a standard
real-analytic (right-)action of O(m) on the manifold Qy(m), that is,

p:Qn(m) x O(m) = Qn(m), p(M,0)= MO.
It is not difficult to see that this action p is free and proper; i.e. (see also [29])
- if there exist M € Qn(m) and O € O(m) such that MO = M, then
O =1dy;
- the map Qn(m) x O(m) > (M,0) — (MO,M) € Qn(m) x Qn(m) is
proper (by compactness of O(m)).
Therefore the orbit space

Vn(m) = Qn(m)/O(m)
is a topological manifold of dimension dim(Qy(m)) — dim(O(m)) = dy(m) =
dim(S} (m)). Moreover it has a unique smoothly differentiable structure with the
property that the quotient map 7 : Qx(m) — Vy(m) is a smooth submersion (see
e.g. [29, Theorem 21.10]). Let us now consider the real-analytic map © defined as
follows:
O : Qn(m) — S§(m), O(M)=MM".

Since © is constant on each orbit of the action p, it defines a smooth map © on the
quotient Vi (m):

©: Vy(m) = Sk(m), O([M]) =O6(M) =MM".

In other words, © is the unique (smooth) map such that the following diagram
commutes:

—
—~
™ —
_
— ©
—

VN (m)

Since it is easy to see (e.g. via diagonalization) that © is surjective, then © is sur-
jective as well. Concerning the injectivity of ©, it is a straightforward consequence
of the following lemma.

Lemma 3.1. Let M, N € Qn(m) with MM* = NN*. Then there exists O € O(m)
such that M = NO.

Proof. Considering A = MM! = NN* € S} (m), let A1,..., A\, be its strictly

positive eigenvalues. Let us take an orthonormal basis {z1,...,zx} of RY of eigen-
vectors of A such that Az; = \z; for i € {1,...,m}. Let us define two more
orthonormal bases By = {u1,...,u,} and By = {v1,...,v,,} of R™ as follows:
1 1
u; = (M'z;), v; = (N'z;) foralli=1,...,m.

v Vr
Let us make O the orthogonal m x m matrix bringing B; into B,. For any 7 €
{1,...,m}, we get

1 1

_(MMt)LL'i: \/)\_i(NNt)LL'i:N’Ui:N(Oui).

This ends the proof. O

Mui:

S
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Hence © is a smooth bijection from Vi (m) to S} (m). We want to see that it is
actually a smooth diffeomorphism.

Lemma 3.2. Vy(m) and S} (m) are smoothly diffeomorphic via ©.

Proof. We have to show that the differential dj;)© at any point [M] € Vy(m) is
nonsingular. Since the Vy(m) and S} (m) have the same dimension, it is enough
to show the surjectivity of d| M}@ which is equivalent (7 being a submersion) to the
surjectivity of dpr® : Tos (Qn(m)) = Toan) (S (m)) for any M € Qp(m).

We claim that, without loss of generality, we can just consider M € Qpy(m) with

O(M) = diag(A1,...,Am,0,...,0). Let us convince ourselves of this claim. Fix
My € Qn(m) and A = ©(My) and take an orthogonal N x N matrix U such that

U'AU = (U'My) - (U'My)! = A = diag(\q, .-, Am, 0, ..., 0),

for some positive A1, ..., As,. Denote by Ly the automorphism of My, (R) defined
by Ly(M) = UM, and by Cy the automorphism of Symy (R) defined by Cyr(A) =
UAU". For all M € Qpy(m) we have by construction that (Cyo©oLy)(M) = O(M).
We thus get

dM()@ = CU o d(UtMo)e o LU
on T, (2n(m)) = Myxm(R). By our choice of U, the matrix U'M € Quy(m) is
such that ©(U*M) = A, and the claim is proved.

We can now fix M € Qn(m) with ©(M) = diag(A1, ..., Am,0,...,0), and look
for the surjectivity of dp/©. This assumption implies that M;; = 0 for all i =
m+1,...,Nand j=1,...,m. For every H € Myx;n(R) =Ty (Q2x5(m)), we get
_d
~ dtji=o

If we denote, for fixed i € {1,...,N} and j € {1,...,m}, by E®) the standard
(i, j)-elementary matrix of the canonical basis of My, (R), we have (M (E@))4),.
= Mp;0k; and (E(ij)Mt)hk = My;0n;. We can thus verify that, for every ¢ €
{1,...,N}and j € {1,...,m},

dvO(H) OM +tH)=M-H"+ H- M.

dM@(E(ij)) - (M(E(ij))t) + (E(ij)Mt) - ZMU (E(li) + E(il))
1=1
where, for r,s € {1,..., N}, E("®) denotes the standard (r, s)-elementary matrix of
the canonical basis of My (R). It is now quite easy to see that the image of dy; 0,
which is generated by the Nm vectors dy©(EM), ... dp©O(EN™), spans the
whole Tg(ar) (S} (m)) (by recalling [@)). The proof is complete. O

Therefore, we can think of the C* map A in Theorem as a map which takes
value in the quotient manifold Viy(m). Our aim is somehow to extract a map taking
value in Qn (m). We can do that thanks to the structure of a principal O(m)-bundle.
Let us recall (we also refer to e.g. [2I, Chapter IV] and [47, Chapter II]) that a
principal G-bundle is a (locally trivial) smooth fiber bundle with typical fiber a
Lie group G, for which the action preserves the fibers and there is an equivariance
property between the action and the bundle charts. Moreover, if M is a smooth
manifold and G is a Lie group acting smoothly, freely, and properly on M, then
the quadruple (M, M — M/G, M/G,G) is a principal G-bundle (see, for example,
[29, Exercise 21-6]). That is why the quadruple F,, = (Qn(m), 7, Vi (m), O(m)) is
a principal O(m)-bundle.
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The main ingredient for our purposes is the following differential topology tool
for principal G-bundles:

let § = (E,p,M,G) be a principal G-bundle and let X be a manifold
of class CF; then JF satisfies the following homotopy lifting property with
respect to X:
if f € C¥(X;E) and H : X x [0,1] — M is a map of class
Ck(X x [0,1]) such that H(-,0) = p o f, then there exists a map
H:X x[0,1] = E of class C*(X x [0,1]) satisfying H =po H.
For a proof we refer the reader to [2I Chapter III, Theorem 2.4] (for a particular
class of fiber bundles), [2, Chapter III], and [47, Chapter II, Corollary 6.1]. Roughly
speaking, if we have a C*-homotopy H : X x [0,1] — M for which H(-,0) admits
a CF-lift to E, then the whole homotopy H admits a C*-lift to E. We can now
complete the proof.

Proof of Theorem [[2 Let us set
A:Q - Vy(m), A@) =0 '(A@)).

Since 2 is contractible, we can find a point g € Q which is a deformation retract
of §; i.e. there exists a smooth map r : Q x [0, 1] — € such that r(z,0) = x¢ and
r(z,1) =z for all x € Q. Let us now consider the homotopy

H:Qx[0,1] = Vn(m), H(z,t) = A(r(z,t)).

Since r is smooth and A is C* in Q, we have H € C*(Q x [0, 1]; Viv(m)). Moreover,
being H (-,0) the constant map A(zg), it trivially admits a lift of class C* from
to Qn(m) (namely, the constant map Q > =z — Ry € Qn(m), where Ry is some
matrix in Qx(m) such that [R] = A(zg)). By the homotopy lifting property there
exists H : Q2 x [0,1] — Qun(m) of class C* such that H = mo H. We can then define
a map R from Q to Qn(m) in the following way:

R:Q— Qn(m), R(z) = H(z,1).
By construction the map R is of class C* on (2, that is, the same regularity as A.
For every x € Q) we also have

R(z)R(z)! = ©(R(z)) =O(ro H(z,1)) = 0(H(z,1)) = O (A(z)) = A(z),
which is exactly the desired identity (ITI). a

Let us remark explicitly that the map R (and therefore the vector fields) we have
constructed depends on A in a much stronger way with respect to the square-root

construction of Section More precisely, we cannot hope to find a smooth map

o : Vn(m) = Qn(m) (independent of A) in order to define R = o (@71(14)). As

a matter of fact, if such a o exists, then it would be a smooth global section of
our bundle ¥,,. Since F,, is a principal O(m)-bundle, it should be globally trivial
(see e.g. [47, Theorem 4.2]). This means, in particular, that Qx(m) should be
diffeomorphic to the product manifold Vy(m) x O(m), which is a contradiction
(if m < N the space Quy(m) is indeed connected, whereas Vy(m) x O(m) has at
least two connected components). The case m = N is slightly different. In fact,
the polar decomposition provides a global trivialization of the principal bundle
Fn = (GLy(R), 7, Vi (N),O(N)), and the map /- : Vy(N) = S§(N) — GLy(R)
defines a smooth global section.
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