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EQUIVARIANT HILBERT SERIES OF MONOMIAL ORBITS

SEMA GUNTURKUN AND UWE NAGEL

(Communicated by Irena Peeva)

ABSTRACT. The equivariant Hilbert series of an ideal generated by an orbit
of a monomial under the action of the monoid Inc(N) of strictly increasing
functions is determined. This is used to find the dimension and degree of such
an ideal. The result also suggests that the description of the denominator of
an equivariant Hilbert series of an arbitrary Inc(N)-invariant ideal as given by
Nagel and Romer is rather efficient.

1. INTRODUCTION

For a polynomial ring over a field K in finitely many variables, Hilbert showed
that its ideals are finitely generated and the vector space dimensions of graded com-
ponents of its homogeneous ideals eventually grow polynomially. Equivalently, their
Hilbert series are rational. Recently, analogs of these results have been established
for certain ideals in polynomial rings in infinitely many variables.

To describe this more precisely, fix a positive integer ¢ > 1 and consider a
polynomial ring K[X] = K[X[gxn] = Klz;; |1 <i<c¢, 1<j]. Let Inc(N) be the
monoid of strictly increasing functions on the set N of positive integers

Inc(N) ={n:N—= N |n(i) <m(i+1) for all 4 > 1}.

Setting m -z, = @ r(x) induces an action of Inc(N) on K[X]. In [1] and [4] it
is shown that any Inc(N)-invariant ideal I of K[X] is generated by finitely many
orbits. This and related results are of great interest, for example, in algebraic
statistics, the study of tensors, or in representation theory (see, e.g., [2H489]).

If I is a homogeneous ideal, in [7] an equivariant Hilbert series of K[X]/I has
been defined as a formal power series in two variables

HK[X]/I S, t Z dlmK }/I]
n>0, >0

where K[X,] = K[X[gxm)] = K[z |1 <i<¢, 1 <j<n]and I, = I NK[X,]
Note that any ideal of K[X] that is invariant under the action of Sym(co) (induced
by moving the column indices of the variables) is also Inc(N)-invariant. For any
homogeneous Inc(N)-invariant ideal of K[X], it has been shown in [7] that its
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equivariant Hilbert series is rational of the form

g(s,1)
(1) Hy(x)1(s,t) = 5 ;
(-t Il=y (1 —t)s —s- f;(t)]
where a,b, ¢; are non-negative integers with ¢; < ¢, g(s,t) € Z[s, t], and each f;(t)
is a polynomial in Z[¢] satisfying f;(1) > 0.
This form has been used in [7] to show in particular that the dimension of
KI[X,]/I, eventually grows linearly in n and that the limit lim 3{/degl, exists
n—oo

and is a positive integer. However, the equivariant Hilbert series is explicitly known
for only a few ideals. Furthermore, a different argument for the rationality of the
Hilbert series Hgx)/1(s,t) has been given more recently in [6], but without a more
precise description of the rational function. The authors wonder about a good
description of its denominator. In order to begin addressing these issues we consider
any ideal I that is generated by the Inc(N)-orbit of some monomial of K[X]. For
ease of notation, let us focus on the case ¢ = 1 in this introduction and write x; for
x1,. Let I be the ideal generated by the orbit of a monomial z2! %2 --- z¢, where

M1 2 Hr?

1 <o < ppandr,aq,...,ar €4N, which we write as [ = (Inc(N) -zgia2 - zir).

For example, if I = (Inc(N) -z3xizg), then one gets

I = <£L'z21$?2.’£1‘3 |3§i1,i2—i122,’i3—i223, 13§n> 1fn28,
"o if0<n<s8.
As a special case of our main result (see Theorem B3)), one gets for such ideals:
Theorem 1.1. If I = (Inc(N) -zt xf2 - - - xfr), then
9(s,t)

(1=t ] 1—s-(1+t+---+tu1)
=1

)

Hyxy/1(s,t) =

where g(s,t) € Z[s,t] is a polynomial that is not divisible by any of the indicated
irreducible factors of the demominator.

We also determine the numerator polynomial g(s,t) (see Theorem ). For
instance, if I = (Inc(N) -22z2) one gets (see, e.g., Example 2.5)

(2) Hrx1(s,t)
(A=)t s = )P (-1 + 2+t + sHO(1 — 1) 4 $70(1 — ¢) + s*°
I-=t)*-1—s(14+t)] [1-s(1+t+1t2+13))

The Hilbert series in the case of an arbitrary mononomial when ¢ > 1 is quali-
tatively of the same form as in the case where ¢ = 1 (see Theorem [B3).

Let us compare the above result with the form of the equivariant Hilbert series
of an arbitrary Inc(N)-invariant ideal as given in equation (). Example 7.3 in [7]
shows that there is no a priori bound on the degree of the polynomials f; appear-
ing in the denominator and that they can have negative coefficients. Theorem [l
establishes that the number of irreducible factors in the denominator can be arbi-
trarily large. Thus, the description of the denominator in equation () seems rather
efficient.

It is instructive to compare our results with the case of a noetherian graded
hypersurface ring A = Kly1,...,ym]/{f). It is a Cohen-Macaulay ring of dimension
m — 1, and its multiplicity (degree) is deg f. This information can be read off from
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its Hilbert series, which is H4(t) = % If I is generated by the Inc(N)-
orbit of a monomial, then dim K[X,]/I, = n(c — 1) + u, — 1, and so the growth
is dominated by ¢ — 1. However, the degrees of the ideals I,, eventually grow
exponentially in n, and if ¢ = 1 (so I = (Inc(N) -afiz2 ---2z")) the growth rate is
dominated by

lim {/degl, = max{ai,...,a,},

n— oo

which is not the degree of the orbit generator if r > 2. Again, there is a similar
formula in the general case ¢ > 1 (see Corollary B.8). Notice that even though each
K[X,]/I, is Cohen-Macaulay the numerator polynomial of the Hilbert series of
K[X]/I in reduced form can have negative coefficients, as is the case in formula (2]).
However, the polynomials f; appearing in the irreducible factors of the denominator
have only non-negative coefficients (see also Remark [39]).

The proofs of rationality of an equivariant Hilbert series in [7] and [6] both lead
to an algorithm for computing it. However, here we develop a different method
that makes the computations efficient. This is first carried out in Section[2if ¢ = 1.
We discuss this simpler case separately in order to stress the ideas and to simplify
notation. The general case is treated in Section Bl In some sense we are able to
reduce it to the case where ¢ = 1.

2. A SPECIAL CASE

In this section we consider the special case where ¢ = 1; that is, the ring K [X] has
only one row of variables. Thus, we simplify notation and let K[X] = K([z;| j € N].
Any monomial in K[X] can be written as xj!z}2 --- xf", where py < --- < i, and
r,a1,...,a, € N. The Inc(N)-invariant ideal I of K[X] generated by the orbit of
this monomial is

I = (Inc(N) -aftaf? - air).

K1 2 Hor
Set = (p1,- -, pr)-
Denote the set of non-negative integers by Ny. So, for n € Ny, one has K[X,,] =
Klz; | 1 < j < n]. In particular, K[X¢] = K. Since Inc(N) acts on K[X] by
we get the following explicit description of the ideal I,, = I N K[X,]:

T-Tj = Tr(j)

ayl a2 . Qr

<l‘i1 l‘iz . '{E,LT | M1 S il, Z.r S n, and ij+1 — ij Z Hi+1 — My for each ]>
ifn >
I, = = M,
0
if 0<n< .

Similarly, if » > 2, we also consider the ideal
J=(Inc-x0txd2 ... x0 1) C K[X]

1™ 2 Hr—1

and J,, = JNK[X,,] for n € Ng. The above description of the ideals I,, immediately
gives the following simple but very useful observation.

Lemma 2.1. Ifn > 1, then
Iy = (In-1) kix,) + 20 (Jn—s,) K[X.]»
where 6 1= by — pr—1 > 1 and Jy, is defined as the zero ideal if n < 0.
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Recall that the Hilbert series of a proper homogeneous ideal a of K[X,,] is defined
as the formal power series
Hyx,/a(t) = ZdimK [K[X,]/a]; -t
j=0
Hilbert showed that it is a rational function of the form Hgx j/a(t) = %,

where f(t) € Z[t] and d € No. We say that Hg|x,)/a(t) is in reduced form if the
numerator and denominator are relatively prime or, equivalently, if f(1) # 0. In
this case d is the Krull dimension of K[X,]/a, and f(1) > 1 is the degree of a or
multiplicity of K[X,]/a. In particular, the zero ideal has degree one.

Corollary 2.2.
(a) If n > py, then A, := K[X,]/I, is a Cohen-Macaulay ring of dimension

for — 1.
(b) Setting By, := K[X,]/Jn, one gets for the Hilbert series if n > 6,.:
tar
HAn (t) = (1 +t4 -+ ta"_l)HAn71(t) + WHB"_ST (t)

Proof. Consider multiplication by % on A,. Lemma 2] shows that, for n > 1, it
induces a short exact sequence

(3) 0— (K[Xn]/<Jn—5T>K[X”])(_ar) - Ap — K[Xn]/<1n—1a IZT>K[X7L] — 0.
Since the generators of the ideal J,,_s, are in K[X,,_s, ], we get

K[X,] if 0 <n<d,,

K|X, — o
[ }/<J 6T>K[Xn] {Bn—&,. [xn—57.+17 s 73771] ifn > 67‘-

Observe also that K[X,]/(In—1,2% ) k(x,] = An—1 @k K[zy]/(2%), which implies
that

H

t)=H t)-H t
K00 sty = Ha 0 Hy o 0

=Ha, () (L+t+--+t270).

Now, sequence [B]) gives claim (b).

For proving (a), we use induction on r > 1. Let » = 1. If n > puq, then
note that A, = K[X,]/(zt, 2} q,...,25"), which is a Cohen-Macaulay ring of
dimension p; — 1. If » > 2 and n > u,., then the induction hypothesis gives that

K[X,]/(Jn-s,)Kk[x,) is a Cohen-Macaulay ring with
dimK[Xn]/<Jn—6,,.>K[Xn] = dim Bn—&,. 4+ 0 =pp—1—1+6 = p, — 1.
The above Hilbert series computation also yields dim K[X,]/(In—1, %% ) kx,,] =

dim A,,_;. Furthermore, z% is not a zerodivisor of K[Xn]/Un_l)K[Xn], and so
K[X,]/{In-1,2%) k[x,) also is a Cohen-Macaulay ring.
Thus, claim (a) follows from sequence (3). O

Remark 2.3. In terms of Gorenstein liaison theory, LemmaR.Tlsays that I,, is a basic
double link of (J,—s,) k[x,] on (In—1)k[x,]- The name stems from the fact that I,
can be obtained from (J,_s,)k(x,] by two Gorenstein links if K[X,]/(Jn—s,)x[x,]
is generically Gorenstein (see [5, Proposition 5.10]).

We are ready to establish the main result of this section.
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Theorem 2.4. The equivariant Hilbert series of A = K[X]/I is

grgg(s t)
(1 —t)pr—t f[ {1 —s(l+t+---tai-l)

i=1

HA(S,t) =

)

where gra,.u(8,t) € Z[s,t] is the polynomial with

r r

>
Grau(s,t) - (L—t—s)= Q=) " JJ(1 =t — s+ st) — shrti=
1=1

a;

Moreover, the above right-hand side is in reduced form; that is, the given numerator
and denominator are relatively prime.

Proof. Denote the right-hand side in the definition of g,.4 .(s,t) by Gr.a,u(s,t), that
is,

r T

~ , >
Grau(st) = (1—t)" H(l —t— s+ st) — shrti=
i=1

a;

We first show by induction on r > 1 that

E(S t)

Ir.a,
(l—t)m—l(l—t—s)lﬁ [ S(1+t+...+tai—1):|.

(4) Ha(s,t) =

Let r =1. One has A, = K[X,,] if n < p1. If n > py, then we get

ay a al ~Y a1 R(n— +1
An - K[Xn]/(xm"rull-i-l? ceen Ty ) = K[Xm—l] QK (K[Z]/<Z >) (n=m )_
Thus we obtain for the equivariant Hilbert series
Z S + Z #1 1 1+t+"'—|—tal_1)n_/“+1-3"
n=0 ">H1
p1—2
5 " S pa—1 n—u1+1
= 1 e gl
(1—15) +(724) S st
n=0 n>p1—1

s p1—1
1_(Tt) +( s )m—l 1
- 1—t 1—s(l4+t+---+tu-1)

[(T—tyra—t — g [T —t —s(1—t™)] + s 71—t — ]
(L=t (L=t = )[1 = (L4t oot

L—t) M1 —t — s+ st™) — st1t™

m-l(1—t—ys) {1 —s(l4+t+--- —I—tal—l)}

)

as desired.
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Let r» > 2. Using Corollary 22(b), we get

Ha(s,t)—1= ZHAn(t)Sn
n>1
5,—1 tor
=D Hi (05" + 3 gy Hpoa, (8) -
n=1

n>a4,

A [t t T Hy,  (2) 8"
n>1

5r—1
1—( : ) o
s -t ter 5
:ta .1_t 1_15t +(1—t)6rs HB(S,t)

Attt s Ha(s,t).

Solving for the equivariant Hilbert series of A, a straightforward computation gives
the following recursive formula:

t‘“s[(lft)éq"_lfsé“"_l} 1ar ¢Or

1+ —q—m=as— T o Ha(s: 1)
1—s[l+t4---+tor1] '

HA(S,t) =

Applying the induction hypothesis to B and noting p, = pr—1 + 0., we get

trrs(1— )= [(1 =)ot — 071
(1—t—s)(1—tywr1

r

Ha(s,t) - [1—s-(1+t4---+t D=1+

> ai

r—1
targor (1 — t)pr=1=mHL [T [1 — ¢ — s + st%] — shrti=1
+ i=1

(1 —t)w—1(1 —t—s)fljll [1—s(l+t4--- 410 1)) .

Using (1 —t)-[1—s(1+t+ - +t% Y] =[1 —t — s + st%], this gives

T

HA(S,t)u.(l—t)#T*l(l—g—t)H[l_5.(1+t+,,.+tai71)}

i=1
r—1
=Ha(s,t)-(1—=t)"""(1—s—t)[1 —s5- (14t +--- 1) H[l —t— s+ st
i=1
r—1
= —ghrli=1 i 4 H[l —t— s+ st%]
i=1

Q=TI = s — ) U s(1— ) T (1 = )0 — 50T
0780 (1 — ¢y

r—1
= —ghrdizi % 4 H[l —t—s+st¥] - (1=t)*""{1 -t —s+st}.
i=1

Now equation () follows.
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It remains to show that g, 4 ,.(s,?) is divisible by (1 —t —s) in Z[s, t], but not by
any of the polynomials [I — s(1+4 ¢+ --- +t%~1)]. The first claim follows because

r
T

Graa(L—t6) = (1= 9 LI =) = (L= 1)+ (1 - )] = (1 — e

=1

"~ a S a
(1 (1 — )R (1 e 2

In order to show the other claims we compute

~ 1 - 1-1 _ 1—t \" S a
Ir.a,p 1+t—|—---—|—t‘1i*1’t =ra,u l—tai’t ~\1- Spea=1 T

Since this is not the zero polynomial, it follows that [1 — s(1 4+t + --- 4+ t%)] does
not divide grq,.(5,1), as desired. O

We give the numerator polynomial in the reduced form of the Hilbert series for
small r.

Example 2.5. For r = 1,2, 3, one gets

p1—2
Grap(s,t)=(1- t)ul—l 4 Z (1-— t)jsurlfj’
B =
Gaapu(s,t) = (L= )71 4 s(1 — )2 72(—1 4+t + 1)
p2—3
4 putaz Z (1 _ t)j8”2_1_j,
§=0

Gaapu(s,t) = (L= )71 4 5(1— )0 72(=2 4 1% 4192 4 1%9)
+ 52(1 _ t)ﬂ3—3(1 40 02 403 taitaz 4 tartas + t(l2+a3)

pnz—4
4 tutaztas Z (1 _ t)jSMS_l_j.
=0

Here we use the convention that a sum Z;ZO is defined to be zero if e < 0.
We can also use our methods to determine the degree of each ideal I,,.

Proposition 2.6. If n > u, — 1, then deg I, is the coefficient of t* #r+1 in the
power series [ 1 In other words,

i=1 T—a;t"
.
= deg I, - t"~Hrtt,
[Ii=0= 2. deehn
i=1 n>py—1

Proof. One can deduce this from Theorem 24l However, there is an easier, more
direct approach.
Since I,,,—1 = 0 by definition, we get degl,, 1 = 1 for each r > 1, as claimed.

To determine deg I, for larger n, we use induction on » > 1. If r = 1, then
I, = (gt apt ..o 20t), and so degl, = a?_’“ﬂ. Now the geometric series
gives the claim, that is, Y. deg,t" M+l = 3" 4" = 1_1alt.

n>p;—1 n>0

Let r > 2. If n > §,., then Lemma [Z.1] gives
(5) degl, = a,degl,_1 + deg J,—_s,.
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By induction on r, one has

r—1

H 1 1a ;o Z deg Jt"Hr-1tl = Z deg J,, s t" oL,
—a;

=1 n>pr—1—1 n—06,>pr—1—1

Hence we obtain

T

H 1 _1%.15 _ ( Z deg J_s, .t"—u7-+1> . (Zalﬁtk)

i=1 n—6p>pr_1—1 k>0
n—pur+1
_ n—pr+1—1 n—pr+1
= E E ay H ~deg Jy,_—1qa | ETTHTT
n>py—1 i=0

This implies our assertion because

n—pr+1

—Hr 1—i —
Z ay T deg 14 = deg L.
i=0

Indeed, if n = i, —1, then this formula is true since a2-deg J,,, ,—1 =1 =degI,, _1.
Let n > u,. Using equation (B, one has

n—pr+1 n—p,
S et S aphe
a; " e deg Sy =141 = deg Jn—pptpe_1 T Qr a,; M deg Sy —1+i
i=0 =0

= deg Jnfér + ar deg I, 1= deg Inv
as desired. O

One can use the last result to explicitly compute degl,,. This is easiest if
ai,...,a, are pairwise distinct.

T n—pr+r
Qa.-
Corollary 2.7. If ay,...,a, are pairwise distinct, then degI,, = E W,
— a; — aj
=1 7.
J#i

provided n > p, — 1.

Proof. Using partial fractions, one can write

T

gl .6 ., ¢
1—ait 1—ayt 1—apt’

i=1

where
1 ar~t
C — = C
' ]1;[2 - Z_JL [1(ai —ay)
J#i

Hence

r 1 r r—1 1 r -1

=1 i=1

Now we conclude by Proposition O
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3. THE GENERAL CASE

We extend the results of the previous section. We use the notation established
in the introduction. So we fix an integer ¢ > 1 and consider the polynomial rings
KX, |=Klx;; |1<i<e¢ 1<j<njand K[ X]=Klz;; |1 <i<e 1<j].
Any monomial of positive degree in K[X] can be written as

a;
i
i=1j=1

where @ = (a;,;) is a ¢ X s non-zero matrix whose entries are non-negative integers.
Denote the indices of the non-zero columns of a by 1, ..., ., where p; < po <
- < . We may assume that the last column of a is not zero, that is, u, = s and
X o . ..
a € N5, Thus, we can rewrite 2 more explicitly as
a 1,1 1,y a2, a2,y Qe,py Ge,prp
= (:El w1 T, ) (xQ Lo, ) (xQHl “ ey fun )

Put H= (:ula s a,u?")'
In order to determine the equivariant Hilbert series of K[X]/I, where I =
(Inc(N) -2%), we also consider the ideal

c Hr—1

= (Inc - H Hxa”

=1 j5=1

if r > 2. Thus, we get for I,, = IN K[X] and J,, = JN K[X] that I, =0 if n < p,
and that J, = 0 if n < p,—1. Moreover, there is again a useful relation among
these ideals.

Lemma 3.1. Ifn > 1, then
1, = < —|— Hﬂ? “H7 K[X 1

where 8. 1= . — pp—1 > 1.

It follows that I,, is a basic double link of J,,_s, on I,,_; because of the following
consequence We use the notation A,, = K[X,]/I,, B, = K[X,]/J,, and b; =

Z a;y; for j = 1,...,7. Thus, b; is the total degree of the divisor of 2% whose
factors are the variables appearing in column p;.

Corollary 3.2.

(a) Ifn > pyr, then A, is a Cohen-Macaulay ring of dimension n(c—1)+ p, —1.
(b) If n > 6,, then one has for the Hilbert series:

1— b tbr

Ha, (t) = WHAnfl(t) + WHB,M;T (t).

Proof. Multiplication by H T 20F on A, induces the exact sequence

0 = K[Xn]/(Juzs,) kix0)(=r) = Ay = K[X,)] /(L 1,1_[:1: DY e — O
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Furthermore, we have

K[X if0<n<d,
K[X,] /(s K[x,] = X ‘ . .
Bn,gT[xi7j|1§z§c,n—6r<Jgn] if n>9,.
Now the claims follow as in the proof of Corollary O

Our main result is the promised extension of Theorem [2.4]

Theorem 3.3. Setting b= (b1,...,b,), the equivariant Hilbert series of A=K[X]/I
18
r,c,b, Sat
Ha(s,) = o) ,

(1= ) =r=r T [(1 =)0 = (Lt th0)]
j=1

where gr.cp,u(5,t) € Z[s, 1] is the polynomial with

r

T S by
Irepu(s:t) - [(1=1)°—s] = (1 =)D T [(1 = )¢ — s+ stb] — sirt=
j=1

Furthermore, the above rational function is in reduced form; that is, the given
numerator and denominator polynomials are relatively prime. (Notice that the ex-
ponent [c(ur —r — 1) + 7] of (1 —t) is negative if and only if r < ¢ and p,. =r.)

Proof. We argue as in the proof of Theorem 24l Set

T

" > by
Grean(s,t) =1 —t)W =TT [(1 =) — s 4 st™] — strt=
j=1

Using induction on r > 1, one shows that

(6) 5,0
5
I‘IA(S7 t) =

g’l‘Cll
(l—t)c(#rfrfl)w [(1—15)0 } If[ [(1 —t)el—s(l4t4---+ tbj—1)] .

Indeed, let » = 1. If n > pq, then we get

a1 a. n—p1+1
A0 K(X, ] © (Kl ozl 2om) ,
where z1,..., 2. are new variables. It follows that
p1—1 b1—1 n—
1_|_t++t1 n—p1+1 "
HA(s’t)_Z (1—t (1 —tyne® +Z — C(m 1)( (1 —t)et ) 5
= n>py

Now a computation as in the proof of Theorem 2.4] gives the desired formula.
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Let r > 2. Corollary implies that

Ha(s,t)—1= Y Ha,(t)s"

n>1
§,—1 tbr
= 2 Hig ) ()" Y e e ()
n=1 n>4,
L+ttt n
Z (1 — t)c71 : HAn—l(t) 8
n>1
5—1
1-—- (—S ) b
s (1—-t)° t°r s
= br. . - + s"Hp(s,t)
(]. — t)c 1 - W (1 - t)C5’"
s(l4+t4---4t"1
TN
This gives
(1—t)t—s(l+t+--- 4+t
H t) -
A(Sv ) (1 . t)c_l
1—¢ c(6,—1) _ 6,—1 tbr [
=1+1t"s (=1 i S Hpl(s, ).

R (e e I (L

Applying the induction hypothesis to B, a computation similar to the one in the
proof of Theorem [2.4] establishes equation (@)

It remains to show that g, . ,.(s,t) is divisible by ((1 —t)° — s) in Z[s, t], but
not by any of the polynomials [(1 —¢)*~* — s(1 + ¢+ --- + t%~1)]. The first claim
is true because

T

Frean((L=10%t) = 1=t TTIL =) = (1 =)+ (1= )t"]

i—1

<

r

b
(1= e

r s

b; 2o b;
= (1= (1 e (1 s =),

. ) (1_t)cfl (1 _t)c
Substituting s = I e w we get

N (1—t)e? (1 — t)le=Dar > b
Gr.c,a,p T = - — Sti=t
OB\t il (T4t+-- 4 tor1)ur

Since this is not the zero polynomial the argument is complete now. O

Again we give the numerator polynomial in the reduced form of the Hilbert series
for small r, where we assume that ¢(u, —r—1)+r > 0.
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Example 3.4. For r = 1,2, 3, one has

H1—2
Gleap = (1= 1)W1 4 gbr. Z (1 —t)dghr=177,
P 2
Prcap(s,t) = (1 =)l 4 g(1 — )22 (1 4 ¢0 4 4P2)
,LL2—3
4+ ghrtbe Z (1 — ) gha=1=d,
j=0

Gorcan(s:t) = (1= )09 4 5(1 = )02 (9 41 4 gb2 4 gho)
+ 82(1 _ t)C(H3*3)(1 — b b2 ybs + tb1+b2 + tb1+bs + tb2+b3)
pn3—4
4 (o1 +b2+bs Z (1 _ t)cjs,usflfj.
j=0
Notice that these polynomials simplify if the u;’s are as small as possible, that is,
u; = i. For example, then one gets Greap =1 and
Grcapn(st) = (1—=1)° + s(—1 4" +1").

Remark 3.5. Observe the similarity of the formulas in Theorems 2.4] and B3l In-
deed, Theorem is formally obtained from Theorem [Z4] by replacing each a; by
the total column degree b; and (1 —t) by (1 —¢)°.

Now we determine the degree of I,.

Proposition 3.6. If n > pu, — 1, then degl, is the coefficient of t""Hr+1 in the

power series H;Zl ——. That is,
J
L
= deg I, - ¢7=Hr+1.
(1 5 v
j=1 n>pr—1

Proof. If r > 2 and n > §,, Lemma [3.1] gives
deg I, = b, degl,_1 + deg J,_s,.
Now we conclude as in the proof of Proposition |
Analogously to Corollary 27 this gives the following explicit formula.

T b’fl—u,,.—ﬁ—’r
Corollary 3.7. If by,...,b,. are pairwise distinct, then deg I, = Z W,

=t
provided n > p — 1.

For any Inc(N)-invariant ideal I of K[X], it is shown in [7], Theorem 7.9] that the

two limits lim W and lim {/deg [, exist and are non-negative integers,
n—oo n—oo

where I,, = I N K[X,]. Following [7, Remark 7.14], we refer to these integers as
the dimension of K[X]/I and the degree of I, respectively. If I is generated by the
orbit of a monomial, we obtain the following values.

Corollary 3.8. For I = (Inc(N)-[[;_, [T5=, zi"), one has

J 1,9
(a) dim K[X]/I=c—1,
(b) degl = max{by,...,b.}.
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Proof. (a) is a consequence of Corollary
(b) follows by using partial fractions as in [7, Lemma A.3]. We leave the details
to the interested reader. ]

We conclude with some comments about non-negativity of the coefficients of the
polynomials appearing in an equivariant Hilbert series.

Remark 3.9. If A is a graded Cohen-Macaulay quotient of a noetherian polynomial
ring, then it is well-known that the numerator polynomial in its reduced Hilbert
series has non-negative coefficients only. We have seen above that in the case of an
Inc(N)-invariant ideal I of K[X] the condition that all rings K[X,]/I, are Cohen-
Macaulay is not sufficient to guarantee that the numerator polynomial g(s,t) in a
reduced Hilbert series of K[X]/I as in equation (IJ) has non-negative coefficients
only (see, e.g., Example B.4). However, the coefficients in the polynomials f;(t)
appearing in the denominator of the Hilbert series all have non-negative coefficients
if I is generated by the orbit of a monomial. This suggests the following question.

Question 3.10. Assume I is an Inc(N)-invariant ideal of K[X] such that each ring
K[X,]/I, is Cohen-Macaulay. Is it then true that the coefficients of the polynomials
[;(t) appearing in the reduced form of the Hilbert series (Il are all non-negative?
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