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ABSTRACT. We extend the well-known Sacks—Uhlenbeck energy gap result for
harmonic maps from closed Riemann surfaces into closed Riemannian mani-
folds from the case of maps with small energy (thus near a constant map), to
the case of harmonic maps with high absolute energy but small energy relative
to a reference harmonic map.

1. INTRODUCTION

Let (M, g) and (N, h) be a pair of smooth Riemannian manifolds, with M ori-
entable. One defines the harmonic map energy function by

1
3 /M |df? 1, dvolg,

for smooth maps, f : M — N, where df : TM — TN is the differential map.
A map f € C®(M;N) is (weakly) harmonic if it is a critical point of &, so
on(f)(w) =0 for all w € C°°(M; f*TN), where

(1.1) Eqn(f) =

S0 = [ @)y dvol,.
The purpose of this article is to prove

Theorem 1 (Relative energy gap for harmonic maps of Riemann surfaces into real
analytic Riemannian manifolds). Let (M, g) be a closed Riemann surface and let
(N, h) be a closed, real analytic Riemannian manifold equipped with a real analytic
isometric embedding into a Euclidean space, R™. If foo € C™(M; N) is a harmonic
map, then there is a constant € = €(fwo, g, h) € (0, 1] with the following significance.
If f € C°°(M; N) is a harmonic map obeying

(1.2) ld(f = foo)ll2armny + 1f = foollzzarimn) <€,
then @@%h(f) = Cgog,h(foo)'
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Remark 1.1 (Generalizations to the case of harmonic maps with potentials). In
physics, harmonic maps arise in the context of non-linear sigma models and with
such applications in mind, Theorem [I] should admit generalizations to allow, for
example, the addition to &} j, of a real analytic potential function, V' : C*°(M; N) —
R, in the definition (1)) of the energy, as explored by Branding [6].

Naturally, Theorem [Il continues to hold if the condition (I2)) is replaced by the
stronger (and conformally invariant) hypothesis,

d(f = foo)llz2(arirny + 1 = foollLoo (arirny < €.

Thus, if p is any conformal diffeomorphism of (M, g), then the preceding condition
on f, foo holds if and only if the harmonic maps f o g, foo © p obey

|d(f o9 — foo 0 @)IL2armmy + 1f 0 9 — foo 0 pllLoe(arirm) < €.
Hence, the constants, Z,0,60 in Theorem [I] are in this sense independent of the
action of the conformal group of (M, g) on harmonic maps from M to N.
Theorem [I] may be viewed, in part, as a generalization of the following energy
gap result due to Sacks and Uhlenbeck and who do not require that the target
manifold be real analytic.

Theorem 1.2 (Energy gap near the constant map). [34, Theorem 3.3] Let (M, g)
be a closed Riemann surface and (N, h) be a closed, smooth Riemannian manifold.
Then there is a constant, € > 0, such that if f € C®(M;N) is harmonic and
Egn(f) < e, then f is a constant map and &y p(f) = 0.

The Sacks—Uhlenbeck Energy Gap Theorem has been generalized by Brand-
ing [l Lemma 4.9] and by Jost and his collaborators [9, Proposition 4.2], [25, Propo-
sition 5.2] to the case of Dirac-harmonic pairs. Theorem ensures positivity of
the constant A in the

Definition 1.3 (Dirac—Planck constant). Let (N, h) be a closed, smooth Riemann-
ian manifold. Then A denotes the least energy of a non-constant C°° map from
(52, ground) into (N, h), where grouna is the standard round metric of radius one on

S2.

The energy gap near the ‘ground state’ characterized by the constant maps from
(52, ground) to (N, h) appears to be unusual in light of the following counter-example
due to Li and Wang [27] when (N, k) is only C*° rather than real analytic.

Example 1.4 (Non-discreteness of the energy spectrum for harmonic maps from S2
into a smooth Riemannian manifold with boundary). (See [27, Section 4].) There
exists a smooth Riemannian metric h on N = S§? x (—1,1) such that the energies
of harmonic maps from (52, grounda) to (IV,h) have an accumulation point at the
energy level 4, where, ground denotes the standard round metric of radius one.

Thus we would not expect Theorem [ to hold when the hypothesis that (N, h)
is real analytic is omitted, except for the case where f., is a constant map. On the
other hand, when (N, h) is real analytic, one has the following conjecture due to
Lin [28].

Conjecture 1.5 (Discreteness for energies of harmonic maps from closed Riemann
surfaces into analytic closed Riemannian manifolds). (Lin [28, Conjecture 5.7].)
Assume the hypotheses of Theorem [ and that (M, g) is the two-sphere, S?, with its



RELATIVE ENERGY GAP FOR HARMONIC MAPS 3181

standard, round metric. Then the subset of critical values of the energy function,
Eyn : C(S?% N) — [0,00), is closed and discrete.

One may therefore view Theorem [l as supporting evidence of the validity of
Conjecture In the special case that N is the Lie group U(n) with n > 2 and
its standard Riemannian metric, Valli [48, Corollary 8] has shown (using ideas of
Uhlenbeck [46]) that the energies of harmonic maps from (52, ground) into U(n) are
integral multiples of 8x. If (N, h) has non-positive curvature sectional curvature,
then Adachi and Sunada [I, Theorem 1] have shown that Conjecture L5 holds when
(M, g) is any closed Riemann surface.

1.1. Outline of the article. In Section 2] we review the Lojasiewicz—Simon gra-
dient inequality for the harmonic map energy function based on results of the
author and Maridakis [I2] and Simon [38,39]. In Section Bl we prove certain a
priori estimates for the difference of two harmonic maps and, with the aid of the
Lojasiewicz—Simon gradient inequality, complete the proof of Theorem [Il

2. LOJASIEWICZ—SIMON GRADIENT INEQUALITY FOR THE HARMONIC MAP
ENERGY FUNCTION

In this section, we closely follow our treatment of the Lojasiewicz—Simon gradient
inequality for abstract and harmonic map energy functions provided by the author
and Maridakis in [I2] Sections 1.1, 1.2, and 1.4]. Useful references for harmonic
maps include Eells and Lemaire [I0,[I1], Hamilton [16], Hélein [17], Hélein and
Wood [18], Jost [20H24], Moser [30], Parker [33], Sacks and Uhlenbeck [34][35],
Schoen [36], Simon [40], Struwe [42], Urakawa [47], and Xin [49], and the citations
contained therein.

When clear from the context, we omit explicit mention of the Riemannian metrics
gon M and h on N and write & = &, . Although initially defined for smooth
maps, the energy function & in (LLI]), extends to the case of Sobolev maps of class
W12, To define the gradient, .# = .#,, of the energy function & in (1) with
respect to the L? metric on C°°(M; N), we first choose an isometric embedding,
(N, h) C R™ for a sufficiently large n (courtesy of the isometric embedding theorem
due to Nash [31]), and recall that] by [40, Equations (2.2)(i) and (ii)]

(1 M () o qar gy = &' (D) = S8 (x(f + 1)

= (u, A_qf)[ﬂ(]\/LQ)
= (u7 dﬂ'h(f)Agf)L%M,g)

for all w € C°°(M; f*TN), where 7, is the nearest point projection onto N from a
normal tubular neighborhood and dmy,(y) : R® — T, N is an orthogonal projection
for all y € N. By [I7, Lemma 1.2.4], we have

(2.1) AM(f) = dmn(f)Dgf = Dgf — An(f)(df, df),
as in [40, Equations (2.2)(iii) and (iv)]. Here, A; denotes the second fundamental
form of the isometric embedding, (N, h) C R™, and

1 0 of
— _di = ——— Y e
(2.2) Ay = —divy grad, = d"9d Toig 07 (x/detg 81:0‘)

LCompare [24, Equations (8.1.10) and (8.1.13)], where Jost uses variations of f of the form
exp g (tu).

t=0



3182 PAUL M. N. FEEHAN

denotes the Laplace—Beltrami operator for (M, g) (with the opposite sign convention
to that of [8, Equations (1.14) and (1.33)]) acting on the scalar components f* of
f = (fY...,f") and the {#*} denote local coordinates on M. As usual, the
gradient vector field, grad, f* € C*°(T'M), is defined by (grad, f*,&), := df*(€) for
all £ € C°(TM) and 1 < i < n and the divergence function, div,§ € C*°(M;R),
by the pointwise trace, divy & := tr(n — Vgn), for all n € C*°(TM).

Given a smooth map, f : M — N, an isometric embedding, (N,h) C R", a
non-negative integer k, and constant p € [1,00), we define the Sobolev norms,

n

1/p
Hf”W’“vT’(M;]R") = (Z |fz||1{:[/k,p(M;Rn)> )

i=1

with
1/p

k
HfiHka(M;]R”) = Z/ [(V9)I fi|P dvol, ;
=M

where V9 denotes the Levi-Civita connection on T'M and all associated bundles
(that is, T*M and their tensor products), and if p = co, we define

n k
||fHW’°’°°(M;R") = Z ZQSS supyy [(V9) ).
i=1 j=0
If k = 0, then we denote || f|lworasrry = ||fllLr(arrn). For p € [1,00) and non-

negative integers k, we use [2, Theorem 3.12] (applied to W*?(M;R") and noting
that M is a closed manifold) and Banach space duality to define

Wk (M RY) = (WEP(M;R™)),

where p’ € (1,00] is the dual exponent defined by 1/p + 1/p’ = 1. Elements
of the continuous Banach dual space, (WP (M;R"™))*, may be characterized via
[2] Section 3.10] as distributions in the Schwartz space, 2'(M;R™) [2, Section 1.57].

Spaces of Hélder continuous maps, C¥*(M; N) for A € (0,1) and integers k > 0,
and norms,

[ fllcws (arrn),

may be defined as in [2, Section 1.29].

We note that if (N, h) is real analytic, then the isometric embedding, (N, h) C

R™, may also be chosen to be analytic by the analytic isometric embedding theorem
due to Nash [32], with a simplified proof due to Greene and Jacobowitz [19]).

Definition 2.1 (Harmonic map). (See [I7, Definition 1.4.9].) A map f €
WL2(M; N) is called weakly harmonic if it is a critical point of the L?-energy
functional (IIJ), that is,

E'(f)(w)=0 Yue C®(M;f*TN),
and a map f € W2P(M; N), for p € [1, 0], is called harmonic if
(2.3) Agf — Ap(df,df) =0 a.e. on M.

A well-known result due to Hélein [I7, Theorem 4.1.1] tells us that if M has
dimension d = 2, then f € C*(M;N); for d > 3, regularity results are far more
limited — see, for example, [I7, Theorem 4.3.1] due to Bethuel. From [12], we recall
the following theorem.
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Theorem 2.2 (Lojasiewicz—Simon gradient inequality for the energy function for
maps between pairs of Riemannian manifolds). (See [12] Theorem 5].) Let d > 2
and k > 1 be integers and p € (1,00) be such that kp > d. Let (M,g) and (N, h)
be closed, smooth Riemannian manifolds, with M of dimension d. If (N, h) is real
analytic (respectively, C>®) and f € W*P(M;N), then the gradient map .4 in
@) for the energy function, & : WEP(M; N) — R, in (L),

WHFP(M;N) 3 f s H(f) € WE=2P(M; f*TN) c WF=2P(M;R"),

is a real analytic (respectively, C*) map of Banach spaces. If (N, h) is real analytic
and foo € WFP(M; N) is a weakly harmonic map, then there are positive constants
Z € (0,00), and o € (0,1], and 0 € [1/2,1), depending on f, g, h, k, p, with the
following significance. If f € W*P(M; N) obeys

(2.4) If = foollwerarrny < 0,
then the gradient A in (21)) of the harmonic map energy function & in (1)) obeys
(2.5) [t (N)lwr—20ar o0y = ZIE(f) = E(fo) -

Remark 2.3 (On the hypotheses of Theorem [Z2)). When k = d and p = 1, then
WEL(M;R) € C(M;R) is a continuous embedding by [2, Theorem 4.12] and
WaL(M;R) is a Banach algebra by [2, Theorem 4.39]. In particular, W (M; N)
is a real analytic Banach manifold by [I2] Proposition 3.2] and the harmonic map
energy function, & : W% (M; N) — R, is real analytic by [IZ, Proposition 3.5].
However, the operator .#'(fs) : WL (M; f2 TN) — We=2Y(M; f2 TN) may not
be Fredholm.

Theorem 22 extends a version of the Lojasiewicz—Simon gradient inequality that
is stated by Simon in [39, Equation (4.27)] and can be derived from his more general
[38, Theorem 3].

Theorem 2.4 (Lojasiewicz—Simon gradient inequality for the energy function for
maps between pairs of Riemannian manifolds). (See [I12], Corollary 6], [38, Theorem
3], B9, Equation (4.27)].) Let d > 2 and X € (0,1) be constants, let (M,g) be a
closed, smooth Riemannian manifold of dimension d, and (N, h) is a closed, real
analytic Riemannian manifold. If foo € C**(M; N) is a harmonic map, then there
are positive constants Z € (0,00), and o € (0,1], and 6 € [1/2,1), depending on
foos 95 B, X, with the following significance. If f € C*(M; N) obeys

(2.6) 1f = follo2r(armny < 0,
then the gradient A in (2.1)) of the harmonic map energy function & in (1) obeys
(2.7) 12 ()| L2aasp-rv) = Z1E(f) = E(f0)I°

Remark 2.5 (Other versions of the Lojasiewicz—Simon gradient inequality for the
harmonic map energy function). Topping [45, Lemma 1] proved a Lojasiewicz-type
gradient inequality for maps, f : S? — S?, with small energy, with the latter
criterion replacing the usual small C2*(M;R™) norm criterion of Simon for the
difference between a map and a critical point. Topping’s result is generalized by
Liu and Yang in [29, Lemma 3.3]. Kwon [26, Theorem 4.2] obtains a Lojasiewicz-
type gradient inequality for maps, f : S? — N, that are W?2P?(S%;R")-close to a
harmonic map, with 1 < p < 2.
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When d = 2 in the hypotheses of Theorem 2.2] the reader will note that the two
cases that are most directly applicable to a proof of Theorem [] are omitted, namely
the cases k =2 and p =1 or k£ = 1 and p = 2, which are both critical since kp = d.
We shall briefly comment on each of these two cases.

When d = 2, k =1, and p = 2, it appears very difficult to verify the hypotheses of
[12, Theorem 2]. The analytical difficulties are very much akin to those confronted
by Hélein [I7] in his celebrated proof of smoothness of weakly harmonic maps from
Riemann surfaces. However, it is unclear that Hélein’s methods could be used to
extend Theorem to the case d =2, k=1, and p = 2.

Similarly, when d = 2, k = 2, and p = 1, it is very difficult to verify the hypothe-
ses of [I2] Theorem 2]. One might speculate that a version of Theorem could
hold if the role of the pair of Sobolev spaces, W2 (M; f* TN) and L*(M; f* TN),
were replaced by suitably defined local Hardy spaces. We refer the reader to Semmes
[37], Stein [41], and Taylor [44] for introductions to Hardy spaces of functions on
Euclidean space and to Hélein [I7] for their application to the problem of regularity
for weakly harmonic maps from Riemann surfaces. Auscher, McIntosh, and Morris
[3], Carbonaro, McIntosh, and Morris [7], and Taylor [43] provide definitions of
local Hardy spaces on Riemannian manifolds. However, the analytical difficulties
appear formidable in any such approach.

Fortunately, in our proof of Theorem [II we can apply Theorem with non-
critical Sobolev exponents, namely d = 2, k = 2, and p € (1,00) by exploiting
certain a priori estimates for harmonic maps similar to those used by Sacks and
Uhlenbeck [34].

Theorem is proved by the author and Maridakis in [I2] as a consequence
of a more general abstract Lojasiewicz—Simon gradient inequality for an analytic
function on a Banach space, namely [12] Theorem 2|, while Theorem 24 may be
deduced as a consequence of [I12] Theorem 2].

To state the abstract [12] Theorem 2], we let 2" be a Banach space and let
Z* denote its continuous dual space. We call a bilinear form, b : 2" x 2" — R,
definite if b(x,x) # 0 for all x € 2~ < {0}. We say that a continuous embedding
of a Banach space into its continuous dual space, j : 2 — 2%, is definite if the
pullback of the canonical pairing, 2" x 2" 3 (x,y) — (x,2(y)) x> — R, is a
definite bilinear form. (This hypothesis on the continuous embedding, 2~ C 27,
is easily achieved given a continuous embedding of 2" into a Hilbert space # but
the increased generality is often convenient.)

Definition 2.6 (Gradient map). (See [4, Section 2.5], [19} Definition 2.1.1].) Let
% C % be an open subset of a Banach space, 27, and let 2 be a Banach space
with continuous embedding, v C 2. A continuous map, .# : % — I, is called
a gradient map if there exists a C'' function, & : % — R, such that

(2.8) E'x)v= (v, M (x)axa- YreWU, vel,

where (-,-) 27 x 2~ is the canonical bilinear form on 2" x Z*. The real-valued
function, &, is called a potential for the gradient map, .Z .

Theorem 2.7 (Lojasiewicz—Simon gradient inequality for analytic functions on
Banach spaces). (See [12, Corollary 3].) Let 2 and 2 be Banach spaces with
continuous embeddings, Z C 2 C X*, and such that the embedding, Z C X',
is definite. Let % C Z be an open subset, let & : % — R be a C? function with
real analytic gradient map, M : U — X, and let xoo € U be a critical point of
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&, that is, M (xe0) = 0. If M (200) - X — Z is a Fredholm operator with index
zero, then there are constants, Z € (0,00), and o € (0,1], and 6 € [1/2,1), with the
following significance. If x € U obeys

(2.9) |z — 2ol 2 < o,
then
(2.10) [ (2)]| 7 > Z|6 () = & (200)|°

Theorem follows from Theorem 7] by choosing
X =WHrP(M; f£TN) and 2 =WF2P(M; fLTN).

Theorem [24] follows from Theorem when one can choose k > 1 and p € (1,00)
with kp > d so that there are continuous Sobolev embeddings, C**(M; f* TN) C
WHhP(M; f2 TN), and L*(M; f TN) C WF=2P(M; fX TN). For example, if d =
2, then k = p = 2 will do. For d > 2, we may choose k = 1 and d < p < o0
provided L?(M;R) c W~YP(M;R) is a continuous embedding or, equivalently,
WP (M;R) ¢ L*(M;R) is a continuous embedding, where p’ = p/(p — 1). Ac-
cording to [2 Theorem 4.12] when 1 < p’ < d, the latter embedding is continuous if
() =dp'/(d—p’) = dp/(d(p—1)—p) > 2. But we must choose p > d when k = 1in
Theorem 22 and if p = d, then dp/(d(p—1)—p) = d?/(d(d—1)—d) = d/(d—2) > 2
implies d > 2d—4 or d < 4. Hence, Theorem 2.2 implies Theorem [Z.4] when d = 2, 3
(the case d = 4 is excluded since p > d leads to d < 4 in the preceding inequali-
ties). For arbitrary d > 2, another abstract Lojasiewicz—Simon gradient inequality
[19, Theorem 2.4.2 (i)] due to Huang implies Theorem [Z4] with the choices

X =C*NM; fLTN), Z =CNM;fLTN), A =L*(M;fLTN),

and 7, = W22(M; f2TN) with & = Ay+1 in [19, Hypotheses (H1)-(H3), pages
34-35]. We refer the reader to [I3] for an exposition of Huang’s [I9, Theorem 2.4.2

(1))
Alternatively, our [I2] Theorem 3] implies Theorem [24] as we show in the proof
of [12| Corollary 6].

3. A PRIORI ESTIMATE FOR THE DIFFERENCE OF TWO HARMONIC MAPS

In this section, we give two proofs of Theorem [I] based on Theorems and
24 respectively. We begin with the

Lemma 3.1 (A priori W?2? estimate for the difference of two harmonic maps).
Let (M, g) be a closed Riemann surface, let (N, h) be a closed, smooth Riemannian
manifold, and let p € (1,2] be a constant. Then there is a constant C = C(g, h,p) €
[1,00) with the following significance. If f, foo € C(M;N) are harmonic maps
and ¢ =2p/(2 —p) € (2,00], then
(3.1) |If = foollwzr(arrny
< O (Idf [l a(rrmny + NdfoollLa(armny + 1) | f = foollwrzarmny-
Proof. Because f and fo, are harmonic, equation (Z3)) implies that
Agf - Ah(dfa df) = Oa
Agfoo — An(dfso, dfsc) = 0,
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and, therefore,

(3'2) Aq(f - foo) - Ah(df7 d(f - foo)) - Ah(d(.f - foo)a dfoo) =0.

Because 1/p = 1/2+ 1/q by hypothesis, the preceding equality yields the estimate,
1Ag(f = foo)llLrariny < C ([ldf | Laqarrny + Nl dfool|Laarmny) d(f = foo)llL2(armm)

with C = C(h) € [1,00). The standard a priori W?? estimate for an elliptic,
linear, scalar, second-order partial differential operator over a bounded domain in
Euclidean space [14, Theorem 9.13] yields the bound,

If = foollwzrumny < C (1A8g(f = foo)lzoarny + I1f = foollLoarirny) »

for a constant C = C(g,p) € [1,00). Combining the preceding two inequalities
gives

If = foollwzrarrny < C (ldf | Larrny + | dfoo || Laarny) 1[(f = foo) L2 (armmy

+ C\f = foollr(arirnys

for C' = C(g,h,p) € [1,00). Since p < 2, this yields the desired estimate. a
Lemma 3.2 (A priori W14 estimate for a harmonic map). Let (M, g) be a closed
Riemann surface, let (N,h) be a closed, smooth Riemannian manifold, and let
q € (2,00) be a constant. Then there is a constant € = €(g, h,q) € (0,1] with the
following significance. If f, foo € C°(M;N) are harmonic maps obeying (2,
then
(3.3) [fllwraarny <143 foollwraarn).

Proof. For p € (1,2) defined by p* := 2p/(2—p) = g, we observe that W?(M;R) C
Li(M;R) is a continuous Sobolev embedding by [2, Theorem 4.12]. Hence, the
estimate [B.1)) yields
Ilf = foollwraarrny < CIf — foollwzr(arirmy
< C ([ldf |l Lacarsrr)y + ldfoc | Laarmny + 1) 1f = Foollwrz(armn)-
Therefore,
||fHW1*q(M;]R") < ||f - fooHWl’q(M;R") + HfOO”leq(M;R")
< Olldf || paprmrmy ILf = foollwr2(arrmy
+ C (ldfoollaammy + 1) If = foollwr2arirny + | foollwra(arrny.-

Choosing € = €(g, h,q) < 1/(2C) in (I2) and applying rearrangement in the pre-
ceding inequality yields

I fllwraarrny < ldfoollaarirny + 14 2| foollwiia(azirny,
as desired. O

It remains to complete the

Proof of Theorem [l using Theorem 221 Combining the inequalities () and B3]
yields

If = foollwzearrny < C(1+ | focllwraarny) |f = Foollwriz(arrn).
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We now fix p € (1,2) and ¢ = 2p/(2 — p) (say with p = 3/2) and choose ¢ =
€(fsos g, ) € (0,1] in (T2) small enough that

eC (1 + ||foo||W1v‘1(M;R")) S a,
where the constant o € (0,1] is as in Theorem Consequently,

”f B fOOHWZP(M;]Rn) <o,

and the hypothesis (2.4) is satisfied. The Lojasiewicz—Simon gradient inequality
@3) (with d = k = 2) in Theorem [2.2] therefore yields

2 ()| Leuasporny = ZIE(f) = E(f0)I°-
But . (f) = 0 since f is harmonic and thus &(f) = &(fo)- O
It is possible to give an alternative proof of Theorem [l using Theorem 2.4] with

the aid of an elliptic bootstrapping argument to fulfill the stronger hypothesis ([2.6]).
We first observe that Lemma [3.1] can be strengthened to give

Lemma 3.3 (A priori W*? estimate for the difference of two harmonic maps).
Let (M, g) be a closed Riemann surface, let (N, h) be a closed, smooth Riemannian
manifold, let p € (1,00) be a constant, let k > 2 be an integer, and let foo €
C>®(M;N) be a harmonic map. Then there are constants € = €(fx,g,h, k,p) €
(0,1] and C = C(foo,9,h,k,p) € [1,00) with the following significance. If f €
C*(M;N) is a harmonic map that obeys (L2), then

(3.4) ILf = foollwrrarrny < CIf = foollwr2(arrny-

Proof. For k =2 and p € (1, 2], the conclusion follows by combining (8.1 and B.3]).
For k > 3 and p € (1, 00), the conclusion follows by taking derivatives of [B8.2) and
applying a standard elliptic bootstrapping argument. O

We can now give the

Proof of Theorem [ using Theorem 24l For p € (1,00) and A € (0,1) and large
enough k = k(g,p, \) > 2, there is a continuous Sobolev embedding, W*»(M;R") C
C?*(M;R™), and thus a constant C = C(g, k,p, \) € [1,00) such that

1f = foollezaarmny < CIf = foollwrr(arirry-
Combining the preceding inequality with (34 yields the bound
Ilf — foollezaarrny < Clf = foollwrzarrny,

for a constant C' = C(fwo, g, h, k,p, A) € [1,00) .
We now fix k, p, A and choose € = €(foo, g, h) € (0,1] in (I2)) small enough that
Ce < o, where the constant o € (0, 1] is as in Theorem 24l Consequently,

”f - fooHC2,/\(M;Rn) <o,

and the hypothesis (2.0) is satisfied. The Lojasiewicz—Simon gradient inequality
@7) in Theorem 24 therefore yields

2 ()| 2ar o0y = ZIE(f) = E(fo)|’
Again, . (f) = 0 since f is harmonic and thus &(f) = &(fo)- O



3188 PAUL M. N. FEEHAN

ACKNOWLEDGMENTS

The author is very grateful to the Institute for Advanced Study, Princeton, for
their support during the preparation of this article. The author thanks Sagun
Chanillo, Fernando Codd Marques, Joel Hass, Tobias Lamm, Paul Larain, Fang—
Hua Lin, Thomas Parker, Tristan Riviére, Michael Taylor, Peter Topping, Karen
Uhlenbeck, and especially Manousos Maridakis for helpful questions and comments
that influenced the development of this article.

REFERENCES

[1] Toshiaki Adachi and Toshikazu Sunada, Energy spectrum of certain harmonic mappings,
Compositio Math. 56 (1985), no. 2, 153-170. MR809864

[2] Robert A. Adams and John J. F. Fournier, Sobolev spaces, 2nd ed., Pure and Applied Math-
ematics (Amsterdam), vol. 140, Elsevier/Academic Press, Amsterdam, 2003. MR2424078

[3] Pascal Auscher, Alan McIntosh, and Andrew J. Morris, Calderdn reproducing formulas and
applications to Hardy spaces, Rev. Mat. Iberoam. 31 (2015), no. 3, 865-900. MR3420479

[4] Melvin S. Berger, Nonlinearity and functional analysis, Academic Press [Harcourt Brace
Jovanovich, Publishers], New York-London, 1977. Lectures on nonlinear problems in mathe-
matical analysis; Pure and Applied Mathematics. MR0488101

[5] Volker Branding, Some aspects of Dirac-harmonic maps with curvature term, Differential
Geom. Appl. 40 (2015), 1-13. MR3333092

[6] Volker Branding, The heat flow for the full bosonic string, Ann. Global Anal. Geom. 50
(2016), no. 4, 347-365. MR3573990

[7] Andrea Carbonaro, Alan McIntosh, and Andrew J. Morris, Local Hardy spaces of differential
forms on Riemannian manifolds, J. Geom. Anal. 23 (2013), no. 1, 106-169. MR3010275

[8] Isaac Chavel, Eigenvalues in Riemannian geometry, Pure and Applied Mathematics, vol. 115,
Academic Press, Inc., Orlando, FL, 1984. Including a chapter by Burton Randol; With an
appendix by Jozef Dodziuk. MR768584

[9] Qun Chen, Jirgen Jost, Jiayu Li, and Guofang Wang, Dirac-harmonic maps, Math. Z. 254
(2006), no. 2, 409-432. MR2262709

[10] J. Eells and L. Lemaire, A report on harmonic maps, Bull. London Math. Soc. 10 (1978),
no. 1, 1-68. MR495450,

[11] J. Eells and L. Lemaire, Another report on harmonic maps, Bull. London Math. Soc. 20
(1988), no. 5, 385-524. MR956352

[12] P. M. N. Feehan and M. Maridakis, ELojasiewicz—Simon gradient inequalities for ana-
lytic and Morse-Bott functionals on Banach spaces and applications to harmonic maps,
arXiv:1510.03817v6.

, Lojasiewicz—Simon gradient inequalities for coupled Yang—Mills energy functionals,
Memoirs of the American Mathematical Society, American Mathematical Society, Providence,
RI, in press, arXiv:1510.03815v4.

[14] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order,
2nd ed., Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Math-
ematical Sciences], vol. 224, Springer-Verlag, Berlin, 1983. MR737190

[15] Robert E. Greene and Howard Jacobowitz, Analytic isometric embeddings, Ann. of Math.
(2) 93 (1971), 189-204. MR0283728

[16] Richard S. Hamilton, Harmonic maps of manifolds with boundary, Lecture Notes in Mathe-
matics, Vol. 471, Springer-Verlag, Berlin-New York, 1975. MR0482822

[17] Frédéric Hélein, Harmonic maps, conservation laws and moving frames, 2nd ed., Cambridge
Tracts in Mathematics, vol. 150, Cambridge University Press, Cambridge, 2002. Translated
from the 1996 French original; With a foreword by James Eells. MR1913803

[18] Frédéric Hélein and John C. Wood, Harmonic maps, Handbook of global analysis, Elsevier
Sci. B. V., Amsterdam, 2008, pp. 417-491, 1213. MR2389639

[19] Sen-Zhong Huang, Gradient inequalities, Mathematical Surveys and Monographs, vol. 126,
American Mathematical Society, Providence, RI, 2006. With applications to asymptotic be-
havior and stability of gradient-like systems. MR2226672



http://www.ams.org/mathscinet-getitem?mr=809864
http://www.ams.org/mathscinet-getitem?mr=2424078
http://www.ams.org/mathscinet-getitem?mr=3420479
http://www.ams.org/mathscinet-getitem?mr=0488101
http://www.ams.org/mathscinet-getitem?mr=3333092
http://www.ams.org/mathscinet-getitem?mr=3573990
http://www.ams.org/mathscinet-getitem?mr=3010275
http://www.ams.org/mathscinet-getitem?mr=768584
http://www.ams.org/mathscinet-getitem?mr=2262709
http://www.ams.org/mathscinet-getitem?mr=495450
http://www.ams.org/mathscinet-getitem?mr=956352
http://www.ams.org/mathscinet-getitem?mr=737190
http://www.ams.org/mathscinet-getitem?mr=0283728
http://www.ams.org/mathscinet-getitem?mr=0482822
http://www.ams.org/mathscinet-getitem?mr=1913803
http://www.ams.org/mathscinet-getitem?mr=2389639
http://www.ams.org/mathscinet-getitem?mr=2226672

[20]

21]

22]

23]

[24]

[25]

[26]
27)
(28]
29]
(30]
(31]
(32]
33]
34]
35]

(36]

37]
(38]

(39]

[40]

[41]

(42]

RELATIVE ENERGY GAP FOR HARMONIC MAPS 3189

Jirgen Jost, Harmonic mappings between Riemannian manifolds, Proceedings of the Cen-
tre for Mathematical Analysis, Australian National University, vol. 4, Australian National
University, Centre for Mathematical Analysis, Canberra, 1984. MR756629

Jirgen Jost, Harmonic maps between surfaces, Lecture Notes in Mathematics, vol. 1062,
Springer-Verlag, Berlin, 1984. MR754769

Jirgen Jost, Two-dimensional geometric variational problems, Pure and Applied Mathemat-
ics (New York), John Wiley & Sons, Ltd., Chichester, 1991. A Wiley-Interscience Publication.
MR1100926

Jiirgen Jost, Unstable solutions of two-dimensional geometric variational problems, Differen-
tial geometry: partial differential equations on manifolds (Los Angeles, CA, 1990), Proc. Sym-
pos. Pure Math., vol. 54, Amer. Math. Soc., Providence, RI, 1993, pp. 205-244. MR 1216586
Jirgen Jost, Riemannian geometry and geometric analysis, 6th ed., Universitext, Springer,
Heidelberg, 2011. MR2829653

J. Jost, L. Liu, and M. Zhu, Geometric analysis of the action functional of the nonlinear
supersymmetric sigma model, (2015), Max Planck Institute for Mathematics in the Sciences
preprint, www.mis.mpg.de/de/publications/preprints/2015/prepr2015-77.html.
Heaseung Kwon, Asymptotic convergence of harmonic map heat flow, ProQuest LLC, Ann
Arbor, MI, 2002. Thesis (Ph.D.)-Stanford University. MR2703296

Yuxiang Li and Youde Wang, A counterezample to the energy identity for sequences of a-
harmonic maps, Pacific J. Math. 274 (2015), no. 1, 107-123. MR3320872

Fanghua Lin, Mapping problems, fundamental groups and defect measures, Acta Math. Sin.
(Engl. Ser.) 15 (1999), no. 1, 25-52. MR1701132

Qingyue Liu and Yunyan Yang, Rigidity of the harmonic map heat flow from the sphere to
compact Kahler manifolds, Ark. Mat. 48 (2010), no. 1, 121-130. MR2594589

Roger Moser, Partial regularity for harmonic maps and related problems, World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, 2005. MR2155901

John Nash, The imbedding problem for Riemannian manifolds, Ann. of Math. (2) 63 (1956),
20-63. MR0075639

J. Nash, Analyticity of the solutions of implicit function problems with analytic data, Ann.
of Math. (2) 84 (1966), 345-355. MR0205266

Thomas H. Parker, Bubble tree convergence for harmonic maps, J. Differential Geom. 44
(1996), no. 3, 595-633. MR 1431008

J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Ann. of Math.
(2) 113 (1981), no. 1, 1-24. MR604040

J. Sacks and K. Uhlenbeck, Minimal immersions of closed Riemann surfaces, Trans. Amer.
Math. Soc. 271 (1982), no. 2, 639-652. MR654854

Richard M. Schoen, Analytic aspects of the harmonic map problem, Seminar on nonlinear
partial differential equations (Berkeley, Calif., 1983), Math. Sci. Res. Inst. Publ., vol. 2,
Springer, New York, 1984, pp. 321-358. MR765241

Stephen Semmes, A primer on Hardy spaces, and some remarks on a theorem of Evans and
Miiller, Comm. Partial Differential Equations 19 (1994), no. 1-2, 277-319. MR1257006
Leon Simon, Asymptotics for a class of nonlinear evolution equations, with applications to
geometric problems, Ann. of Math. (2) 118 (1983), no. 3, 525-571. MR727703

Leon Simon, Isolated singularities of extrema of geometric variational problems, Harmonic
mappings and minimal immersions (Montecatini, 1984), Lecture Notes in Math., vol. 1161,
Springer, Berlin, 1985, pp. 206-277. MR821971

Leon Simon, Theorems on reqularity and singularity of energy minimizing maps, Lectures in
Mathematics ETH Ziirich, Birkhauser Verlag, Basel, 1996. Based on lecture notes by Norbert
Hungerbiihler. MR1399562

Elias M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory in-
tegrals, Princeton Mathematical Series, vol. 43, Princeton University Press, Princeton, NJ,
1993. With the assistance of Timothy S. Murphy; Monographs in Harmonic Analysis, III.
MR1232192

Michael Struwe, Variational methods, 4th ed., Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and
Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 34, Springer-
Verlag, Berlin, 2008. Applications to nonlinear partial differential equations and Hamiltonian
systems. MR2431434


http://www.ams.org/mathscinet-getitem?mr=756629
http://www.ams.org/mathscinet-getitem?mr=754769
http://www.ams.org/mathscinet-getitem?mr=1100926
http://www.ams.org/mathscinet-getitem?mr=1216586
http://www.ams.org/mathscinet-getitem?mr=2829653
www.mis.mpg.de/de/publications/preprints/2015/prepr2015-77.html
http://www.ams.org/mathscinet-getitem?mr=2703296
http://www.ams.org/mathscinet-getitem?mr=3320872
http://www.ams.org/mathscinet-getitem?mr=1701132
http://www.ams.org/mathscinet-getitem?mr=2594589
http://www.ams.org/mathscinet-getitem?mr=2155901
http://www.ams.org/mathscinet-getitem?mr=0075639
http://www.ams.org/mathscinet-getitem?mr=0205266
http://www.ams.org/mathscinet-getitem?mr=1431008
http://www.ams.org/mathscinet-getitem?mr=604040
http://www.ams.org/mathscinet-getitem?mr=654854
http://www.ams.org/mathscinet-getitem?mr=765241
http://www.ams.org/mathscinet-getitem?mr=1257006
http://www.ams.org/mathscinet-getitem?mr=727703
http://www.ams.org/mathscinet-getitem?mr=821971
http://www.ams.org/mathscinet-getitem?mr=1399562
http://www.ams.org/mathscinet-getitem?mr=1232192
http://www.ams.org/mathscinet-getitem?mr=2431434

3190 PAUL M. N. FEEHAN

[43] Michael Taylor, Hardy spaces and BMO on manifolds with bounded geometry, J. Geom. Anal.
19 (2009), no. 1, 137-190. MR2465300

[44] Michael E. Taylor, Tools for PDE, Mathematical Surveys and Monographs, vol. 81, American
Mathematical Society, Providence, RI, 2000. Pseudodifferential operators, paradifferential
operators, and layer potentials. MR1766415

[45] Peter Miles Topping, Rigidity in the harmonic map heat flow, J. Differential Geom. 45 (1997),
no. 3, 593-610. MR1472890

[46] Karen Uhlenbeck, Harmonic maps into Lie groups: classical solutions of the chiral model, J.
Differential Geom. 30 (1989), no. 1, 1-50. MR1001271

[47] Hajime Urakawa, Calculus of variations and harmonic maps, Translations of Mathematical
Monographs, vol. 132, American Mathematical Society, Providence, RI, 1993. Translated from
the 1990 Japanese original by the author. MR1252178

[48] Giorgio Valli, On the energy spectrum of harmonic 2-spheres in unitary groups, Topology 27
(1988), no. 2, 129-136. MR948176

[49] Yuanlong Xin, Geometry of harmonic maps, Progress in Nonlinear Differential Equations
and their Applications, vol. 23, Birkhaduser Boston, Inc., Boston, MA, 1996. MR1391729

DEPARTMENT OF MATHEMATICS, RUTGERS, THE STATE UNIVERSITY OF NEW JERSEY, 110 FREL-
INGHUYSEN ROAD, PiscaTawAy, NEw JERSEY 08854-8019
Email address: feehan@math.rutgers.edu


http://www.ams.org/mathscinet-getitem?mr=2465300
http://www.ams.org/mathscinet-getitem?mr=1766415
http://www.ams.org/mathscinet-getitem?mr=1472890
http://www.ams.org/mathscinet-getitem?mr=1001271
http://www.ams.org/mathscinet-getitem?mr=1252178
http://www.ams.org/mathscinet-getitem?mr=948176
http://www.ams.org/mathscinet-getitem?mr=1391729

	1. Introduction
	1.1. Outline of the article

	2. Łojasiewicz–Simon gradient inequality for the harmonic map energy function
	3. A priori estimate for the difference of two harmonic maps
	Acknowledgments
	References

