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ABSTRACT. In this paper we study properties of functions of triples of not
necessarily commuting self-adjoint operators. The main result of the paper
shows that unlike in the case of functions of pairs of self-adjoint operators
there is no Lipschitz type estimates in any Schatten—von Neumann norm S,
1 < p < oo, for arbitrary functions in the Besov class Béo,l(R3). In other
words, we prove that for p € [1, o], there is no constant K > 0 such that the
inequality

lf (A1, B1,C1) — f(A2, B2,Co)lls,
< K| flpr  max{[[A1—Azlls,, | B1—Bzlls,, [IC1 — Calls, }

holds for an arbitrary function f in Béo,l(]R3) and for arbitrary finite rank
self-adjoint operators A1, B, C1, A2, Bs and Ca.

1. INTRODUCTION

The spectral theorem for commuting self-adjoint operators implies that for com-
muting self-adjoint operators A; and A, and for a Lipschitz function f on the real
line R the following Lipschitz type estimate holds:

1£(A1) = f(A)|| < (I |Lee )l A1 — Az].

The same inequality holds for the norms in Schatten—von Neumann classes S, with
p > 1. However, for noncommuting self-adjoint operators, the situation is quite
different. A Lipschitz function f on R does not have to be operator Lipschitz, i.e.,
the inequality

|f(x1) — f(z2)| < const |x1 — xa], x1, 22 ER,
does not imply that
[ (A1) — f(A2)[| < const [|A; — Ayl

for self-adjoint operators A; and Ay. This was shown by Farforovskaja in [F1].
She also proved in [F2] that there exist a Lipschitz function f on R and self-
adjoint operators A; and Ay such that A; — As belongs to trace class Sq, but

f(A1) = f(A2) € S1.
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Recall that a function f on R is operator Lipschitz if and only if it takes trace
class perturbations to trace class increments, i.e.,

A=A* B=B", A-BeS = f(A)-f(Ad)eSs;

if we admit not necessarily bounded self-adjoint operators A and B; see [AP].

It was shown later in [Mcd| and [Kal] that the function  — |z| is not operator
Lipschitz. Necessary conditions for operator Lipschitzness were obtained in [Pe2]
and [Pe3d|]. In particular, it was proved in [Pe2] that operator Lipschitz functions
on R must belong locally to the Besov class Bf ;(R). Note that in [Pe3] stronger
necessary conditions were also found. Those necessary conditions were deduced
from the trace class criterion for Hankel operators; see [Pell] and [Ped].

On the other hand, it was proved in [Pe2] and [Pe3] that functions in the Besov
class Béo,l(R) are necessarily operator Lipschitz. This result was generalized in
[APPS] to functions of normal operators. It was shown in [APPS] that if f is a
function of two variables that belongs to the Besov class Béo71(R2), then f is an
operator Lipschitz function on R2, i.e.,

1F(N1) = f(No)|| < const || fll gz [N1 = Na

for arbitrary normal operators N; and N,. The same Lipschitz type inequality
holds in the Schatten—von Neumann norm S, for p > 1.

This result was generalized in [NP] to the case of functions of d-tuples of commut-
ing self-adjoint operators: if f belongs to the Besov class BL, | (R?) and (Ay, -+, Aq)

and (By,- -, Bg) are d-tuples of commuting self-adjoint operators, then
1F(Ar, -+ Ag) = F(Bu, -+ Ba)| < const || fl| gy, , max [[4; — By|
et 1<j<d

and the same inequality also holds for Schatten—von Nemann norms S, with p > 1.
Let us also mention that in [KPSS] it was shown that for an arbitrary Lipschitz
function f on R? and for p € (1,00) the following Lipschitz type inequality holds:

f(A1,--+,Aq) = f(B1,-++ ,Ba)ls, < const| fllLip max, |A; — Bjls,

for arbitrary d-tuples of commuting self-adjoint operators (Ay,---,A44) and
(By,-+,Byg); the constant on the right-hand side depends on p. Note that ear-
lier in the case d = 1 this was established in [PS].

We refer the reader to the recent survey article [AP], which is a comprehensive
study of operator Lipschitz functions.

The behavior of functions of pairs of noncommuting self-adjoint operators under
perturbation was studied in [ANP]. For a pair (A4, B) of not necessarily commuting
self-adjoint operators the functions f(A, B) are defined as double operator integrals:

f(A,B) = / / F(2.y) dEA(z) dEx(y)

under the assumption that the double operator integral makes sense. Here F4 and
Ep stand for the spectral measures of A and B.

In the case when A and B are finite rank self-adjoint operators (or, more gener-
ally, if A and B have finite spectra), the operator f(A, B) is defined for all functions
f on RZ:

F(A,B) =" F(Nj, 1) Py Qs

3.k
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where

A= Z)\ij and B = Zﬂka
j k

are the spectral expansions of A and B.

It turned out that the situation in the case of noncommuting operators is dif-
ferent. It was shown in [ANP] that if f belongs to the Besov class Bl ;(R?) and
1 < p < 2, then, as in the case of commuting operators, the following Lipschitz
type estimate holds:

1f(A1, Br) = f(A2, B2)l|s, < const||f|[p:  max{[[A1 — Aslls,. [ By — Bells, }

for arbitrary pairs (Ay, By) and (Asg, B2) of not necessarily commuting self-adjoint
operators.

On the other hand, it was shown in [ANP] that unlike in the case of commuting
operators there is no Lipschitz type estimate in the norm of S}, for p > 2 as well as
in the operator norm. In other words, if p > 2, there is no constant K such that

|f(Ar, Br) - f(AzaBz)Hsp < K| fllp:, , max{[|[ A1 = As|s,, | B1 — Be|'s, }

for arbitrary finite rank self-adjoint operators A;,B1, As and By. The same is true
in the operator norm.

In this paper we deal with functions of triples of not necessarily commuting self-
adjoint operators. For a triple (A, B, C) of not necessarily commuting self-adjoint
operators and a function f on R?, the operator f(A, B,C) is defined as the triple
operator integral

£4.8.0) = [[[ 00,2 dBa(w) dBaty) abe(:)

in the case when the triple operator integral is defined. Again, if A, B and C
have finite spectra, the triple operator integral on the right is well defined for all
functions f and

f(A,B,C) = > FOS ) Ea(ANEs({nh) Eo({v}).
A€o (A), p€a(B),vEa(C)

The main objective of this paper is to show that unlike in the case of functions
of two noncommuting self-adjoint operators, there is no Lipschitz type estimate in
the norm of §p, 1 < p < oo, for functions in the Besov class Béql(R‘g). In other
words, there is no constant K > 0 such that

| f(A1,B1,C1) — f(A27Bz,02)||SP

< K fllpy, , max{[[A1 = Az|ls,, | B = Bzl|s,, [C1 — Calls, }

for arbitrary functions f in BéoJ (R?) and arbitrary finite rank self-adjoint operators
Ay, By, Cq, A, By and Cs. In the special case p = 1 a different proof was given
in [Pe7]. Note, however, that the method used in [Pe7] does not work in the case
p=2.

The main result of this paper terminates the chain of the results of the papers
[Pe2] and [Pe3| (with Lipschitz type estimates in the operator norm and the trace
norm for self-adjoint operators and functions of Besov class Bl ,(R)), [APPS]
(Lipschitz type estimates in the operator norm and the trace norm for normal
operators and functions of class BL, ;(R?)), [NP] (Lipschitz type estimates in the
operator norm and the trace norm for d-tuples of commuting self-adjoint operators
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and functions of class B, ;(R?)) and, finally, [ANP] (Lipschitz type estimates in
the Schatten—von Neumann norms S,, 1 < p < 2, for pairs of noncommuting
self-adjoint. operators and functions of class Bl ;(R?)). The results of §l of this
paper show that as soon as we admit three noncommuting self-adjoint operators, it
becomes impossible to obtain such Lipschitz type estimates for arbitrary functions
of class BY, | (R?) in the norm of S, for any p € [1,0q].

In §2] of this paper we collect necessary information on multiple operator inte-
grals, while in §3] we define the Besov classes B;,I(Rd) and briefly describe their
properties.

2. MULTIPLE OPERATOR INTEGRALS

Double operator integrals appeared in the paper [DK| by Daletskii and S.G.
Krein. Later the beautiful theory of double operator integrals was created by
Birman and Solomjak in [BST], [BS2] and [BS3].

Let (2, F1) and (%, E3) be spaces with spectral measures E; and E on a
Hilbert space 2, let T' be a bounded linear operator on 7 and let ® be a bounded
measurable function on 2" x #. Double operator integrals are expressions of the
form

(2.1) [ 2w im@r .
XY

Birman and Solomjak’s starting point is the case when T' belongs to the Hilbert—
Schmidt class Ss. In this case they defined double operator integrals of the form
(ZJ)) for arbitrary bounded measurable ® and proved that

[ 2w im@riew| <o)~
XY

S

(see [BS1]).

To define double operator integrals for arbitrary bounded linear operators 7" in
the general case, restrictions on ® must be imposed. Double operator integrals
for arbitrary bounded operators T' can be defined for functions ® that are Schur
multipliers with respect to the spectral measures F1 and Fs; see [BS1], [Pe2], [Pi]
and [AP] for details.

In this paper we need double operator integrals only in the case when the spectral
measures E; and F, are atomic and have finitely many atoms. We say that a
spectral measure F on a set 2 is atomic and has finitely many atoms if all subsets
of 2 are measurable and there are points a1, - ,a, in £, called the atoms, such
that

E %\Uaj =0 and E({a;})#0, 1<j<n.
j=1
In the case when the spectral measures F; and Fs are atomic with finitely
many atoms, we can define double operator integrals of the form (21 for arbitrary
functions ® by

(2.2) // (z,y) dEy (z)T dEs(y Z@a],bk)El({a]})TEg({bk})
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where the a; and the b are the atoms of F; and Es.
Under these assumptions, the norm of the linear transformer

T — // O (z,y) dE1(2)T dEs(y)

(both in the operator norm and in the trace norm) is equal to the norm of the
matrix {®(a;,b;)} in the space of matrix Schur multipliers, i.e., the norm of the
matrix transformer

{vkt = {®ay, br)vint

in the operator norm (or in the trace norm); see [AP].
Double operator integrals play an important role in perturbation theory. In
particular, a special role is played by the following formula:

ey - = [P g0 pyaga).

RxR

which holds for arbitrary self-adjoint operators A and B with bounded A — B and
for arbitrary operator Lipschitz functions f on R; see [BS3] and [AP].

In this paper we consider only operators with finite spectra, in which case formula
[23) holds for arbitrary functions f on R; moreover, the divided difference

flz) = fy)

N

can be extended to the diagonal {(z,z): x € R} arbitrarily, i.e., the values of the
divided difference on the diagonal do not affect the right-hand side of [23). This
can be verified elementarily.

Multiple operator integrals

/ e /‘I’(Ih oo ) B (21)Th dEo(22) T - - - dEm—1(m—1)Tm—1 dEm (xm)
—

were defined for functions ® in the (integral) projective tensor product of the spaces
L>*(E;), j =1,---,n, in [Peb|]. Later multiple operator integrals were defined in
[JTT] for functions ® in the Haagerup tensor products of L™ spaces. We refer the
reader to the survey article [Pe6] for detailed information about multiple operator
integrals.

Again, in this paper we consider only atomic spectral measures with finitely
many atoms, in which case multiple operator integrals can be defined for arbitrary
functions ®. Indeed, consider for simplicity the case of triple operator integrals.
Suppose that a;, by, and ¢; are the atoms of F;, Iy and E3 and ® is an arbitrary
function. Then

///‘I)(l‘l,l‘g,l‘g) dEl(l‘l)Tl dEQ(J?Q)TQ dE3(.T3)

=N B0, b, ) B ({a )T B (b ) To Bs ({e) )
7.k,
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3. Besov crasses Bl | (R%)

In this paper we need only Besov classes B<1>o,1 (R?) of functions on the Euclidean
space R?. We give here a brief introduction to such spaces and we refer the reader
to [Peg| for detailed information about Besov classes.

Let w be an infinitely differentiable function on R such that

1
(3.1) w=>0, suppw C {5,2} , and w(s)=1-w (%) for se[l,2].
We define the functions W,,, n € Z, on R? by
(3.2)
J 1/2
x ef
we =0 (GE), nem v ol (Sa)

where .Z is the Fourier transform defined on L' (Rd) by

(ﬁf) (t) = /f(x)eii(m’t) de, x= (1, ,xq),
Rd

d
def
t:(tl;"'atd)a (J?,t) é Zx]tj
j=1

Clearly,
S EW0) =1, ¢ R (o).
neZ
With each tempered distribution f €.’ (Rd), we associate the sequence {f,, }nez,

(3.3) [
The formal series ), f, is a Littlewood-Paley type expansion of f. This series
does not necessarily converge to f. _

Initially we define the (homogeneous) Besov class Béo_rl(Rd) as the space of
f € (R™) such that

(3.4) {2°(|fallLe}nez € €1(2)
and put
def n
10, 2" ol e Yez s

According to this definition, the space 3;71(R”) contains all polynomials and all
polynomials f satisfy the equality | f[|p; = 0. Moreover, the distribution f is
determined by the sequence {f,}nez uniquely up to a polynomial. It is easy to
see that the series Y, - f, converges in .#”(R?). However, the series . _, fn can
diverge in general. It can easily be proved that the series

fn

0 &Bj

(3.5) where 1< j<d,

3
n<

converges uniformly on R



TRIPLES OF NONCOMMUTING SELF-ADJOINT OPERATORS 1705

Now we can define the modified (homogeneous) Besov class Béo)l (Rd). We say
that a tempered distribution f belongs to BY ;(R?) if (B4) holds and

Of _ 0k

0x ; ox;’
J nez J

1<j<d,

in the space .’ (Rd) (equipped with the weak-* topology). Now the function f is
determined uniquely by the sequence {f, }necz up to a constant polynomial, and a
polynomial g belongs to Béoﬁ1 (Rd) if and only if ¢ is constant.

Note that the functions f,, defined by ([B3) have the following properties: f, €
L>(R?) and supp Zf C {¢€ € R%: ||£]| < 27"}, Bounded continuous functions
whose Fourier transforms are supported in {& € R? : ||¢|| < o} can be characterized
by the following Paley—Wiener—Schwartz type theorem (see [R], Theorem 7.23 and
exercise 15 of Chapter 7):

Let f be a continuous function on R and let M, o > 0. The following statements
are equivalent:

(i) 1f] < M and supp Z f € {€ € R : |¢]| < o}

(ii) f is a restriction to R of an entire function on C? such that

1f(2)] < Melltm=I

for all z € C%.
We need one more elementary remark on the Besov classes B;,I(Rd).

Remark 1. Suppose that {g;};>0 is a sequence of functions in L>(R?) such that

supp F g; C [—2j+1,2j+1}d and 22j||gj||Loo(Rd) < o0;
>0

then the series Zj>0 g; converges uniformly on R?, the sum of the series belongs
to BL, ;(R?) and

Zgj < constZQngjHLW(Rd)'

j >0 >0
720 sy o) 7=

4. THE MAIN RESULT

To establish the main result of the paper, we introduce the classes &P(R9),
1<p<o0,0>0. Put

éif(]Rd) def {f € LP(Ry) : supp & f C [—o, U]d} .
Theorem 4.1. Let p € [1,00]. There is no constant K > 0 such that
| (A1, B1,C1) — f(A2, B2, Co)s,

(4.1) < K| fllpy, , &) max {||A1 — Az|s,, | B1 — Bz|s,, |C1 — Cells,, }

-

for all triples of not necessarily commuting finite rank self-adjoint operators (A1, B1,
C1) and (As, By, C2) and all functions f in B, | (R?).
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We need the following elementary lemma:

Lemma 4.2. Let v be an infinitely differentiable function on R with compact sup-
port and such that ¢(t) =t for t € [=1,1]. Suppose that o > 0. There ezists a
positive number s such that

lo ©wllan @) < #llle)
for an arbitrary function ¢ in £°(R?), where the function ¢ ® 1 on R? is defined
by
def
(P @) (x,y,2) = p(a,y)P(2), (2,9,2) € R®.

Let us first deduce Theorem E.1] from Lemma and then prove Lemma
We need one more lemma.

Lemma 4.3. There is no positive number K such that the inequality
(4.2) lo(A, B)|| < K|l¢|| 1=

for an arbitrary function ¢ in & (R?) and for arbitrary finite rank self-adjoint
operators A and B.

Proof of Lemma [£3. Let us construct self-adjoint operators A and B and a func-
tion ¢ in &°(R?). The construction is similar to the construction given in the
proof of Theorem 8.1 of [ANP].

Let {g;}1<j<n and {h;}i<j<n be orthonormal systems in Hilbert space. Con-
sider the rank one projections P; and @); defined by

Pjv=(v,g;)9; and Qjv=(v,h;)h;, 1<j<N.
We define the function n on R by

2(1 — cosx)
2 )

n(x) =

and extend it to R by continuity. It is well known and it is easy to verify that
n € & (R). Clearly, n(0) =1 and n(2k7) =0, k € Z\ {0}. Put

r€eR, x#0,

T

def . .
nj(z) = n(x —2wj), j€L.

Suppose that {7z }1<;k<n is a family of complex numbers. Define the function ¢
by

(4.3) o(r,y) = ZTjknj(x)nk(?/)-
3k

Then ¢ € &°(R?) and

(4.4) ll ¢l oo (r2y < const H}%X|Tjk‘;

see [ANP § 8], . We define now the finite rank self-adjoint operators A and B by

n N
A= ZZWij and B = ZZﬂ'ka.

j=1 k=1
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It follows from (3] that

I
gL
1= T4

N N
TikPiQk = > Tinlhi, g;) (- hi)g;

1 j=1 k=1

|
.MZ

<
I
—
Eond
I

In other words,

N N
= ZZTjk hi, g;5)(u, hi)g;

j=1k=1
for every vector wu.
Clearly, for every unitary matrix {u;x 1< k<n, there exist orthonormal systems
{gj}lngN and {hj}lfjﬁN such that (hk,gj) = Ujk- Put
def 1 (27rijk
Ujp, = —=exp | —=—
TN
Obviously, {u;x}1<jk<n is a unitary matrix. Hence, we may find vectors {g;} 1,
and {h;}}, such that (hy,g;) = u;r. Put 7 = VN wj. By @4),

(4.5) [[p]l oo 2y < comst

1<75,k<N.
N )7 —J? —

and

N N 1
;;‘UJM \/—N< kzz: )Zgjv
and so
lp(A, B)|| = VN.
O

Proof of Theorem [l Let 1) be a function on R that satisfies the hypotheses of
Lemma[£2 Let ¢ be a function in &> (R?). We define the function f on R3 by

Suppose that A, B and C' are finite rank self-adjoint operators. We consider the
triples (A4, B,C) and (A4, B,0), where 0 is the zero operator. It is easy to see that
if ||C|| <1, then ¥(C) = C and

f(A7 B, C) - f(A7 B, O) = QP(A7 B) ("/’(C) - '(/}(O))
(4.6) = (A, B)(C - 0) = ¢(A, B)C.

It is well known that if T is a finite rank operator, then ||T|| is equal to the
maximum of ||T'C|s, over all rank one self-adjoint operators C' of norm 1. Indeed,
we can tale C' = (-, u)u, where v is a unit maximizing vector of T

Now let C' be a rank one self-adjoint operator of norm 1 such that

lo(A, B)C|s, = ll¢(4, B)]|.
Then
(4‘7) Hf(AvaC) - f(A7B70)||Sp = HQP(A7B)C||S;7 = ||90(A>B)||
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Now suppose that inequality (£I)) holds for a positive number K. Then (1)
implies inequality ([@2]) which contradicts Lemma [£3] O

Remark 2. Clearly, we can multiply the operator C' constructed above by €,,, n > 1,
where {e,} is a sequence of positive numbers such that ¢, < 1 and &, — 0 as

n — oo. This allows us to say that there are sequences {4,}, {B,}, {CT(LI)} and

{07(12)} of finite rank self-adjoint operators and a sequence {f,} of functions in
B, 1(R?) such that

an||]3531 < const,

lim [ — @, =0,

n—oo
but
nlinéo Hf”(A"’ By, 07(11)) —fn (Anv By, 07(12)) ||Sp -
Proof of Lemma L2 Tt is well known that such functions ¢ belong to all Besov

classes; see [Pee]. Let 9, def ¥« W, where the W,, are defined in (32). Since

¥ € B, 1(R), we have
Z 2nH"pn”Lm(R) < o0,

nez
and so
Z ||¢7L||L°°(R) < 0.
n>0
Now put
W=y,

n>0
Clearly, ¢” € L>=(R).
It is easy to see that

3
supp(¢ ® wb) C [-1, 1]3 and supp(¢ ® ¥,) C [— gntl ontll  p > 0.

By the remark at the end of §3l we have

le ® Pllps, @) < lle @Y llpr gy + |9 @ > ibn

n=0 B (R?)

< const ||| Lo (r2) Hz/)"HLm(R) + 2" [%nll Lo m)
n>0

which completes the proof. (Il

5. LIPSCHITZ TYPE ESTIMATES IN TERMS OF THE RANK OF THE OPERATORS

In this section we consider the problem of obtaining a Lipschitz type estimate
for functions of finite rank noncommuting self-adjoint operators in terms of their
rank.
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Let us first consider the case of pairs of finite rank self-adjoint operators. Recall
that it was proved in [ANP] that for p € [1, 2], we have the following Lipschitz type
estimate:

1f(A1, B1) = f(Az, B2)lls, < const || gy g2y max {[[ A1 — As|s,, [ A1 — Az]s, }

for arbitrary pairs (41, By) and (As, Bs) of self-adjoint operators and for arbitrary
functions f in Bl ;(R?). On the other hand, the reasoning given in the proof
of Theorem 8.1 of [ANP] shows that for p € [2,00], there exist a sequence {fn}
of functions in &°(R?), sequences {AgN)}, {AgN)} and {BW)} of self-adjoint
operators of rank at most IV such that

HfN||Loo(R2) < COHSt,
and

H(f(AgN)’B(N)) _ (f(AéN),B(N)) > const N1/2_1/pHA§N) _ AgN)HSp'

ls,

The following result shows that this estimate is sharp.

Theorem 5.1. Let (A1, B1) and (Aa, B2) be pairs of self-adjoint operators of rank
at most N and let p € [2,00]. Then

[(f(A1, B1) = (f(A2, Ba) |
< const N'Y/27V7 || fl| g1 max {||A1 — As||s,,, | Br — Balls, }
for every function f in BL, ,(R?).
Proof. By Theorem 7.2 of [ANP],
| (F(A1, B1) = (f(A2, B2)| g, < const || fll g1, max {[|A1 — Az|ls,, | B1 — Bz||s. }-

Obviously,

(50 B1) = (£, Ba) [, < [ (740, B2) — (740, B)
The result follows from the well-known inequalities for finite rank operators:
A1 — As|ls, < const NY/271/P||4; — As|s,

and
|B1 = Byls, < const N'/*7V/7|| By = By, -

A similar problem can be posed in the case of functions of triples of not neces-
sarily commuting self-adjoint operators of finite rank. The reasoning given in the
proof of Theorem 1] shows that for p € [1, 00|, there exist a sequence {fx} of func-

tions in B;OJ(R?’), sequences {A(N)}, {B(N)}, {C’fN)}, and {CéN)} of self-adjoint
operators of rank at most /N such that

| xllgs, < const,

and

1(F(A, BN M) — (1P, B, M) || g > comst N/2|[Cy = G,
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We do not know whether this lower estimate is sharp. To obtain a trivial upper
estimate, we need the following elementary formula:

(5.1)
f(Alvac) - f(AZ,B,C)

A v)— f(A v
=y Lo 2 JO ) () (A - Aa) B (D () Bel(v)
for an arbitrary function f on R3 and arbitrary finite rank self-adjoint operators
Ay, As, B and C, where E4,, F4,, Ep and E¢ are the spectral projections of
Ay, Ay, B and C and the sum is taken over A1, Aa, u, v in R such that \; # Xo.
Formula (B)) can be proved elementarily.

Similar formulae hold for the differences f(A, B1,C)—f(A, B2,C) and f(A, B, C1)
_f(A’ B, CQ)

Such formulae imply the following trivial upper estimate for arbitrary Lipschitz
functions on R3:

Theorem 5.2. Let f be a Lipschitz function on R®. Suppose that Ay, By, C1, As,
By and Cy are self-adjoint operators of rank at most N. Then for p € [1,00], the
following estimate holds:

If(A1, B, C1) — f(A2, B, Cy)lls,
<3N flluip (141 = Azls, + [1B1 = Ba|ls, + |C1 = Cals,,)-

Proof. 1t follows immediately from formula (&.I]) that
| f(A1, B1,Ch) — f(A2, B1,C1)|ls, < N flluipll 41 — Az]ls, -

In the same way one can establish the inequalities:

1f (A2, B1,C1) — f(As2, B2,Ch)lls, < N*| fllLipl By — Balls,
and
[ (A2, B2, C1) — f(A2, B2,Co)|ls, < N*||fllLipl|C1 — Calls,
which proves the result. O
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