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ABSTRACT. In this paper we study the existence of ghost classes in the cohomo-
logy of the Shimura variety associated to the group of symplectic similitudes
GSps. The existence of ghost classes for the trivial coefficient system is known.
We show that ghost classes only exist for the trivial coefficient system and they
lie in the cohomology group in degree 2. Moreover we prove that the weight
of the mixed Hodge structure associated to the space of ghost classes is the
middle weight.

1. NOTATION

In this paper we work with Shimura varieties and we use the notation and defi-
nitions in [13]. We study the cohomology spaces with respect to some local systems
underlying certain (complex) variations of Hodge structure (see [16] for this notion).

If G is an algebraic group, mo(G(R)) denotes the group of connected components
of the Lie group G(R). We use Kostant’s theorem (see [12]) and, in this context, we
denote by WY the set of Weyl representatives for a standard Q-parabolic subgroup
P of G (this set depends on the choice of a maximal torus and a system of positive
roots).

We denote by A the topological ring of adeles associated to QQ, and Ay denotes
the topological subring of finite adeles.

2. INTRODUCTION

In this paper we study the existence of ghost classes in the cohomology of the
Shimura variety associated to GSpy. Ghost classes were first considered by A.
Borel (see [I]) and have been treated by many mathematicians such as G. Harder,
J. Schwermer, J. Franke, and C. Moeglin. One question that could arise from [6]
is whether the only possible weight in the mixed Hodge structure in the space of
ghost classes is the middle weight (we call this property the middle weight property).
This paper presents a method to study the existence of ghost classes in Shimura
varieties of Q-rank 2 and provides an example in which the middle weight property
is satisfied.
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In this introduction we present the definition of ghost classes for GSpy and the
main results of this paper.

If (G, X) is a Shimura pair and (p, V') is an irreducible representation of G, then
for every open compact subgroup K; C G(Ay), V induces a local system V on the
corresponding level variety Sk = Shk (G, X ). Moreover V is a variation of Hodge
structure on Sk whose weight, denoted by wt(V'), depends on V.

We fix a maximal torus T C G and a maximal Q-split torus 7' C G such that
T c T. We choose a system of positive roots in the root systems ®(G,T') and
D(G, T ) associated to T and T respectively, so that they are compatible. Let
Po(G) be the corresponding set of proper standard Q-parabolic subgroups.

Let Sk be the Borel-Serre compactification of Sk (see [2]) and let Sk be its
boundary. Then the inclusion Sg < Sk is a homotopy equivalence. In particular
we can extend V to a local system on Sk (also denoted by f/) and we have an
isomorphism H*(Sg,V)=H*(Sk,V). From all of these facts we obtain a long
exact sequence in cohomology

.= HY(Sk,V) = H(Sk,V) = HI(OSk, V) — ...

We assume, from now on, that G has semisimple Q-rank 2. Pgy(G) consists
of three elements: two maximal Q-parabolic subgroups Py, P, and one minimal
Q-parabolic subgroup Py. There is a covering 05k = |J PEPL(G) Op, k indexed by
Po(G), and this covering defines a long exact sequence in cohomology

.. = H10Sk,V) = HY(0p, i, V) ® H1(Op, 5, V) = HU(Op, 5, V) — ...

If we have open compact subgroups K} C Ky, then there is a canonical covering
Sk — Sk and a corresponding morphism H*(Sk, f/) — H*(Sk:, V). We can take
direct limit to obtain the space
H*(S,V) =lim H*(Sk, V).
K

We consider the spaces H*(8S,V), H*(S,V), H*(dp,, V) defined by the corres-
ponding direct limits and we have the long exact sequences in cohomology

(2.1) .= HY(S,V) = HY(S,V) — HIY(IS,V) = ...
and
(2.2) ... = HYdS8,V) — HY(dp,,V) ® HY(Dp,,V) — H(3p,,V) = ....

We denote by r* : H*(S,V) — H*(9S,V) and r* : H*(3S,V) — H*(dp,,V)
(for ¢ € {0, 1,2}) the canonical maps (defined by the corresponding inclusions).

The space of ghost classes Gh*(V) is the subspace of H*(dS,V) given by the
intersection of the image of 7* with the kernel of each morphism r} for i € {0, 1, 2}.
In this case, the space Gh*(V') can be described as the intersection of the image of
the map r* with the kernels of r and 3.

By Saito’s theory of mixed Hodge modules and by the results in [9], each term
in ZJ)) and ([22)) is endowed with a mixed Hodge structure. Moreover, ([21]) and
[22) are long exact sequences of mixed Hodge structure. Thus the space of ghost
classes has an induced mixed Hodge structure. By using information on the coho-
mology spaces appearing in the aforementioned long exact sequences we can obtain
information on the possible weights in the mixed Hodge structure on the spaces of
ghost classes.
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In this paper, the possible weights in th( ) are Calculated by studying the
morphisms 9 : H4(S,V) — Hq((?S V), riyt  H17Y(0p,, V) — HI"Y(9p,, V) and
oL Hi Y (0p,, V) — H71(dp,, V). By using considerations on the weights, we
obtain information about r? and 1"1701. On the other hand, these arguments do

not give much information about 7'351, and we use the results in [5] to study this
morphism. '

One knows that the weights in the mixed Hodge structure associated to H?(S, V)
are greater than or equal to ¢ + wt(V), where wt(V') is the weight of the variation
of (complex) Hodge structure defined by V, while the weights in HIt1(S, V) are
less than or equal to (¢ + 1) + wt(V). We call ¢ + wt(V) the middle weight and we
say that V satisfies the middle weight property if the only possible weight in the
space of ghost classes is the middle weight.

We have a decomposition of the cohomology space of each face of the boundary
of the Borel-Serre compactification of the form

G(Ag)xmo(G(R)) l(w) aMp 17
(2.3) H1 313, ED Ind A;)Xﬂ-g( (R))Hq )(S £ Ww*(A))
weWFr

(compare [5] or [15]) and is obtained by using, among other things, Kostant’s theo-
rem [I2]. In this decomposition ¢(w) denotes the length of the element w, A denotes
the highest weight of the irreducible representation V', W,,_(y) is the irreducible rep-
resentation of the Levi subgroup Mp of P with highest weight w,(\) = w(A+6)—4§
(where ¢ is, as usual, half the sum of the positive roots). This decomposition is
very useful for a better understanding of the mixed Hodge structures attached to
the cohomology spaces H4(dp, V), as we can see in (5.5.6) of [9].

For each maximal standard Q-parabolic subgroup P we have a decomposition
of its Levi subgroup Mp into its hermitian part G, p and its linear part G; p, and
G, p forms part of a Shimura datum (Gp p,hp). Then the mixed Hodge struc-
ture on each direct summand H9~*(w)(§Mp, Ww*( »)) is determined by the Shimura
datum (G, p,hp) and the irreducible representation W, () of Mp. For a non-
maximal standard Q-parabolic subgroup @ we have an associated maximal stan-
dard Q-parabolic subgroup P (see for example [9]), and the mixed Hodge structure
on HI~Hw)(§Ma, Ww*()\)) is determined by (Gj,p,hp) and the irreducible repre-
sentation Wy, () of Mq.

To determine the Shimura datum (Gj, p,hp) we are using the definitions and
results in the first pages in [g].

We now give a short summary of the contents and main results of this paper.

We work on the Shimura variety associated to the group of symplectic similitudes
GSps. This case has been partially studied in some papers (see [11], [I7], [7]). We
are giving a complete treatment of this case and we calculate the weight in the
space of ghost classes, proving that the middle weight property is satisfied.

In section Bl the irreducible algebraic representations of GSp, are parametrized
by the highest weights which are given by expressions of the form A = m ] +
may + ¢k, with ¢ an integer and mj, my non-negative integers. In this setting we
prove (see Theorem [BI]) that unless m; = mq = 0 there are no ghost classes. The
existence of ghost classes in the case m; = mo = 0, in the degree 2 cohomology,
is proved in [I1I] (and can also be deduced from [4]). In this paper we supplement
this result by proving that the only ghost classes belong to degree 2 cohomology.
Moreover, we show that the weight in the corresponding mixed Hodge structure
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is the middle weight (in particular we prove that in the cases m; = mg = 0 the
corresponding local system satisfies the middle weight property).

It should be noted that when the highest weight of the irreducible representation
is regular, the non-existence of ghost classes can be obtained using Theorem 4.11
in [I4] and Theorem 19 in [3].

3. GHOST CLASSES: THE CASE GSpy

3.1. The Shimura variety involved. In this section we consider the Shimura
datum given by the pair (GSp4, X ), where GSpy is the group of symplectic simili-
tudes. In other words,

GSps(A) = {g € GL4(A) | g' Jog = v(g)J2,v(g) € A*} for every Q-algebra A

JQ—{_OS ‘g] withs—“) (1)]

and X is the GSps(R)-conjugacy class of homomorphisms containing the element
h:S(R) — GSps(R) given by

where

h(z +1iy) = [ fﬁg g}z } V(z +1iy) € S(R)

where I5 denotes the 2 x 2 identity matrix. Thus, the weight morphism wx : G,, —
GSpy is given by wx (t) = tI4 where Iy denotes the 4 x 4 identity.

Let Ky C GSpa(Ay) be an open compact subgroup. Then we denote by Si its
corresponding level variety and we denote by S = lim? Sk the Shimura variety

defined by this Shimura datum.

3.2. Maximal torus and root system. Let H be the maximal torus on GSp,(C)
given by the group of diagonal matrices {diag(hhl, hha,hy ', hi) | ha, ha, he (C*} C
GSp4(C). H defines a root system, and, as H is a Q-split torus, this root system
is also a Q-root system for GSpy.

Let h = Lie(H) be the complex Lie algebra corresponding to this maximal torus.
The root system ®(gsp, ¢, b) is of type Cs.

Let €1,€e2,6 € b* be defined as €1(X) = hy, e2(X) = ho and €(X) = h for
X = diag(h + h1,h + ha, —ho, —hl) € h.

Then the root system ®(gsp, c,b) is given by

{e+ €1+ 6,61 —ea, 6+ 2€1,6+ 260, —€ — €1 — €2, —€1 + €2, —€ — 261, —€ — 262} .
We can take as positive roots {€ + €1 + €2,€; — €2,€ + 2€1, € + 2e2}, and then the

system of simple roots is A = {a; = €1 — €3, 0 = € + 2€2}.

3.3. Standard Q-parabolic subgroups. The next step is to describe the stan-
dard Q-parabolic subgroups of GSp, with respect to the given Q-root system and
system of positive roots.

As A has just two elements, we have three proper standard Q-parabolic sub-
groups, one minimal and two maximal ones. The minimal parabolic is given by

PO = T4 N GSp4((C)

where T denotes the subgroup of upper triangular matrices in GL(4, C).
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On the other hand, for the maximal ones we have

* ok ok ok
0 * * %

P = 0 % % € GL(4,C) » N GSp4(C)
0 0 0 =

and

* ok Kk ok
* kK ok

P, = 0 0 % € GL(4,C) » N GSpy(C).
0 0 *x =

We denote by Sk the Borel-Serre compactification of Sk and by Sk its bound-
ary. One knows that 9Sx is the union of faces, one for each standard Q-parabolic
subgroup; then we denote each one of these faces by Ok 0,0k 1 and Ok 2 respec-
tively. We use the notation S,S,dy,d; and dy for the analogous objects at the
infinite level.

3.4. The irreducible representation. In order to determine a notation for the
finite dimensional irreducible representations of GSp4 ¢, we will consider the irre-

ducible representations for Spa c.
H’' = H N Sps(C) is a Cartan subgroup of Sps(C) and can be described as

H = {diag(xl,xg,asgl,ml_l) | #1,22 € C*} C Spa(C).
H’ has Lie algebra
f)l = {diag(hl, ho, —ho, —hl) | hi,ho € (C} C 5]34(@)
We define the linear functionals 1,&2 : b’ — C by
51(diag(h1, hQ, —hg, —hl)) = h1 and 52(d’iag(h1, hg, —hQ, —hl)) = hQ.

The associated root system ®(sp, ¢, h’) (with the usual system of positive roots)
has fundamental weights A1, Ay : h’ — C given by A\; = €1 and Ay = g1 + &5. Thus
the irreducible finite dimensional representations of Sp4 ¢ are determined by their

highest weights, which in this case are the linear functionals of the form m A1 +mo Ao
with m1, mo non-negative integers.

The Lie algebra b of H can be described as the direct sum h = 3 ® b’. We
extend €1,€2,A\; and Ao by zero in the previous decomposition, obtaining linear
functionals on h denoted by &, 5, A} and A}, respectively. We denote by & the linear
functional on h given by the projection to the first component in the aforementioned
decomposition.

One can see that an irreducible finite dimensional representation of G'Spsc is
determined by a linear functional of the form m ] + mgA} + ck where my, my are
non-negative integers and ¢ is an integer congruent to (mj + 2ms) module 2.

We fix an irreducible algebraic representation (p, V) of GSp4 with highest weight
A =mi ] + modl + ck.

3.5. The decomposition for each HY(9;,Vy). Our first task is to understand
the weights of the mixed Hodge structure in

HY (0o, Va) /i(HI (01, Vi) @ H™H (D2, V)
where i : H9=1 (91, V) @ HI~' (9o, V) — H9~1(dp, Vi) is the morphism in the long
exact sequence (2.2)).
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In order to apply the decompositions (23] we need to understand the Weyl

group W. Let wq,,ws, € W be the simple reflections associated to a; and as
respectively. Table [l gives a description of each element of W.

TABLE 1. The Weyl group of GSp4

w wHaq) wl(ag) L(w) we(A) =w(A+6) =6

wp =1 el —eh 2 0 (m1 + ma, ma)

W) = Wy —el +¢ef 2] 1 (mg—1,m1 +mg+1)

Wy = Way, el +ey —2¢, 1 (my + ma, —msy — 2)

W3 = Weay © Way —ef — e 2e) 2 (=m2—3,m1+ma+1)
Wy = Wey © Weyy el +ep 2 2 (mg —1,—my —mg — 3)
W5 = Wey © Way O Way —e} —¢eh 2 3 (—mq —mg —4,ms)

W6 = Wey O Way O Way gl —eh =2 3 (—mg — 3,—my — mg — 3)
W7 = Weay O Wey O Wa,y O W, —Ey + &b —2eh 4 (—=mq —mg —4,—ms — 2)

In the last column, each pair (a,b) denotes the elements ag] + beh, + cx and
0 =2¢) + &)

Clearly W = W, and, by using Table[Il one can see that W = {wg, w1, w3, ws}
and W2 = {wg, wa, wy, we }-

For each Ky C GSp4(Ay) open compact subgroup, Hk(S?;[P“,,Ww*()\)) = 0 for
k > 0, thus

_1 . GSpa(A)xmo(GSpa(R)) 170, oM
HH 00, V3) = €D Indp iy ™ HO(SM0, W o).

weW*Fo
l(w)=qg—1

3.6. Weights. In this subsection we determine, for each maximal standard Q-
parabolic subgroup P of GSp4, the homomorphism hp : S = Gp), where Gp, is
the hermitian part of the Levi subgroup Mp of P and (Gp, hp) defines a Shimura
datum. These calculations will give some information about the mixed Hodge
structure on the cohomology spaces on the faces of the boundary of the Borel-Serre
compactification.

For the case P; we follow the first pages of [8], in the order: first we calculate the
subgroup Ap, of the Levi subgroup Mp,, then we calculate the admissible Cayley
morphism w; : G, — Ap, and finally we compute the morphism hp, : S = Gp, 1.

One can see that Ap,, which is defined to be the maximal Q-split torus in the
center of Mp, times the center of GSp4c, is given by

hihg
hl *
Ap1 = h ‘ hl, h2 eC
1
hl(hg)il
By the properties of the admissible Cayley morphism described in [§] we can
determine w; : G, — Ap,. Indeed, let W7 be the unipotent radical of P, and U,

its center, and let tv; and u; be their corresponding Lie algebras. Then denoting
by g; the subspace of g in which the action (by conjugation) of wq(t) is given by
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multiplication by ', we have that g_o = u; and g_; ® g_» = tv; (see [§]). Thus
one can see that
th—2

w1 (t) = tk71 with k£ € Z.

We apply the description on page 330 of [§] to calculate the morphism hp,,
taking V = R?* and p : GSps — GL4 to be the natural inclusion. We consider the
canonical base {e1, ez, €3, e4} of R%. The filtration defined by the admissible Cayley
morphism w; is given by Wi_s = Re;,Wi_1 = Re; @ Rey @ Res and W, = R We
take h the morphism given in subsection Bl Then we know (by another property
of the admissible Cayley morphism; see [8, p. 327]) that the decreasing filtration
defined by p o h, together with the increasing filtration W,, defines a mixed Hodge
structure on V. The Hodge filtration defined by p o h is given by

FyWe=Ve, F)Ve=C(e; —ies) ® Cleg —ie3) and FjVe = 0.
The only possible value for k£ to obtain such a mixed Hodge structure is 0. Then
42

t_l
wl(t) = s

and the mixed Hodge structure on V has types (=1, —1), (—1,0), (0, —1) and (0, 0);
moreover the morphism hp, is given by
Eh

Re(z)  Im(z)

hp,(z) = “Im(z) Re(2) Vz € S(R).
1
In particular the weight morphism of this Shimura datum (Gp, p, hp,) is
2
t
wp, (t) = t
1

Thus, if w,(\) = d1€) + dagh + ck for w € WT | then the weight of the local system

(W, (x))n induced by W, (n) on the Shimura variety associated to the hermitian
part Gp, p, of Mp, is —c —d;.

We make the same calculations for the case P», obtaining that the weight mor-
phism of the corresponding Shimura datum (Gp, », hp,) is

2
t2
wp, (t) = 1
1
As the hermitian part of Mp, is that of Mp,, we have that if w,.(\) = di} +

daghy + ck for w € W', then the weight of the local system (W,,_(x))n induced by
Wi, () on the Shimura variety associated to the hermitian part Gp, , of Mp, is
—C — d1 — d2.
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On the other hand we can see that the weight of the local system Vy defined by
V), on the Shimura variety associated to GSp4 is —c.

3.7. Ghost classes. We will study the subspace i(HI~1(dy, Va) @ HI1(8y,V3)) C

qul(ao, f/)\)
We will abbreviate Ind%°P* = T ndgigﬁ)(ﬁﬁr i?;(()ﬂ(gfp B for every P standard
parabolic Q-subgroup of GSpy.

Considering that
HO(8,V3) = IndG*P HO(SMr0 Wy),
H (90, Va) = Ind G (HO(SMPo, Wiy, (n) ® HO(SMP0, Wiy 1)),
H*(, VA) = Ind§>"* (H(SM#0, Wiwy). () @ HO(SM70, Wiy (),
H? (@0, Va) = Indg P (HO(SM70, W), ) @ HO(SM70, Wiy 1))
H* (90, Va) = Indg>" HO(SM70, Wiy, (),

we analyze these eight spaces to study in which cases they could contribute to ghost
classes and we arrive at the following result.

Theorem 3.1. For the Shimura variety associated to GSpy and the local system
defined by the irreducible finite dimensional representation with highest weight A =
miA] + maedh + ck, we have the following results:

e If my > 0 or mg > 0, then there is no ghost class in the cohomology of the
boundary of the Borel-Serre compactification.
o [fm; = mgy =0, then there exist ghost classes only in degree 2 cohomology, and
their weight, in the corresponding mixed Hodge structure, is the middle weight.
In particular, the middle weight property is satisfied in all cases.

Proof. For each non-negative integer g, we will denote by r{, : H 1Py, Vy) —
H(dy, Vy) and T30« HI(0a, Vi) — H%(dy, Vy) the canonical morphisms.

Running over the elements w € W' we analyze whether or not the space
HO(SMro Ww*( )) can possibly contribute to the space of ghost classes.

e Casew =1: Indgf“Ho(SMPO,W)\) C H°(dp, V). Thus in order to contribute
to a ghost class the image of this space under the morphism

Ho(ao, ‘7)\) — H1(8§, ‘7)\)
should have weight greater than or equal to the middle weight of H'(S, VA),

which is 1 — ¢. But we can check that the weight of Indgfp‘lHo(SMPo,fWV)\) is

—c—my — 2my, so we conclude that H(SM#o, I/IN/A) does not contribute to ghost
classes.
e (ase w = wy: One can check by the same procedure that the subspace

IndZ P HO(SMPo, Wi,y 0) € HY (90, Vi)

does not contribute to ghost classes.
o (Case w = wy: Mp, coincides with its hermitian part. The restriction of the

morphism 77 to the subspace IndglsmHl(SMpl,W(wl)*@)) C H?(dy,Vy) has
image in the subspace Indgfp“HO(SMPO,W(w4)*(>\)) C H?(9),Vy), and as the
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parabolic induction is exact we can study the image of this morphism by studying
the morphism

HY(SMP, Wiy, o)) = Indp s H(SMP0, Wi, x))
0

where P denotes the Q-parabolic subgroup Py N Mp, of Mp,. In the long exact
sequence

N M N
e — HI(SMPI,W(U}I)*()\)) — Indpolpl HO(SMPO,W(w4)*(,\))

— HE(SA/[Pl,W(wl)*()\)) — ...

the weights in HE(S”[Pl,W(wl)*(A)) are < 3 — ¢ — mg, while the weight in the
space Indflp1 HO(SMPO,W(M)*(A)) is 4 — ¢ + my, so we conclude that the space
0

IndgosmHo (SMro W(M)*()\)) is inside the image of r{ ; and does not contribute
to ghost classes.

e (Case w = wg: One can prove, by the same procedure as in the case w = wy,
that the corresponding space IndIGDOSp“HO(SMPO,WN/(wﬁ)*(,\)) C H3(8y,Vy) does
not contribute to ghost classes.

e Case w = ws: We analyze the restriction of the morphism 7“%70 to the subspace
Indgfp“H1 (SMP2,,W7(w2)*()\)) by using the results in [5] and as in the previous
items we just need to consider the morphism

HY(SMP2 Wiy, () = Indfzpz HO(SMP0 Wiy, ()
0]

where PZ denotes the Q-parabolic subgroup Py N Mp, of Mp,. In the con-
text of Theorem 2 in [5], we are in the unbalanced case. More precisely, we
are in the case (1) of the aforementioned theorem. As a conclusion, the space
InngSp”*HO(SMPO,,W(wg)*()\)) is in the image of 73, and does not contribute to
ghost classes.

e Case w = ws: We can use the same arguments as in the previous item to prove
that the space InngSmHO(SMPo s Wiws).(n) is in the image of r3 ; and does not
contribute to ghost classes.

e Case w = wy: If my; > 0, then by using the same arguments as in the case
w = w3 we conclude that the space Indlc’;osl"’L HO(SMpo Wiwr).(n)) is in the image
of rg’o and does not contribute to ghost classes.

On the other hand, using the same arguments as in the case w = wy we
conclude that unless mo = 0, the aforementioned space is in the image of r{,
and does not contribute to ghost classes. .

In conclusion the only case in which the space InngSmHO(SMPo,W(W)*(,\))
could contribute to ghost classes is when m; = ms = 0. Assume m; = mg =
0. First of all this space is mapped to the degree 5 cohomology space of the
boundary of the Shimura variety, so in order to contribute to ghost classes we
need its image in H®(9S, f/)\) to have non-trivial intersection with the image of
H®(S,Vy) — H5(85,Vy). Consider the case of a finite level variety, defined by
an open compact subgroup Ky C GSps(As). We have the long exact sequence
in cohomology

A HS(SK,V)\) — HS((??K,V)\) — HE(SK,V)\) — ...
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and by Poincaré duality we have the exact sequence
o= HY(Sg, V) — HY(0Sk, VYY) = HX(Sw, V) — ...

(where V)Y will be also one dimensional) and, as H°(Sg,VyY) — H°(8Sk,Vy)
is an isomorphism (this follows from the fact that the boundary of the Borel-
Serre compactification of each connected component of Sk is connected) we con-
clude that H°(0S, f/,\) — HS(Sk, f/,\) is also an isomorphism. As a conclusion
H®(Sk,V\) — H5(9Sk,Vy) is the zero morphism. This is then true also in
the infinite level and it is s then impossible to obtain ghost classes in degree 5
cohomology, so H°(SM#o, Wws).(»)) does not contribute to ghost classes.

e Case w = wy: If mg > 0, we can prove by the same arguments as in the case
w = wy that the space Indgfp“HO(SMPO,W(wz)*()\)) is inside the image of r{
and does not contribute to ghost classes.

On the other hand, if m; > 0 we can prove by the same arguments as in the
case w = 1 that the space Indgfp“HO(SMPo,W(wz)*(k)) does not contribute to
ghost classes.

On the other hand, when m; = mg = 0, there is proof of the existence of a
one dimensional space of ghost classes in degree 2 cohomology (which therefore

should come from the contribution of the space H°(SM#7, W,,).(»))) in section
14.1 of [I1] (another proof of this can be deduced from [4]). Moreover, in this
case one can verify that the weight in its corresponding mixed Hodge structure
is equal to the middle weight. ]
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