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ABSTRACT. We generalize a construction of Hitchin to prove that, given any
compact Kahler manifold M with positive holomorphic sectional curvature
and any holomorphic vector bundle E over M, the projectivized vector bundle
P(E) admits a Kéhler metric with positive holomorphic sectional curvature.

1. INTRODUCTION

Let us denote by H,, (resp. H,,) the set of all n-dimensional projective mani-
folds (resp. compact complex manifolds) which admit Kéhler metrics with positive
holomorphic sectional curvature H. It is a longstanding goal in complex geometry
to understand these sets, which are conjectured to agree. As far as we know, this
agreement is still open for n > 3.

First, let us recall some known facts. For any M in M/, a theorem of Tsukamoto
[Tsub7] states that M is simply-connected. Furthermore, by a theorem of Berger
[Ber66], the scalar curvature of any Kéhler metric on M is the average of the
holomorphic sectional curvature. Therefore, H > 0 implies that the scalar cur-
vature is positive. It was proven by Kobayashi and Wu [KW70, Corollary 2| that
consequently the Kodaira dimension kod(M) = —co. In recent work by the second-
named author and Wong [HW15] it has been proven that any M in H,, is rationally
connected, i.e., given any two points in M, there exist a connected chain of rational
curves containing both points.

On the existence side, it is well known that the Fubini-Study metric on P? has
constant positive H, so it is in Hy. In [Hit75], Hitchin showed that any Hirzebruch
surface F, = P(Op1(a) ® Op1), a € {0,1,2,...}, is also in Hs. For all other rational
surfaces, including the del Pezzo surfaces, it is not known to the best of our knowl-
edge whether or not they admit any Kahler metric with positive H. In general,
there are only few known elements of H!. Products of manifolds with positive
H constitute a further obvious class of elements. Also, on Kéhler C-spaces (i.e.,
simply-connected, compact, homogeneous Kéahler manifolds), the standard Kéhler-
FEinstein metric has positive holomorphic sectional curvature, so they all belong to
Hp.

The main purpose of this note is to generalize Hitchin’s construction on Hirze-
bruch surfaces to arbitrary projectivized vector bundles over a compact Kahler
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manifold with positive holomorphic sectional curvature and thus provide a new
class of examples of manifolds in H/, as stated in the following theorem.

Theorem 1.1. Let M be a compact Kdhler manifold with positive holomorphic
sectional curvature. Let E be a holomorphic vector bundle over M and P = P(E)
the projectivization of E. Then P admits a Kdhler metric with positive holomorphic
sectional curvature.

If we replace P(E) by the Grassmannian bundle Gy (E) of all k-dimensional
subspaces of the fibers of F (here k is any positive integer less than the rank of
E), then it is clear from the proof of the theorem that Gj(FE) also has positive
holomorphic sectional curvature, and it can be holomorphically and isometrically
embedded into P(A*E).

Recall that in [Hit75], the proof of the existence of a metric of positive holomor-
phic sectional curvature on Hirzebruch surfaces is a stepping stone in the proof of
the existence of metrics of positive scalar curvature on generic rational surfaces.
As part of the argument, the following fundamental fact is established there as
[Hit75, Corollary (5.18)].

Fact 1.2. Let X be a compact Kéhler manifold of dimension > 2 with everywhere
positive scalar curvature. Suppose we blow up any point p € X to obtain X; then
X admits a Kéahler metric of positive scalar curvature.

Based on this fact and Berger’s theorem, we observe the following immediate
corollary to Theorem [L.1l

Corollary 1.3. Let P be as in Theorem [LIl Assume that the dimension of P is
greater than 2. Let'Y be obtained from P by a finite sequence of blow-ups of points.
Then'Y carries a Kdhler metric of positive scalar curvature.

In general, it is reasonable to conjecture that for any holomorphic fiber bundle
with total space X, if both the fiber and the base admit K&ahler metrics with
positive holomorphic sectional curvature, then so does X. However, at this point
we do not know how to construct a natural metric on X from the given metrics
on the fiber and the base in a way that enables us to compute the holomorphic
sectional curvature. In the case of negative holomorphic sectional curvature, an
even more general result of this nature was obtained by Cheung [Che89, Theorem
1].

We conclude this introduction by remarking that in the paper [ACHIS] an ex-
plicit analysis of the pinching constants for Hitchin’s metrics on Hirzebruch sur-
faces was conducted. We leave such an explicit analysis for the present higher-
dimensional case to a future occasion.

2. PrRooF oF THEOREM [L.]]

In this section, we will prove Theorem [Tl Let (M, g) be a compact n-dimen-
sional K&hler manifold with positive holomorphic sectional curvature. Let (E,h)
be a holomorphic vector of rank r + 1 equipped with a Hermitian metric. Denote
by P = P(E) the projectivization of E, namely, for any © € M, the fiber P, is
simply the projective space P(FE,) of the fiber E,. In other words, P, consists of
the equivalence classes [w] where w is any non-zero vector in F,. Note that this is
the differential-geometric notation — the algebro-geometric notation of P(E) would
be the P(E*) here.
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As essentially observed in [Hit75, (4.1)], the metrics g and h naturally induce a
closed (1,1)-form on P:

we = A 7 (wy) + vV—1 99 log h(v, ),

where wy is the Kéhler form of g, m : P — M the projection map, and (z, [v]) is a
moving point in P. Since the restriction of the second term of the right hand side
on a fiber of 7 is just the Fubini-Study metric, we know that for A sufficiently large,
wg is positive definite everywhere so G = G, becomes a Kahler metric on P.

We claim that there is some constant Ag > 0 which depends on g and h, such that
for any A > \g, the metric G = G has positive holomorphic sectional curvature.
This will complete the proof of our theorem.

To prove this, we need to compute the curvature of the metric G. Fix any

p = (zo, [w]) in P. Without loss of generality, we may assume that |w| = 1. Let
(21,...,2n) be a local holomorphic coordinate centered at xo which is normal with
respect to g. That is, g = (0,...,0), and under the coordinates,

gi;(O) = 5i37 dgij(()) =0,

for any 1 < 4,5 < n. Write ©" for the curvature of (E,h
unitary change of z if necessary, we may assume that the (
diagonal, namely,

). Then by a constant
1,1)-form ©F _ at g is

er_ = zn:gi dz A dz;.

i=1
Next let us choose a local holomorphic frame {eg,e1,...,e.} of F near zy. Write
h,7 for h(eq,€5). We may assume that at the origin, eo(0) = w, and
hQE(O) = 0a8, dhaE(O) =0.

It is also easy to see that we may further assume that 818kha5(0) = 0. Let us write

v=reo(z)+ Z to€ao(2).

Then (z,t) becomes a local holomorphic coordinate in P centered at p = (0,0). We
will use the index convention of z;, t,, and with index after comma denoting the
partial derivatives. Because of the sesquilinearity of i, we may naturally write hoz
instead of h., o and huE instead of hw,ﬁ- We have

Gz = AgG+ hiwhuﬁ,ﬁ - ﬁhvm by 55
Gr = Gl ﬁh— hs

GOJ B hi@ hai’j - ﬁhwﬁ e

Gz = —hsi— ———has by

hvi aByi (hvE)Q

So at the origin p, we have G;(0) = (A — &) &5, G5(0) = G,3(0) = 0, and
GQE(O) = 0qp, for any 1 < 4,5 <n and any 1 < a, 8 < r. Next, we compute the
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first derivatives of G-

1 1 1
Gon = A D e g
ij,k gz] k + h vD,ijk (hvﬁ)Q kT4 (huﬁ)2 ik Ty 5
1 2
gl b+ s hos husi by,
(2 7 Mo Gy liomt ot s
1 1 1
Gidw = gl = Gy ok Mg — (o Mo
1 2
_—hvv 2 h hvv i h'uv h )
(g2 00k 1B T 0y k g
1 1 1
e = P — ——huog hon s — ——h = hag
G(Xj,k? hvﬁ av,jk (hvi)Q k Thazj (huﬁ)2 VU, k
1 2
_—(hw)z hvﬁjk how + mhwhvgg Do ks
1 1 1
Gaﬁ,k = h_whozﬁ,k - (hvg)QhaE hvi,k - (hvi)Q hoﬁ,k hvE
1 2
o has hyg g+ s has hyg hosks
(how)? PR (hop)? g
1 1 2
1 1 2
Gaﬁﬁ = _(h )2 haﬁ hys — —(h )2 how hﬁyg-l- (o )? h(w hw h

We also have Gz , = G5, and Gzﬁ o= Ga,@ ; by the Kahlerness of G. At the origin
p, we have h,5(0) = |w|? =1, h,5(0) = haw(0) = 0, and all first order derivatives of
h are zero, so by taking another derivative and evaluate at 0, we get the following

at the point p:

G = Mgt hw g — owighos i — Pus s i
Gﬁ,kﬁ = hvE ijk>

GieB = hafiz — haphosi

Gogat = 0

Gugni = 0

Gaps = ~haphys = hashyg:

Now we are ready to compute the holomorphic sectional curvature of G at p. Let

0#V =X +U be a type (1,0) tangent vector at p € P, where X = Y | xi%

and U = > _, ua%. Denote by R, RY, and R" the curvature tensors of G, g,
and h, respectively. We have

Ryyyvv = Ryxxx t4Bxxuv + Buouw
+ 2Re{Rywx7 + 2Rx%x7 + 2Rypux}
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by the symmetry of the curvature tensor. At p the matrix of G is diagonal, so we

have

n—+r
2
Ryvvy = —Gywyw+) 5 [Gvayl
a:l aa
=z —Gyyyv
_GXY,XY - 4GXXUU - GUU7UU
- QRG{GXU,XU + ZGXY,XU + 2GUﬁ,UY}

= _GXY,XY - 4GXXUU - GUU7UU - 4R€{GXY,Xﬁ}

= (\Rxyx ~ hwxxxx +2R5x)") + A Rygyx
— [UPR} «x) +2lU[* = 4Re{h 7 xxx }-

Let Hy > 0 be the minimum of holomorphic sectional curvature of g over M, and
choose a constant C' > 0 such that |R"| and |[VR"| are both bounded by C; then
the above computation leads to

Ryryv = (\Ho — O)|X[* = 8CIXP|UJ* + 2|U|* — 4C| X P|U].

Clearly, if A is sufficiently large, this quantity will be positive when X and U are
not both zero. This completes the proof of Theorem [T
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