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PROJECTIVE MODULES FOR THE SUBALGEBRA
OF DEGREE 0 IN A FINITE-DIMENSIONAL HYPERALGEBRA
OF TYPE A,
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(Communicated by Kailash Misra)

ABSTRACT. We describe the structure of projective indecomposable modules
for the subalgebra consisting of the elements of degree 0 in the hyperalgebra of
the r-th Frobenius kernel for the algebraic group SLa(k), using the primitive
idempotents which were constructed before by the author.

1. INTRODUCTION

Let k& be an algebraically closed field of characteristic p > 0. Let G be a con-
nected, simply connected, and semisimple algebraic group over k which is split over
the finite field F, of order p.

The representation theory of G is closely related to that of the r-th Frobenius
kernel G,.. Since the representation theory of G can be identified with the locally
finite representation theory of the corresponding (infinite-dimensional) k-algebra U
which is called the hyperalgebra of GG, and since the representation theory of G, can
be identified with that of the corresponding finite-dimensional hyperalgebra U,., it is
important to study the structure of projective indecomposable modules (PIMs) for
U,.. Thus it is worthwhile constructing primitive idempotents in U,.. Unfortunately,
it seems that an explicit description of primitive idempotents in U, has not been
known for general G. If G is of type 41 (i.e., G = SL(2, k)), the explicit description
is given in Seligman’s paper [5] for r = 1 and in the author’s paper [6] for general
r.

In this paper, using the primitive idempotents in U, given in the author’s pa-
per, we shall study the projective indecomposable modules for the subalgebra A,
consisting of the elements of degree 0 in U,.. More concretely, since any idempotent
in U, lies in A,., we can describe the structure of projective indecomposable A,.-
modules by giving that of the A,-modules generated by the primitive idempotents
in U,. Although the argument is not so difficult, the structure of these modules
can be completely determined. This result enables us to see the primitivity of
the idempotents without knowing dimensions of the simple U,-modules. It is also
expected that the A,-modules will be useful to study the structure of projective
indecomposable U,.-modules.

The main results will be given in Section 3. First we construct a basis of the
A,-module generated by a primitive idempotent, using a method which generalizes
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the one to construct the idempotents in [6]. Then we describe the radical and socle
series of the A,-modules. It turns out that each projective indecomposable A,.-
module is rigid and that each block algebra of A, which corresponds to a primitive
idempotent is symmetric.

2. PRELIMINARIES

Assume G = SLy(k) in the rest of this paper. Let

(U)o (20 e (3 2)

be the standard basis in the simple complex Lie algebra gc = sl2(C). We define
a subring Uz of the universal enveloping algebra Uc of gc generated by X (™) =
X™/m! and Y™ = Y™ /m! with m € Zso. Set

(H+c> _HA)HA+c—-1)---(H+tc—m+]1)

m m)!

for c € Z and m € Z>¢. The elements

ym) (H ) S (m')
n
with m,m/,n € Z>( form a Z-basis of Uz. The k-algebra Uz ®z k is denoted by
U or Dist(G), which is called the hyperalgebra of G. We use the same notation for
the images in U of the elements in Ug.

Let Fr : U4 — U be the k-algebra endomorphism which is defined by

(m/p) (m/p)
Fr(X (™) = X if p | m, Y ifp | m,
0 if ptm, 0 if ptm.

Then we also have .
Fr H\\ _ (,n /p) if p|m,
m 0 if ptm.

Let 4° be the subalgebra of U generated by (1{) with ¢ € Z>o. The elements
Y(m)( )X(m) with m,m/,n € Z>( form a k-basis of Y. We say that an element
2 € U has degree d if it is a k-linear combination of the elements Y (") (n)X(m)
with m,m’,n € Z>¢ and m’ — m = d. For a positive integer r € Z~q, let U, be
the subalgebra of U generated by X®) and Y®) with 0 < i < r — 1. This is
a finite-dimensional algebra of dimension p*" which has Y (") (H )X (m") with 0 <
m,m’,n < p" —1 as a k-basis, and it can be identified with the hyperalgebra of the
r-th Frobemus kernel G, of G. Let U be the subalgebra of U generated by (p,)
with 0 <7 <r—1.

Let Fr’ : U — U be the k-linear map defined by

ym) (H ) ')y y(mp) (H ) S (m'p).
n np

This map is not a homomorphism of k-algebras, whereas its restriction to U is (for
details, see [1, §3] and [2, §1]). Clearly we have Fro Fr’ = idy,.

Let A be the subalgebra of I which is generated by & and Y ®") X ") with i > 0.

This subalgebra is commutative and has the elements Y (™) (Z)X (m) with m,n €
Z> as a k-basis. For an integer r > 0, set A, = ANU,.. This subalgebra is generated

and Fr(Y(™) = {
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by L{B and Y®) X®") with 0 <4 < r — 1 and has the elements Y (™) (Z)X(m) with
m,n € {0,1,...,p" — 1} as a k-basis.

For a finite-dimensional (associative) k-algebra R, let radR be the largest nilpo-
tent ideal of R which is called the Jacobson radical of R. For a finite-dimensional
(left) R-module M and a positive integer n, the R-submodule (radR)"™ M is denoted
by rad, M and is called the n-th radical of M. For convenience, set radjM = M.
If n = 1, the submodule radj; M is denoted by radgM and is called the radical of
M.

In turn, for a finite-dimensional (left) R-module M and a positive integer n, the
R-submodule of M consisting of the elements annihilated by (radR)™ is denoted
by soc’t M, which is called the n-th socle of M. For convenience, set SOC%M = 0.
If n = 1, the submodule SOC}%M is denoted by socg M and is called the socle of M,
which is also the largest semisimple R-submodule of M.

3. PIMS FOR A,

To study the projective indecomposable A,-modules, we use the idempotents
constructed in the author’s paper [6].
For a € Z, set

H—-—a-1 P! —a—1 H
a — = Z/{O.
o= (1,00 =2 () ()

This is a UY-weight vector of weight a in the UY-module UY: Hyu, = ap,. Moreover,
we have p, = pp if and only if @ = b (mod p), and all p, with a € {0,1,...,p— 1}
are pairwise orthogonal primitive idempotents in ¢ whose sum is 1 € UY.

Suppose for a moment that pis odd. Set S = {0,1,...,(p—1)/2} C Z. We denote
by S again the image of the subset S C Z under the natural map Z — F,,. For € €
{0,1}, a € Z, j € S, and m € Z> we define polynomials @a,m(x),1/1(x),w](a)(x) €
F,[x] as

cpa_,o(x) = 1;
m—1
pam(z) =[] (z—i(i+a+1))
i=0
if m # 0;
v@) = [[e-® =2 ] @-@2
i€k, i€S—{0}
vy (@) = ¥(x)/(z - 12),
@)= [[@-?= J] @-i2
i€Fy) i€S—{0}
and
PO (z) = 2z(z + 5?) H (x —i%) = 2z(x + s?) H (x —i?)?
i€F, —{s,p—s} 1€S—{0,s}

if s # 0. Clearly w(()o) (x) = wél)(aj), and we have
6o+ ((@+1)/2)") = pap(@)
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and
Pap(taY X) = p_ap(taXY) =0
(see [0, Lemma 4.3]). Set P ={0,1,...,p—1} x S and

B9(a,5) = 0 (1Y X + ((a+1)/2)") - o

for e € {0,1} and (a,j) € P. This element also can be written as
, c 2
B®)(a,j) = 9} )(uaXY + ((a—1)/2) ) -

Note also that B(?)(a,0) = BM(a,0) for any a € {0,1,...,p — 1}.
In turn, suppose that p = 2. Then we consider the set

P ={(0,1/2),(1,0),(1,1)} € {0,1} x (1/2)Z
instead of P = {0,1,...,p— 1} X S when p is odd and define
B(0,1/2) = po,  BY(0,1/2) = poY X = po X,
BO(1,0) = BY(1,0) = Y X = i XY + pua,
BO(1,1) = BW(1,1) = Y X + g = iy X.

For any prime number p and a pair (a,j) € P, set E(a,j) = B®(a,j). The
elements E(a, j) with (a,j) € P are pairwise orthogonal idempotents in I; whose
sum is the unity 1 € U; (see [6, Proposition 4.5]).

To construct idempotents in A,., we make some preparation.

First we shall define n(*)(a,j) for each ¢ € {0,1} and a pair (a,5) in Z x S
(when p is odd) or P (when p = 2) as follows: if p is odd, n(*)(a, j) is the largest
nonnegative integer n satisfying

€ 2
Gan(@) | 087 (2 + ((a+1)/2)%)
for (a,j) € Z x S, and if p = 2, we set
n@(0,1/2) =0, n©(1,0)=1, n(1,1)=0,

nM0,1/2) =1, M (1,0)=1, nM(1,1)=0.
We consider the following four conditions for each pair (a, j) € P:
(A)aisevenand (p—a+1)/2<j<(p—1)/2,
(B)aisevenand 0 < j < (p—a—1)/2,
(C)aisoddand 0 <j < (a—1)/2,
(D) aisodd and (a+1)/2<j<(p—1)/2.
Note that if p = 2, the pairs (0,1/2), (1,0), and (1,1) in P satisfy (B), (C), and
(D) respectively.

Lemma 3.1. Let (a,j) € P. Then the following hold.

(i) (0)(a )=@p@—-a—1)/24+5 and nM(a,j) = (3p—a—1)/2—j under (A),

(i) n©(a,j) = (p—a—1)/2—j and n"(a,j) = (p—a—1)/2+ j under (B),
( )(111) n(o)(a )=2p—a—-1)/2—7 and nW(a,j) = (2p —a —1)/2+ j under
C ’

(iv) n9(a,§) =7 — (a+1)/2 and nW(a,j) = (2p —a —1)/2 — j under (D).
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Proof. Tt is clear when p = 2. Suppose that p is odd. Then n(% (a,7) is determined
in [6, Lemma 4.6], and so we only have to determine n")(a, ). We have n(9)(a,0) =

n™M(a,0) since 7,/1(()0) (x) = 1/1(()1)(33), and so the lemma holds for j = 0. Suppose that
j # 0. Then the definition of n(!)(a, ) implies that it is the second smallest non-
negative integer n satisfying z — n(n+a+1) =z + ((a + 1)/2)2 — 4% in Fplz],
and hence —n(n+a+1) = ((a + 1)/2)2 — j% in F,,. Thus we obtain the result for
nM(a, j) (see the second to fifth paragraphs in the proof of [6, Lemma 4.6]). O

If p is odd, we define an integer 72(%)(a,j) for € € {0,1}, a € Z, and j € S as
&) (a,j) = n®)(—a,j). If p =2, set
7220,1/2) =0, 29(1,0)=0, 2(1,1)=1,

aM0,1/2) =1, M (1,0)=0, aM(1,1)=1.
It is easy to see that Lemma 3.1 implies the following (see [6, Lemma 4.7]).

Lemma 3.2. Let (a,j) € P. Then the following hold.
(1) 27 (a,j) = (=p+a—1)/24+7 and 2D (a,j) = (p+a—1)/2—j under (A),
(i) (9 (a,5) = (p+a—1)/2—7 and 2D (a,j) = (p+a—1)/2+j under (B),
(iii) 79 (a,j) = (a —1)/2 =5 and 7V (a,j) = (a —1)/2 + j under (C),
(iv) 7(a,j) = (a—1)/2+j and 7D (a,j) = (2p+a—1)/2 — j under (D).

The following lemma is a generalization of [6, Lemma 4.8].

Lemma 3.3. Let (a,j) € P. Then the element B (a,j) with ¢ € {0,1} can be
written as

p—1 p—1
B(E)(a,j) = g Z C’ETEL)Yme = llq Z 5§)mem
m=n()(a,j) m=n()(a,j)

(e) ~(e) p o (€) ~(¢)
for some e/, &’ € Fp with cn‘i5>(a’j) #0 and cﬁi5>(a’j) £ 0.
Proof. The equalities for p = 2 are clear by the definition of B®)(a,j). Suppose
that p is odd. Then the equalities for F(a, j) = B()(a, j) are proved in [6, Lemma
4.8], using the integers n(9(a, j), 7(%)(a, 5), and the polynomial wj(-o)(a:). The proof
for B (a, j) is similar, using n"(a, 7), 7" (a, 7), and @/1](.1)(33). O

Now we shall construct idempotents in A, for r € Z~q. First of all, we give the
primitive idempotents in 2. For an integer a € Z, set

H—-a-1
(T): 0
Ly, ( o1 >€L{T.

This is a U2-weight vector of weight a in the 4%-module U2: (), = () pq for any

n
(") _ ()

n €{0,1,...,p" — 1}. Moreover, we have p, ' = l‘z(; if and only if a = b (mod p"),
and all ,u((lr) witha € {0,1,...,p"—1} are pairwise orthogonal primitive idempotents
in U whose sum is 1 € 2. For details, see [3] §4.7].

If (a, j) € P satisfies (A) or (C), then set s(a,j) = (p —a+1)/2 if p is odd and

a is even, s(a,j) = (p— a)/2 if both p and a are odd, and s(a,j) =1 if p = 2.
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For e € {0,1} and (a,j) € P, we write

p—1 p—1
B(E)(a,j) = Uq Z CSi)Yme = g Z 5§)mem
m=n(¢)(a,j) m=n()(a,j)

following Lemma 3.3. Using this notation we define Z(*) (#;(a,4)) for z € U as
p—1
Z(z(a,5) =pa Y, QYmXm@IR (2) X5
m=n(¢)(a,j)

if (a,j) satisfies (A) or (C), and
29 (2 (a,5)) = B/ (2) B (a, j)

if (a,j) satisfies (B) or (D). Clearly the map Z(s)(—;(a,j)) U - U, 2~
A (z; (a,j)) is k-linear.
We introduce the following two lemmas to prove the main result.

Lemma 3.4. For a pair (a,j) € P and a nonzero element z € U, there is a nonzero
element 2’ € U which is independent of € € {0,1} such that

7 (2 (a,5)) = B (') B (a, 5) = B (a, ) B’ (+).
Moreover, if z € A, then 2’ and Z(%) (z; (a,j)) also lie in A.

Remark 1. This lemma implies the following facts:
(a) If pis odd and j =0 or if p =2 and a = 1, then we have

AS (z; (a,j)) =2zW (Z§ (avj))

since B (a, j) = BW(a, j). Otherwise Z( (z0; (a,5)) and ZW (21; (a, j)) are lin-
early independent over k for nonzero elements zg, z; € U.
(b) The k-linear map Z(*)(—; (a, j)) is injective.

Lemma 3.5. Let u be an element of the k-subalgebra of U generated by all xX®)
and Y P with i € Zg. For (a,j) € P, € € {0,1}, and z € U, we have

20, ) = 2 B0 0. 9).

These lemmas are generalizations of Lemma 5.3 and Proposition 5.4(iv) in [6].
We can prove them similarly since Lemma 5.2 in [6] can be applied even if e = 1
(note that n(*(a, j) > n(®(a, j) and 2V (a, j) > 729 (a, ;) by Lemmas 3.1 and 3.2).

For a positive integer 7, consider an r-tuple ((ai,ji))::_ol = ((ao,jo), ey
(ar—1,jr—1)) of pairs (a;,j;) € P (0 < i < r —1). For convenience we shall
write this as

((ao, ey ar_l), (jo, ‘e 7j7‘—1))
or (a,j) with a = ((10, ey ar_l) andj = (jo, ce ;jr—1)~

For r-tuples (g, ...,er—1) € {0,1}" and ((ao, - -, ar-1), (Jos---,Jr—1)) € P", we
define an element B0~ ((aq, ..., ar_1), (Jo,-..,4r_1)) € U as BE0)(ag, jo) if
r=1, and

Z(EO) (B(517...75T_1)((al; sy aT—1)7 (j17 o 7j7‘—1))§ (O‘Oajo))
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if 7 > 2. We often denote this element by B®)(a,j) with € = (eo,...,&_1),
a=(ag,...,ar-1), and j = (Jo,...,Jr—1). Clearly all

B(€O7'.-’€7'71)((a07 sy a’l"fl)a (j07 CIIE ujrfl))

lie in A,..
As in [6] Proposition 5.5(i)], for e = (eo,...,6r—1) and an r-tuple (a,j) =
((ai,ji)):;ol € P, the element B(®)(a,j) is a Ul-weight vector of U°-weight

Z::_Ol b;p*, where

b ai—p if (a;, j;) satisfies (A) or (C),
Ol oa if (a;, j;) satisfies (B) or (D)

. (r) (&) 5 — pe) .
since )1, BE)(a,j) = B (a,j).

The proposition below is used to remove duplicates from the elements B(¢)(a, j)
with € € {0,1}".

Proposition 3.6. For e = (gg,...,64-1),& = (€0,...,&r—1) € {0,1}", and an r-
r—1

tuple (a,j) = ((aivji))izo € P, we have B (a,j) = B®)(a,j) if e, = &, for any
integer s satisfying js # 0 when p is odd or as # 1 when p = 2.

Proof. If » = 1, the proposition holds since B (a,0) = BM(a,0) for any a €
{0,1,...,p — 1} when p is odd, and since BV (1,5) = BM(1,) for any j € {0,1}
when p = 2.

Suppose that » > 2 and that e, = &, if j; # 0 when p is odd or if as # 1 when
p = 2. By induction, we have

B(e)(a,j) = Z(EO) (B(al’nwaril)((aly-~-7a7’71)7(j1>"‘7j7"71));(a07j0))
— z(0) (B(é‘l,u.,é,,‘,l) ((al’ ces 1), (J1y e ,jrfl)); (ao,jo)).

Thus if jo # 0 when p is odd or if ag # 1 when p = 2, we have g9 = €y, and hence
B®)(a,j) = B®(a,j). On the other hand, if jo = 0 when p is odd or if ag = 1
when p = 2, we have B (ag, j0) = B™(ao, jo), and hence B®)(a,j) = BE)(a,j)
by (a) in the remark of Lemma 3.4. O

For an r-tuple (a,j) = ((ai,ji))::_ol € P, set E(a,j) = BO9(a,j). The el-
ements F(a,j) are pairwise orthogonal idempotents in I, whose sum is the unity
1 € U,. Actually it turns out that these idempotents are primitive, since we know
the dimensions of all simple U,-modules (see [0, Proposition 5.5(iii)]). In this paper
we will see the primitivity as the result in Theorem 3.11 without using them.

Let e; denote an element of Z" with 1 in the i-th entry and 0 elsewhere.

Proposition 3.7. Fore = (eg,...,e,—1) € {0,1}7, (a,]) = ((ai,ji)):;ol € P, and
an integer s with 0 < s <r — 1, YEIXEIBE)(a,§) is equal to

5 (as+ 1Y (&) (n 3 2 p(etesit)(n
2= (=) )BOan -4 a)
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(j? - (2 1)2> B (a,j)

Remark 2. The coefficients j2 — ((as + 1)/2)2 and 452 make sense as elements in F,,
even if p = 2. Indeed, they are integers since (as,js) € P = {(0,1/2),(1,0),(1,1)}.

ifes =0 and to

ifes = 1.

Proof. We use induction on r. If r = 1, we easily see that

2
. ) ap+1 . . .
Y X B (ag, jo) = <Jg N ( : ) )B(O)(awo) +4j5 B (a0, jo)

2

and
ap —|— 1 2
YXB(I)(ao,jO) = (jg — <T> )B(l)(ao,jo)

by the definition of B(0)(ag, jo), and the claim follows.
Suppose that r > 2. By Lemma 3.4, there exists an element z’ € A which is
independent of ¢ such that

B®)(a,j) = Fr'(2') B¢ (ag, jo) = B (ag, jo)Fr'(2)).

This shows the desired equality for s = 0 as in the last paragraph, so we may assume
s> 1 Set € = (e1,...,6-1) € {0,1}""" and (a,§') = ((as,5i)),_, € P"'. By
Lemma 3.5 we have

yEIXEIBE (a,) = Y xE) g (B<e’>(a/,jf); (ao,jo))
= 260 (YW IXO B, (a0, o).

By induction, Y® D X® "D BE (&’ i) is equal to

.2 as + 1 2 (&) (al st 2 (e’ +el) ol 3
e B/(@,j) +4j5BF ()

if e, =0 and to
. as +1 2 , .
(Jf - (T) >B(€ )(@',§)

if £, = 1, where € denotes an element of Z"~! with 1 in the i-th entry and 0 else-

where. Now the proposition follows from the linearity of the map Z(€°) (—; (ao, jo)) .

A partial order in {0,1}" can be defined as
(e0,---,er—1) < (E0,-..,Er—1) if &; < &; for each i.

For m = (mg,...,m,_1) and m = (myg,...,m,_1) € Z", define the Hamming
distance d(m,m) of m and m as the number of the integers ¢ with m; # m; and
the Hamming weight ¥/ (m) of m as the number of the integers i with m, # 0.
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For an r-tuple (a,j) = ((ai,ji)):;ol

follows:

€ P", define a subset X,(a,j) of {0,1}" as

X,(a,3) = {(z0. .. 2r-1) € {0,1)" | & = 0 whenever j; = 0}
if p is odd and
Xe(a,j) ={(c0,...,er-1) € {0,1}" | &; = 0 whenever a; = 1}

if p=2.
From now on we shall fix (a,j) = ((ai,ji)):;ol € P7 unless otherwise stated in

order to study the structure of the A,-module A, - E(a,j).

Theorem 3.8. For € € X.(a,j), the elements B (a,j) with 8 € X,(a,j) and
0 > € form a k-basis of the A,-module A, - B(®)(a,j).

Remark 3. This theorem implies some facts: R

(a) For (a,j),(a,j) € P", e € X.(a,j), and € € X,.(&,]), we have

B (a,j)B®(a,j) =0

if (a,j) # (a,]), since B®)(a,j) € A, - E(a,j) and B®)(a,]) € A, - E(a,]).

(b) For €,& € X,(a,j), we have A,-B®)(a,j) C A,-B®)(a,j) if and only if € < &
and A, - B®(a,j) = A, - B®)(a,j) if and only if ¢ = &.

(c) The k-algebra A, - E(a,j) has the elements B (a,j) with 8 € X,(a,j) as a
k-basis.

Y

Proof. First we claim that the elements B®)(a,j) for 8 € X.(a,j) are linearly
independent over k. Note that Xj(ag, jo) is equal to {0, 1} if jo # 0 when p is odd,
or if ag # 1 when p = 2, and to {0} otherwise. In the former case B (ag, jo) and
B(l)(ao, jo) are linearly independent over k by Lemma 3.3. Hence the claim holds
for r = 1. Suppose that r > 2 and

> aeB¥(a,j) =0,
0EX,(a,j)

where ag € k. If we write (a',j) = ((az,jz))::ll e Pl 0= (6p,....,0,_1) €

X.(a,j), and 0’ = (61,...,0,_1) € X._1(a’,j), we have
0 = Y aB?i)= Y aeZ®(BY(.§):(a0,0))

0cX,(a,j) 0cX,.(a,j)
= Z Z(eo)( Z a(GO’O’)B(G/)(aI;j/); (a‘OajO))v
0o €X1 (ao,jo) 0'cx,_1(a’j)

where (0p,0’) means 0. By (a) in the remark of Lemma 3.4 we have

Z(GO) ( Z a(9070/)B(9/)(a/7jl); (a07j0)) = 07
0'cXx,._1(a’,j)

and hence 3 g cx () a(QO’Q/)B(G/)(aI,j/) = 0 for each 6y € Xi(ag,jo). Since
B®)(a’ j') with 8’ € X,_i(a’,j’) are linearly independent by induction, we obtain
a(g,,61) = 0 for each 0 € X._1(a',j). Tt follows that ag = 0 for each 8 € X,(a,j),
and the claim follows.

Next we claim that A, - B(¥)(a, j) is spanned by all B(®)(a,j) with 8 € X,(a,j)
and @ > €. Let V be the subspace spanned by all B(®)(a, j) with 8 € X,(a,j) and
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6 > e. Suppose that an element 6 € X,.(a, j) satisfies @ > . For an integer s with
0 <s<r—1,if s satisfies js # 0 when p is odd or as # 1 (i.e., (as,js) = (0,1/2))
when p = 2, and if §; = 0, then 0 + e,11 € X.(a,j) and @ + es1 > €. Thus we see
that Y») X®)B®)(a,j) € V by Proposition Bl Since B®)(a,j) is a U°-weight
vector, V is closed under the action of A,. Moreover, since B(s)(a,j) eV, we
obtain A, - B)(a,j) C V. To show the reverse inclusion, we have to check that
B (a,j) € A, - B (a,j) for any 8 € X,(a,j) satisfying @ > e. Tt is clear when
d(6,e) =0 (i.e., @ =€), so suppose that d(6,&) > 0. There exists an integer s with
0 < s <r—1such that e, =0 and 65, = 1. For this integer s note that js # 0 when
pisodd or as # 1 (i.e., (as,js) = (0,1/2)) when p = 2. Then

2
Y X @) po—ecin) (a j) = <j§ - <GT+1> )B(993+1)(a,j) +4j2B“(a,j)

by Proposition B Since 8 — e, is an element of X,.(a, j) satisfying 0 —esy1 > €
and d(@ — e, ;1,€) = d(0,€) — 1, we obtain B®~°+1)(a j) € A, - B)(a,j) by
induction. Moreover, since 452 # 0 in F,, we have

2
1 S S S 1 . .
B© (a,j) = i (Y(p ) x (P°) _ 32+ (%) >B(9—es+1)(a’_]) €A, - B® (a,]j).

S

Therefore, we obtain A, - B(¥)(a,j) = V, and the proof is complete. |

The following lemma enables us to determine radical series of the A,-modules
A, - B (a,j) with € € X,.(a,]).

Lemma 3.9. Let e = (g0,...,67-1),& = (€0,...,6r—1) € Xp(a,j). Then the prod-
uct B®)(a,j)B®)(a,j) is equal to zero if there is an integer s with 0 < s < r —1
such that e, = £, = 1 and to B\**%)(a,j) otherwise. In the latter case € + & also
lies in X.(a,]).

Proof. Suppose that there is an integer s satisfying e, = &, = 1. Note that 452 # 0
in F,,. By Proposition [B.7] we have

1 as +1\°
B9@)) = 1 <Y<p‘>X<”‘> —ji+ <T> )B(”S+l><a7j>
and YP) X BE)(a,j) = (]2 ~ ((as +1) /2)2)B<é><a, j). Then
B®)(a,j)B®(a,j)
1 as +1 2 -
= 12 (Y(p' ) x (%) -2+ <ST) )B(e) (a,j)B(e—esﬂ)(a,j)
= 0.

On the other hand, suppose that there are no integers s satisfying e, = &, = 1.
Clearly € + € lies in X,(a,j) again. We prove the lemma by induction on W(e + &).
It is clear when W(e+¢&) = 0, since e = & = (0,...,0). Suppose that W(e+¢&) > 0.
We may assume that there is an integer s such that e, = 1. By induction, the
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product B(e—e++1)(a,j)B®)(a, j) is equal to B(e+&~es+1)(a, j). Thus we have
B (a,j)B® (a,j)

1 (°) x (p°) _ ;2 a,+ 1) (e=es+1) (g 5YB® (a. j
= | YR - (2 B (a,J)B'(a,J)

1 oy (s L 1)? i
— 4]2 <Y(p )X(p ) _]3 + <%) )B(E+Ees+1)(a’j)
= BE¥(a,j),

as required. O

Since all E(a,j) with (a,j) € P" are central idempotents of A, whose sum is 1,
the representation theory for the algebras A, - F(a,j) completely determines that
for A, (see [4, ch. 1, Theorem 4.7]). For a fixed (a,j) € P", set w = W(j) if p
is odd, and w = r — W(a) if p = 2 (i.e., w is the number of the integers s with
0 < s <r—1satisfying j; # 0 if p is odd or as # 1 if p = 2). Then for € € X,.(a,]),
the A,-module B®)(a,j) has dimension 2*~"V(¢) by Theorem 3.8. In particular,
the k-algebra A,.- E(a, j) has dimension 2%, which is also the cardinality of X.(a, j).

Proposition 3.10. For a positive integer i, we have

(rad(A, - E(a,j)))" = 3 A, - B@(a,j)
0cX,.(a,j), W(0)=1i

= > k- B®(a,j).

0cX, (a,j), W(B)>i
In particular, (rad(AT . E(a,j)))i =0 if and only if i > w.

Proof. The second equality follows immediately from Theorem 3.8, so we only have
to show the first equality. Lemma 3.9 implies that the subspace

S kB
0 X, (a,j), W(O)>1

is an ideal of the algebra A, - F(a,j) and that a product of w + 1 elements in

the subspace is equal to 0. Hence the subspace is a nilpotent ideal of A, - E(a, ).

Moreover, by Theorem 3.8 we see that the nilpotent ideal has codimension one in

A, - E(a,j) and hence is equal to rad(.A, - E(a, j)). Thus the result for i = 1 follows.

The result for arbitrary ¢ follows easily from Lemma 3.9 using induction on 7. [

Let 7 = 7(a,j) = (10,...,77—1) € Xr(a,j) be the element such that 7, = 0 if
js = 0 when p is odd or as = 1 when p = 2, and 7, = 1 otherwise for 0 < s <r — 1.
This is a unique element of X.(a,j) which has the largest Hamming weight w. Set
Saj) = Ar - B(")(a,j) = k- B)(a,j). Clearly this is a simple A,-module.

Now we give radical series of the A,-modules A, - B()(a,j) for € € X,(a,]).

Theorem 3.11. Let ¢ € X,.(a,j). Fori € Z>o we have
radf4r (AT ! B(s) (aaj)) = Z A?" ! B(B) (a7j)

0cX,.(aj), d(0,e)=i, 0>¢e

09X, (a), d(0.e)>i, 6>¢
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and the Loewy length of A, - B()(a,j) is w+ 1 —W(g). Moreover, for an integer i
with 0 < i < w — W(e) the quotient

rad’y (A, - B (a,j))/rad’{ (A, - B®)(a,}))
18 isomorphic to a direct sum of (w—l;\/(s))
B(®)(a,j) is an indecomposable A,-module whose head is isomorphic to Saj)-

copies of S - In particular, A -

Proof. The first statement follows easily from Proposition B. 10 and LemmaBdlsince
radly, (A, - B (a,§)) = (rad(4; - E(a,j)" - B (a,j)

if ¢ > 1. Then the second statement follows easily from the first statement and
Proposition 37 |

This theorem implies that all the idempotents E(a, j) are primitive and all S, j)
form a complete set of nonisomorphic simple A,-modules. In particular, A, - E(a,j)
is a block algebra of A, which has S( ;) as a unique simple A, - E(a, j)-module.

The following theorem shows that the A,-modules A, - B()(a, j) for € € X,(a, j)
are rigid (i.e., have identical radical and socle series).

Theorem 3.12. Let e € X, (a,j). For an integer i with 0 <i < w—W(e) we have
rady, (Ar - B (a,5)) = soc VO (A, - B (a,)).
In particular, the socle of the A.-module A, - B®)(a,j) is isomorphic to S(aj)-

Proof. Tt is clear when i = 0 since the A,-module A, - B(¥)(a, j) has Loewy length
w—+1—W(e). So we may assume ¢ > 1. It is enough to show that

SOCZ:A?W@%(AT -B®)(a,j)) C radic\r (A, - B®(a,j)).

Suppose that an element u € A, - B()(a,j) does not lie in radi\T(Ar - B®)(a,j)).
We only have to check that u ¢ socﬁjl_w(e)_i(Ar -B®)(a,j)). By Theorem 3.8, u
can be written as a k-linear combination of the elements B(®)(a, j) with 8 € X,(a, j)
and 6 > e. By the assumption of u and by Theorem 3.11, if we choose 8 € X.-(a,j)
where the coefficient of B(® (a,j) in u is nonzero such that d(@, €) is minimal, d(0, €)
must be smaller than i, and hence W(8) — W(e) < i — 1. Then B9 (a,j)u is a
nonzero multiple of B(™)(a,j) by Lemma 3.9. Since 7 — 0 € X,(a, ) and

W(r = 8) = W(T) = W(0) =w - W(0) > w+1-W(e) —i,
the element B(""é)(a,j) must lie in

3 k- B®(a,j) = (rad(A, - E(a,j)))" " V"
0cXx,.(aj), W(O)>w+1-W(e)—i

This means that u ¢ socﬁjlfw(s)ii(/lr - B®)(a,j)). Therefore, the result follows.
(]

Actually, the k-algebra A, - E(a,j) is symmetric.

Theorem 3.13. A, - E(a,j) is a symmetric k-algebra.
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Proof. Let f : A, - E(a,j) — k be the k-linear map defined as follows: for e €
X,(a,j), f(B®)(a,j)) = 0if e # 7, and f(B™(a,j)) = 1. Let u be a nonzero
element of A,-E(a, j). By Theorem 3.8, u can be written as 3 c v (5 aeB®)(a,j),
ae € k. Choose an element 8 € X, (a,j) with ag # 0 such that W(8) is minimal.
Since T — @ € X,(a,j), the element B("=9)(a,j) lies in A, - E(a,j). By Lemma
3.9, we see that B("=9)(a,j)u = apB(™(a,j). This fact implies that Kerf contains
no nonzero ideals of A, - E(a,j). Thus A, - E(a,j) is a Frobenius algebra (see
[, ch. 2, Theorem 8.13]). But it is also symmetric since A, (hence A, - E(a,j)) is
commutative. ]
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