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ABSTRACT. For an arbitrary operator ideal Z, every nilpotent element of Z is
a single commutator of operators from Z? for an exponent ¢ that depends on
the degree of nilpotency.

1. INTRODUCTION

By operator ideal we mean a proper, nonzero, two-sided ideal of the algebra
B(%H) of bounded operators on a separable, infinite Hilbert space H. These ideals
consist of compact operators. For a compact operator, A on H, let s(A) =
(s1(A4),s2(A),...) be the sequence of singular numbers of A. This is the non-
increasing sequence of nonzero eigenvalues of |A| := (A*A)Y/?, listed in order of
multiplicity, with a tail of zeros in case A has finite rank. As Calkin showed [4],
an operator ideal Z is characterized by s(Z) = {s(A4) | A € Z}. (See also, e.g., [1]
or [5] for expositions.) For a positive real number ¢ and an operator ideal Z, we let
Z' denote the operator ideal generated by {|A|' | A € Z}.

Questions about additive commutators [B,C] := BC — CB involving elements
of operator ideals have been much studied. One of the questions asked in [§], by
Pearcy and Topping, is whether every compact operator A is a single commutator
A = [B,C] of compact operators B and C. This question is still open. Important
results about single commutators in operator ideals were obtained by Anderson [I].
Further results are found in Section 7 of [5]. More recently, Beltitd, Patnaik, and
Weiss [3] have made progress on the above-mentioned question.

Our purpose in this note is to show that every nilpotent compact operator is a
single commutator of compact operators. In fact, we show (Theorem [B2]) that for
a general operator ideal Z, every nilpotent element A € 7 is a single commutator
A = [B,C] of B,C € T, where the value of ¢ > 0 depends on the value of n for
which A™ = 0. Except in the case n < 4, we don’t know if we have found the
optimal value of ¢.

2. PRELIMINARIES

Let H be an infinite dimensional Hilbert space. Everything in this section is
known or is at least unsurprising, but we include proofs for convenience.
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Lemma 2.1. Suppose z,y € B(H) andt € R, t > 0.
(i) Ift(z*x) > y*y, then there exists r € B(H) such that ||r|| < vt and y = ra.
(ii) Ift(za*) > yy*, then there exists r € B(H) such that ||r|| < vt and y = zr.

Proof. The assertion () follows from (fl) by taking adjoints. If we prove the asser-
tion (@) when ¢t = 1, then the case of arbitrary ¢ follows by replacing = with v/tx.
So we will prove () in the case ¢t = 1.

Suppose z*z > y*y. Given £ € H, we have

vl = (y*y€, €) < (z*x€, &) = |x€]>.

Thus, we may define a contractive linear operator from ran(z) into 3 by

& = yE.
This extends uniquely to a contractive linear operator, which we call ¢, from ran(z)
into H. We have rox = y. Letting p be the orthogonal projection from JH onto
ran(z), we set r = rop. Thus, r € B(H) is a contraction and rx = y. O

For n > 1, we make the natural identifications
(1) B(H®™) = M, (B(H)) = B(H) ® M, (C)

and we let (e;;)1<i, j<n be the usual system of matrix units in M, (C).

The fact that nilpotent operators have an upper triangular form is well known
(see, for instance, Section 2 of [2]). For our purposes, we require all the entries to
act on the same space, so we provide a modified proof. Recall that H is assumed
to be infinite dimensional (and here we do not need to assume it is separable).

Lemma 2.2. Let A € B(H) satisfy A™ = 0. Then there exists a unitary U : H —
HO™ such that UAU* is a strictly upper triangular element of M, (B(XH)).

Proof. We will first show that dimker A = dim H, where dim is the cardinality of
an orthonormal basis. Consider B = Al 42. Note that ker A = ker B and that B
leaves ker A? invariant.

Assume that dimker A? = dim H. If dimker B < dim J, then

dim(ker A% © ker B) = dim K,
and B maps (ker A% © ker B) injectively to ran B. Hence dimran B = dim . But
ran B C ker B, so dimran B < dimker B. Hence dimker A?> = dim J implies
dimker A = dim H. Since A is nilpotent, we have dim ker A?" = dim H, for some k.

Arguing by induction on k, starting from k& = 1, we must have dim ker A = dim X.
Let

Vi =ker A,
Vi = ker A¥ & ker A1 (2<k<n).

We will construct closed subspaces
WCWeC---CW,, =X
with
Wi C ker AF
such that, letting Wy = {0}, we have, for every 1 < k < n,
(2) dim(Wy, © Wi—1) = dimH
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and for every 1 <k <mn-—1,
(3) dim((ker A1) & W) = dim X,
(4) A(Vig41) €S Wy
Fixing k = 1, if dim Vs, = dim H, then let W; = ker A. We know dimker A =
dimH, so (@) holds. Moreover, ker A> & W; = Vs, so (@) holds and A(Vy) C

A(ker A%) C ker A, so (@) holds. Otherwise, if dimVy < dim H, then choose Wy
closed so that

AV2) CW; Cker A
and
dimW; = dim K = dim(ker A © Wy).

This choice is possible because we know that dim ker A = dim H and by hypothesis
dim A(Vs2) < dim Vs < dim H. Then ([2) and @) (for & = 1) hold by construction.
We have

dim H > dim((ker A%) © W;) > dim((ker A) © W) = dim K,

so ([B)) holds.

Now suppose 2 < k <n —1and Wy, ..., Wi_1 have been constructed with the
required properties. If dimVy; = dim 3, then let Wy = ker A*. Then (@) for
k is just @) for k — 1, while @) for k is just the hypothesis dim(Vy41) = dim K.
Moreover, A(Vi11) C A(ker AKT1) C ker A*, so (@) holds for this k as well.

Otherwise, if dim Vj, 1 < dim H, then choose Wy closed so that

AWVi41) + Wi_1 € Wy, C ker AF
and
dim(Wy, © Wy_1) = dim H = dim((ker A¥) ©Wy).
This is possible because, by hypothesis (namely, @) for k — 1),
dim(ker A¥ © W;,_1) = dim K

and dim(A(Vg+1)) < dimViy1 < dimH. Then (@) and @) hold by construction,
while for @), we use

dim 3 > dim((ker A*™) © Wy) > dim((ker A%) © Wj,) = dim K.

Finally, set W,, = 3 = ker A™. Then (2)) for k = n follows from (@) for k = n—1.
Using ), we get

AWy) C A(kerAk) =AWV + -+ A(Vi) S Wy_1.

Let Hy = Wi and Hp = W ©Wy_1, 2 < k <n. Then dim H; = dim H for all
k and

(5) A(3y) = {0},
k—1

(6) A(J’Ck) g A(Wk;) g Wk,1 = @j‘fj (2 S k S n)
j=1

Choosing unitaries Uy, : Hj, — H yields a unitary U = @, _, U; : H — HP",
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Let e;,1 < i < n be the standard basis in C". Identifying H®" with H @ C",
consider z ® ey, € H®". Then U*(x ® ex) € Hy.. From (B]) and (@), we have

UAU*(x ®e1) =0,
k—1

UAU*(x@ex) = Y yj@e; (2<k<n),
j=1

for some y;;, € H. Hence UAU* € M, (B(H)) is strictly upper triangular. a
Remark 2.3. We work in B(H) ® M,,(C) and suppose that

A= ) ay®eiy,
1<i<j<n

for a; ; € B(JH), is a strictly upper triangular matrix of operators. Here, e; ; are
matrix units in M, (C). We consider upper triangular matrices of the particular
forms

n—1
B = Z bl & 6i7i+1, C = Z Ci,j [ ew-
i=1 2<i<j<n
with b;,¢; ; € B(H). Then the condition A = BC' — CB is equivalent to
aLj = b1 CZ,j (2 S j S n),

ai; =biciy1;—cij—1bj-1 (2<i<j<n)
or, equivalently,
(7) bicoj =ai; (2<j<n),
(8) bicit1,; =aij+¢cij—1bj—1 (2<i<j<n).

3. NILPOTENTS IN OPERATOR IDEALS

Let Z C B(H), with 3 separable, be an operator ideal. It is well known and
easy to see that under any identification of B(H) with M, (B(H)) as in (), the
ideal Z is identified with M, (Z).

We first prove the following easy result, whose proof is similar to that of Proposi-
tion 3.2 of [6]. It serves as a precursor to and easier version of Theorem B2} though
we won’t need it in the proof of that theorem.

Proposition 3.1. Let Z be an operator ideal and suppose A € T is nilpotent. Then
there exist B € B(H) and C' € T such that A= BC — CB.

Proof. Let n > 2 be such that A” = 0. By Lemma [22] we may work in B(H) ®
M,,(C) and suppose that

A= E a;j ® €5,
1<i<j<n

for a; ; € Z. We need only find elements b, € B(H) and ¢; ; € Z, as in Remark 23]
so that (@) and (8) hold. This is easily done by setting b; = 1 for all i € {1,...,n}
and recursively assigning

C2,j = Q1,5 (2<j<n),
Cit1l,j = Qi +Cij—1 (2 <i<j< n)
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Theorem 3.2. Let T be an operator ideal and suppose A € T satisfies A™ =0, for
some integer n > 4. Then there exist B,C € TY2""* such that A = BC — CB.
Proof. By Lemma [2.2] we may work in B(H) ® M,,(C) and suppose that
A= Z Qij @ €ij,
1<i<j<n

for a; ; € Z. We will find elements b; and ¢; ; of Il/2n73, as in Remark 23] so
that (7)) and (§) hold.

Step 1 (Assign values to by,...,b,—2). Let

1/4
n
b= | laj,? e I'/?,
j=2
1/4
i i
b= b7+ Y lap,l eI/  (2<i<n-3),
j=i+1
1/4
n n—3
bna = | bp_s+ Z a2 er'V*
j=i+1

Since for every 1 < i < n — 2 and every i < j < n, we have b} > |a2"j 2 by
Lemma [2Z] there exists r; ; € B(H) such that

bfri,j:am (1SZ§H—2,’L<]SH)
Moreover, for every 2 < i < n — 3, since bf > b%_l, by the same lemma there exists
x; € B(H) such that

Furthermore, since b:_, > bt _ and the square root function is operator monotone,
we have b2_, > b2 _,. Thus, by Lemma 2.1l there exists z € B(H) so that

bpoz= bn73-

Step 2 (Assign values to ¢z ; and auxiliary variables yo ; for 2 < j < n and ver-
ify ([@)). Let
Y25 =715 C25=bwyz;  (2<j<n)
Thus, ¢z ; € Z'/2. Then we have
biczj =bir;=ai;  (2<j<n);

namely, (@) holds.

Step 3 (Assign values to ¢, ; and auxiliary variables y, ; for 3 < p < n —2 and
p < j <n-—1and verify the equality in ) for2 <i<n—-3andi<j<n-—1).
We let p increase from 3 to n — 2 and for each such p we define (recursively in p)
for every j € {p,p+1,...,n—1},

Yp,j = Tp-1,j T Tp-1Yp—1,j—1bj—1, Cp,j = Op—1Yp,j-



3036 K. DYKEMA AND A. KRISHNASWAMY-USHA

Thus, ¢, ; € 727" and we have
bicit1,; = birij + bjiyij-1bj 1

=aij +bi1yi;-1bj 1

:ai7j+ci7j,1bj,1 (2§’L§n—3,l<]§’n—1),
and the equality in (&) holds for these values of i and j.
Step 4 (Assign a value to ¢,,—1,—1 and verify the equality in (&) for i = n — 2 and
j=n-—1). Let

Chn—1,n—1 = bn—2rn—2,n—1 + Zyn—Q,n—an—Q-

Then ¢,—1 -1 € Y27 and
bp—2cn—1n-1 = b%_grn—Z,n—l + bp—22Yn—2,n—2bn_2
= n-2mn—-1+ bp_3Yn—2n—2bp_2
= Un—2mn—1+ Cn—2,n—2bn_2.
Thus, the equality in (8) holds for i =n — 2 and j =n — 1.
Step 5 (Assign a value to b,_1). Let

1/4
bn—1 = (|a;§—1,n‘2 + ‘02—1,n—1|4) .

Thenb,_; € T/2"". Since b2 _| > la}_y |, by LemmaZTlthere is ry, 1, € B(H)
so that
biflrnfl,n = 0p—-1,n-

Since b | > |ef_;,,_1]* and the square root function is operator monotone, we
n—1 n—1n—1 ’

have b2 | > |c;_; ,,_1|* and, from Lemma 2Tl we have s € B(H) so that
bp_18 = Cn—1,n—1-
Step 6 (Assign values to ¢, ,, for all 3 < p < n —2 and verify the equality in () for
all2<i<n-—3and j =n). Let
Cpn = bp—lrp—l,n + bp—lxp—lyp—l,n—lbn—l-
Then ¢, , € Y27 and
biCisin = biTipn + b20iYi n1bn_1
=in +bi—1Yin—1bn—1
=a;n+ Ci7n_1bn_1 (2 <i1<n-— 3);
namely, the equality in (§]) holds for these values of ¢ and for j = n.
Step 7 (Assign a value to ¢,—1, and verify the equality in (§) for ¢ = n — 2 and
j=mn). Let
Cn—1,n = bn—2rn—2,n + Zyn—Q,n—lbn—l-
Then ¢,—1,, € 7Y2""% and
bn—2cn—1,n = bi_an—Z,n + bn—ZZyn—2,n—1bn—1
= an—2,n + bn73yn72,nflbnfl
= Gp-—2,n + Cn—2,n—1bn—1;

namely, the equality in () holds for ¢ = n — 2 and for j = n.
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Step 8 (Assign a value to ¢y, , and verify the equality in [8) for i =n—1and j = n).
Let
Cnn = bnflrnfl,n + Sbnfl-

n—3
Then ¢, € /2 and
2
bn—lcn,n = bn_17"n—1,n +by_15b,_1 = Ap—1n + Cn—l,n—lbn—h
as required. 0

Corollary 3.3. Let T by any operator ideal such that T® C T for every t > 0. Then
for every nilpotent element A of T, there exist B,C € T such that A= BC — CB.

Examples of operator ideals Z satisfying the conditions of Corollary B3] include:

(a) the ideal X of all compact operators;

(b) the ideal of all operators A whose singular numbers have polynomial decay:
sn(A) = O(n™t) for some t > 0; note that this ideal is equal to the union
of all Schatten p-class ideals, p > 1;

(c) the ideal of all operators A whose singular numbers have exponential decay:
sn(A) = O(r™) for some 0 < r < 1;

(d) the ideal of all finite rank operators.

Question 3.4. Is 1/2"3 the optimal (i.e., largest possible) exponent of Z in The-
orem 3.2 Clearly, the answer is yes when n = 4. But as far as we know, it is
possible that the best exponent is 1/2 for arbitrary n.
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