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A NOTE ON CONSTRUCTING FAMILIES OF SHARP
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ABSTRACT. In this note we analyse LP estimates for Laplacian eigenfunctions
and quasimodes and their associated sharp examples. In particular, we use
previously determined estimates to produce a new set of estimates for restric-
tion to thickened neighbourhoods of submanifolds. In addition, we produce
a family of flat model quasimode examples that can be used to determine
sharpness of estimates on Laplacian eigenfunctions restricted to subsets. For
each quasimode in the family we show that there is a corresponding spherical
harmonic that displays the same growth properties. Therefore it is enough to
check LP growth estimates against the simple flat model examples. Finally,
we present a heuristic that for any subset determines which quasimode in the
family is expected to produce sharp examples.

Let (M, g) be a Riemannian manifold and let A = A, be the (positive) Laplace—
Beltrami operator defined by the metric. There has been much recent interest
(for example [1I, [3], [5], [7], [8], [©9], [L0]) in understanding how the LP norms of
Laplacian eigenfunctions

Au = \u
grow for large A. In particular in comparing the LP estimates over the full manifold
with that on subsets. The results in this area produce estimates of the form

”u"Lp(X) S AP0 ”u”L2(M) 5

where X is a subset of M (not necessarily of full dimension). Is is often instructive
to translate this to a semiclassical problem where A™' = h and wu is a solution to
the semiclassical equation (h?A — 1)u. In fact, for a number of technical reasons,
it is more customary to consider approximate solutions, that is, u, such that

”(hQA — 1)u||L2(1\/[) S h ||uHL2(]\/[) :

The purpose of this note is twofold:

(1) To examine the known estimates and associated sharp examples and ob-
tain new sharp estimates by “cheap” techniques (such as the application of
Hélder’s inequality or interpolation).

(2) To describe how to construct families of examples to examine questions of
sharpness both for the flat model cases and for spherical harmonics.
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In particular, we will obtain LP estimates where X is a thickened region of a sub-
manifold. The examples we construct will show that these estimates are sharp (up
to a possible log loss). The spherical harmonic examples have the advantage of
being exact eigenfunctions, however, they are not so easy to write down explicitly.
The flat model examples are in contrast very easy to explicitly produce. The flat
model also has the advantage that for any given p (with knowledge of the semiclas-
sical version of the L estimate proof) it is easy to determine which functions in the
family will give rise to sharp examples. We will show that every flat model example
has a matching spherical harmonic which shares all relevant features. Therefore
any result that is sharp under the flat model is sharp under spherical harmonics.
Finally we discuss how, given any particular p, one predicts which example will give
rise to sharp estimates.
The whole and submanifold estimates are as follows:

”“"Lp(x) N h=o(nkop) HUHL2(M)

for X a k-dimensional smooth submanifold if k < n and for X = M if k = n. The
function 6(n, k, p) is given by

n=1_n 2(n+1)
5("”1‘))_{ 21 P nt §2Z()§1)oo’
L n— n— n
T T 2SpS i
n-1 __n=-1 2n_
S(n,n—1,p) =4 2 p w1 SPS
’ P n-l__ n=2 9 . < 2n
1 2 P>
and for k < n — 2,
n—1

k
d(n, k,p) = +5 2 < p<oo.

In the case k < n —3 or n = 3,k = 2 the p = 2 estimate is included; otherwise,
there is a logarithmic loss
n—1+k

lulpexy S P~ log Al [u] L2 -

~

These estimates are due to

e Sogge [9] for LP estimates over the full manifold and Koch-Tataru-Zworski
[7] for the semiclassical problem.
e Burq-Gérard-Tzevtkov [I] for LP estimates of eigenfunctions on submani-
folds and Tacy [10] for the semiclassical problem.
e Chen-Sogge [3] for the endpoint estimate (n, k,p) = (3,2, 2).
It is well known that these estimates are saturated for high p by the zonal harmonics
and for low p by the highest weight harmonics. The key features that saturate the
estimates are a point concentration and a tube concentration (see Figures[Iland [2]).
Zonal harmonics have a point concentration at their north pole while highest weight
harmonics are highly concentrated in an h% width tube around a great circle.
These two examples alone are sometimes enough to analyse sharp L? behaviour.
We demonstrate this for restriction of eigenfunctions to sets near submanifolds. For
> a smooth k-dimensional submanifold of M, let ¥z be the set

Yp={zr € M|dz,X) < h’},

where d is the usual distance associated with the metric g. We want an estimate of

the form

[ul oy S BT Jul o agy
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FIGURE 2. Concentration in a tube

for u a Laplacian eigenfunction or of a quasimode of h?A, — 1. We first make some
observations using prior results and the point/tube examples. These observations
will enable us to determine o(n, k,p, 8) in many cases.

Observation 1. Clearly the LP norm of u on X3 must be bounded by the L? norm
of u on M. Therefore for all p we have

(1) Hu”Lp(zﬁ) S hotmmr) ||U||L2(M) :

The question is then whether this can be improved. We must therefore first ask
whether the known point and tube features fit inside ¥3. If they do we can expect
no better estimates that ().

Observation 2. Since both the tube and point features can be placed inside g
where 8 < %, we know immediately that there can be no better estimates in this
case.

Observation 3. Writing x € M as x = (y, z), where ¥ = {(y,2) € M | z = 0}, we

see that
/ |ulPdx < sup /|u\pdy ></ dz
Sy 2| <ch? 2| <chs

< p—pé(n:k.p) , B(n—k)
So we may also say that

—5(n,k,p)+ 2= |

(2) leloz,) S P [l 2 ar) -

If for all |z| < h? the submanifold estimate is sharp, we cannot expect to do better

than ().
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Observation 4. Eigenfunctions and quasimodes have the property that they os-
cillate with frequency on the order h~!; therefore, they cannot change much in a
region of size h. This means that the estimate of (2]) is the best we may expect for
[ > 1 and in fact we see that this is indeed the case for both the point and tube
sharp examples.

From these four observations (along with interpolation from known results) we,
in Section 1, generate a full set of LP(X3). In Section 2l we construct a family of
sharp quasimode examples in the flat model case that prove these LP estimates
to be sharp. In Section Bl we show that on the sphere we can construct exact
eigenfunctions with the same properties as the sharp quasimode examples which
means that, in any situation, we may check estimates against the flat model. In
Section Ml we discuss how, given knowledge of the semiclassical techniques employed
to prove the whole and submanifold estimates, one chooses the correct example to
get a sharp quasimode.

1. L? ESTIMATES ON Xg

In this section we use our four observations along with known results to prove a
full range of L? estimates for ¥ 3. Taken together, Observations 2 and 4 tell us that
there are no nontrivial estimates outside % < B <1, so we focus on this region. In
the case that ¥ is a hypersurface we obtain the following bounds.

Theorem 1.1. Suppose u is an Op2(h) quasimode of h>A — 1 on a Riemannian
manifold (M, g). Further, for ¥ a smooth embedded hypersurface in M and % <
B<1, letYg={xeM|dzX)<h’}. Then

||U||Lp(25) < hmotmnmle) ”UHL2(M) )
where
é(nanvp) p > 2(T’Lflj11),
o(n,n—1,p, )= 2g - Htl 4 L 2 < p < 2000,
6(”,%—1,}?)—% QSPS%

Proof. From Observation 1 we know that u must obey the full manifold estimates.
Since f > 1 we may always fit the point type example into Xg, so we cannot
expect better estimates than those arising from a point concentration. So we know
that if p > % we cannot expect better estimates than those from over the full
manifold. That is,

2(n—|—1).

-1 =9 >
o(n,n—1,p,B) =d(n,n,p), p=——-—

The sharp example for the low p (that is, 2 < p < %) hypersurface estimates is
the tube oriented with its long direction along the hypersurface. Since this example
has relatively constant size in a 1 x hz region, the estimates of Observation 3 are
the best we could expect in this range of p. That is,

2n

0(n7n_17p76):5(n7n_17p)_§ 2§p§
p

n—1
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Therefore the only unknown estimates are those between 2—” and :+11). We

interpolate between the estimate for pQ(nH) and p = % to obtam
2(n+1
6(TL,TL,p) p Z (yzljl)v
-1 1 2(n+1
o(n,n—1,p,B) = Aot At L Lo <y < 2ntl),
B 2
5(n,n—1,p)—; 2<p< A

Since Observations 1 and 3 (along with the known sharp examples for manifolds
and hypersurfaces) tell us that we have sharp examples for p > 2(:4'11) and p < 2"1,
the only question remaining is whether the intermediate bounds obtained through
interpolation are sharp. In Section [2 we will construct model quasimodes that
demonstrate sharpness. The results of Section Bl guarantee that there are exact
eigenfunctions on the sphere that are also sharp. ([l

Where ¥ is a lower-dimensional submanifold we obtain the following.

Theorem 1.2. Suppose u is an Opz(h) quasimode of h?A — 1 on a Riemannian
manifold (M, g). Further, for & a smooth embedded submanifold of dimension k <
n—3inM and L <B <1, let Sg={x € M|d(z,X) <hP}. Then

"U'HLP (Sg) ~ S hotmke) ||U||L2 (M) >

where
3(n,n, p) p> 2,
O'(TL, kapv B) = {B(nl) B(n—1) 1 " 12(n+1)
2 Tty 2sPsTier
If k = n — 2 the same result holds for p > (n+1) , and it holds with a log loss when
p< (n+11)'

Proof. Again Observation 1 along with the point sharp example tells us that if
p > % we cannot expect better estimates than those from the full manifold.
Therefore
2(n+1)
U(n7kap76):5(nan7p)a pZ (7
n—1

The sharp submanifold restriction examples, however, are the point type eigen-
functions. This feature only persists for an O(h) region, so when § < 1 we cannot
expect to get sharp examples for low p from Observation 3. However Burq and
Zuily [2] have, in the case k < n — 3, obtained

_1
lul 2(s) S B2 Tul 2oy

and that when k = n—2 the same result holds with a log loss. so we may interpolate

from this point to obtain

> 2(n+1)

6(n7n7p) ?
o(n, k,p, B) = {;a( 0 Be1) 1 e ama)
R R e

We know that the high p estimates are sharp. In Sections 2] and [B] we show that
the low p estimates (modulo the log loss) are also sharp. ([l
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2. FLAT MODEL EXAMPLES

We study the flat model, that is, localised quasimodes of the Laplacian in R"™,
to gain insight into sharp examples. Such quasimodes can be easily produced
on the Fourier side. In keeping with the semiclassical theme we use the rescaled
semiclassical Fourier transform,

Frlu](§) = m /R" e_%@’@u(x) dx.
This operator has the property that

Fu [hDa,] = & Fnlu]
and

[Fnlull gz = ful = -

The development of flat model examples was discussed in [4]. We include it here
for the reader’s convenience.
Suppose that u is an L? normalised Oy2(h) quasimode of Ag». We must have

H(‘§|2 - 1)]:h[u]||L2(Rn) Sh,

thus 7y, [u] must be located near the sphere of radius 1 in the {-variables. We create
a family of quaismodes indexed by « which controls the degree of angular dispersion
of £&. Write € = (r,w), where w € S™~! and set the coordinate system so that wp
corresponds with the unit vector in the &; direction. Let

A )1 if =1 < by Jw —wo| < b,
Xa (T w) = .
0 otherwise.

Then set
fa() = fa(rw) = k127D ().
Note that f" is L? normalised. Now set

1

T (2) = Fp H[f1](2) = (ZRE

JRCASFAGES

T is an L? normalised O(h) quasimode of Agn. We may write

/e%(xl(51—1>+<x’,f’>)xa(§)dg.

Note that if |x1] < eh! ™2 and |2'| < eh! = for sufficiently small € > 0, the factor

h—l/2—a(n—1)/2—n/26%;c1

(2m)"/?

T (2) =

e @@+ E))

does not oscillate, so in this region (shown in Figure [B])

|T£L({E)| > Chf(nfl)/2+a(n71)/2.

We claim that when a = 1 — 3 the function T, saturates the L” estimates for Xz
< 2(n+1)
< ST
2(n+1)
n—1 -

in the case where ¥ is a hypersurface and % <p as well as the case

where ¥ is a lower-dimensional submanifold and p <
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FIGURE 3. T! is localised so that it is large in an h'72% x
(ht=*)"=1 tube.

Example 2.1. We choose coordinates such that when we write x € M as x = (y, 2),
Y ={(y,2) € M | z=0}. By setting @ = 1 — 8 we produce a function that has a
h?A=1 x h? tube where
ITy_g| > ch= 2
Rotations and translations of T, are still quasimodes, so we may align it so that
the long direction lies in the submanifold. Therefore we have
Il o,y > eh™ " T

_Bn=1) y Bntl) 1
= C 2 + P P,

as required.

One could obtain this example by calculating lower bounds for the LP norm
for every o and then maximising. However, by understanding the heuristics of
the semiclassical proof one can immediately select the correct scale to find sharp
examples in any situation. We discuss this heuristic in Section @

3. FROM QUASIMODES TO EXACT EIGENFUNCTION

While they are easy to work with, the quasimodes T}, only show us that estimates
are sharp for quasimodes of the flat Laplacian. However, we can construct exact L?
normalised eigenfunctions ¢, on the sphere that have all the relevant properties of
T,,. That is, they have an h' 2% x h1=®)(»=1) yegion where |¢o| > ch™ 2yt
Since this is the only property of T, used to prove sharp examples, this construc-
tion shows that any sharp examples from T, give rise to sharp examples of exact
eigenfunctions on the sphere. So any quasimode estimates that are sharp for the
family of flat quasimode examples T,, are also sharp (with exact eigenfunctions) on
the sphere.

To understand which spherical harmonics to pick we first re-express T, as a
sum of quasimodes, each of which has a Fourier transform localised in the angular
variables on the scale of h'/2. This is the localisation scale of T} s2- Note that

T' 2 is localised about the point (1,0,...,0). We can produce a function le/2 with

Fourier support in an h X hiE region of any &; € S"~1 by a rotation applied to
Fu(T1/2). The quasimode produced by this rotation is simply the standard T7 o
quasimode rotated so that the long axis lies along §;. Now fl(€) is supported in an
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he(»=1) angular region so we can cover this support with p(e=2)("=1) yotations of
FulT1)2]. Therefore T, can be thought of as a sum of h(e=2)=1) fynctions each
of which is a rotation of T} /5.

The flat Laplacian quasimodes 77/, resemble the tubular concentrations we see
in highest weight spherical harmonics. This leads us to the idea that we can create
a suitable ¢, by considering a sum of rotated highest weight spherical harmonics.
We write S™ as the subset of R"™! where |z| = 1. It is well known that the function

n—1 -
u(x) =j 7 (21 +izz)’
is a solution to the spherical Laplacian eigenfunction equation with j(j +n —1) =
A? = h=2. Further, if z = (21, 22, 7), then
[u(@)]® = 55 (1= [2?)7 = 75 I losC 1,
so u(x) is highly concentrated on the equation & = 0 with exponential decay when

|Z| > h'/2. The prefactor of j*=° ~ h™"7" ensures that |u|,» ~ 1. We produce
an example by summing rotations of u(x).

Proposition 3.1. For any ¢ > 0 and 0 < o < 1/2, there exists a ¢, such that
Asngo = j(j +1—1)do and po is given by

Nao
a(n—1) ] ] B o
(3) ¢a(1’):h7 2 z :(xl—'_lpk(x%"',l'n))jﬂ h 2:.7(.7+n_1)a
k=1

where Ny = en@=1/2=1) for some small but fized é dependent on € and Py is a
linear polynomial whose coefficients aj' obey
(1) [1— o] < eh®,
(2) o] < ch®, m#£2.
Further, there are constants ¢y and co so that
(4) a1 < [dalz < co
Proof. We construct ¢, by taking rotations of the standard highest weight harmonic
u(z) = (izy + 22)7.
For j = 3,...,n 4+ 1 we allow the rotation numbers s; to take values in the set

{R*2111=1,2,...,|eh®"Y/2]} (where € is some small but fixed number). For each
s; we define the associated rotation R, by

(st (QC))Q =14/ 1— S?fEQ + S5;Zj,

(Rs,(x)); = —sja0 4+ 4/1 — s?:cj,

(Rs, (%)) m = Tm, m#2,j.
Let )
o =h"" 7 Z uoR,, , (r)oRs, o---0R,,.
[$3,ySn+1]

We claim that ¢, has the necessary properties. Each individual term in the sum-
mand is an eigenfunction, so clearly ¢, is also an eigenfunction. Under the action
of each rotation R, (z), x1 is fixed, so it remains fixed under composition. Writing
the (n — 1)-tuple S = (s3,...,Sn+1) and denoting

Rs =R,  (v)oR,, o---0Ry,
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we see that

n+1 n+1 n+1

(5) (RS)2:x2 H 1—55 +Zl‘k8k H 1/1—5? .
Jj=3 k=3

j=k+1
Since each s; obeys |s;| < €h* by making € suitably small, we obtain the coefficient
bounds
|1 —ai| < eh?,
lap| < eh®, m #£2.
Therefore it remains only to prove the L? estimate. Note that there are h(@—1/2)(=1)

terms in the summand each with L2 norm of hnT_l, so (@) holds if for S # S’, uoRg
and u o Rg/ are suitably orthogonal. We define

|S — 8’| =sup|s; — s}
J

and claim that for any N > 0

|S—S'>‘N

n—1
(uoRs,uoRg/) <h™ 7 (1 T

Under a change of variables

r— Rg' =R,

1 -1
Sé)?)o...oR,

sn+17n+l’

this reduces to showing that

© |[ (o ko Rg @) u@)dntz)

From the arguments leading to (&) we can say that

a1 15 —s\ "
<nw (158

uo Rgo Rgl = (21 +iPs s (22, .. axn+1))ja

where Pg g is a linear polynomial in x9,...,%n41. Let k be such that |s; — s}| =

|S — 8’| and suppose that we have a lower bound on the z}, coefficient, a*(S, S’),
of

(7) la®(S,8")| > ¢|S —§'| for some ¢ > 0,

We will first assume (1) and use this to integrate by parts to show that (@) = (G]);
we then prove (@). Let 8§ = (01,...,0,) be a spherical coordinate system so that
60, € [0, 7] and the other ; € [0, 2] and

x, = cos(fy),

g1 = sin(y,)

xo = sin(d,,) - - - sin(fz) sin(6y),
x1 = sin(dy,) - - - sin(f2) cos(y).
Then
d(uo Rgo R
06,
= j(v1 4+ iPs,s5/ (T2, ..., ) (F(01,0,_1) cos(6y,) +ia® (S, S')sin(6y,)) .
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If we are suitably close to the region 6,, = 7/2 and (@) holds, we have the lower
bound

c
|F(61,05—1) cos(0,,) + ia*(S, ) sin(6,)] > 59— S|

and can use this factor to integrate by parts. On the other hand, away from the

region 0, = 7/2 we know that u(f) decays exponentially, so this contribution to

the integral must be small. We complete the argument then by cutting the integral

over S" into two pieces, one where we may integrate by parts and the other where

exponential decay dominates. Let x be a smooth cut off function supported in
|7] <2 and equal to one in |7| < 1. Consider first

/n (wo Rs o R5(6)) u(8)x (%) du(8).

On the support of x we can write

(sin(@,, - - - sin(fy) cos(61) + iPs s/ (0))
I

- j|S - 806,

where |G()| < 1. Therefore we can integrate by parts. Any time a derivative hits

the cut off function or u(f), we lose at worst a factor of max(h=1/2, h=1/4|S—5"|1/2),
so by repeating the argument 2N times we get

/n (uo Rs o Rg'(6)) u(6)x (%) dﬂ(ﬁ)‘

(1 i Sh:/z‘Sq)N | u@)ldu(o)

-N
=h T (1+ S_S> .

(sin(@y, - - - sin(fa) cos(61) + iPs s/ (0)) TG (6),

IN

hi/2

Now consider

[ o rsorg @) ) (1-x (el ) ) auco.

On the support of 1 — x we have cos(6,,) > h'/4|S — §'|'/2, so 22 > h!/?|S — &'
and
lu(z)| = eF 108(1-1217) < o=h7'/2IS=5"|,

So

[ o rso R 0) wo)1 - x (20 o)

n—1

_p—1/2 _q’ _ _ _p—1/2 _q’
<e hTIS S'/ |uoRSORS,1|du(x):h 7 e hT IS

which is a much better estimate than we need.
Now it only remains to ascertain (7). Since uoRgoRg' = (v-+iz2)?, a¥(S, ) = 0.
Therefore if we expand it as a series in S’ about S,

n+182PSS
k N _ 57 o Q2
o (S,S)—; S |55~ 50 +OUS = S'7)
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. . . OPg g1 . .
If we write each rotation as a matrix M, then —5> ks is given by the first element

of

V(S,S) =M

-1 —1
Syt X 00t ><M53><Msé XX MG ey,

n+1
where ey, is the standard unit vector with 1 in the entry corresponding to z;. Now
if 05V (S,5) is the vector with elements given by the partial derivative of the
elements of V(S,5”) with respect to s},

04 V(8,8") = My, ,, x -+ x Mg, X Ms_g,l X e X 831_M8_;1 xoox MY e,

n+1
where 0/ M;l is the matrix with elements given by the partial derivative of the

elements of M;l with respect to s. So if we evaluate at S = 5,

0,V (5,5") X ox M

Si41

X W, x Mb > oo x M!

Sn+1 Si41 Sn+1ek’

S=s"
where W, = M,, x 05, M,,. First consider the case i = k. If j # k, Ms’jlek = eg,
SO

95,V (S, 9" oo = Mo 0 My, Wi
Since for any «, s? < &€ we can say that
\/1-s2=140(),
then
[ 0(e) 0 -+ 0|1+0(€) 1|0 -+ 07
0 --- 0 0 0 --- 0
0 0 0 0 0
Ws,=| =1+0(é) | 0 0 O(é) 0 0
0 0 0 0 0 0
0 0 --- 0 0 0 --- 0

So Wy, er, = (1 + 0O(€),0,...,0,0(é),...,0). From (B we have seen that multi-
plication of the matrices My, produces a matrix with upper left entry 3, obeying

[1—p| < eh®. So the first component of d, V (S, 5") s

Now consider the case when i # k. We have M, e, = (s,0,...,0,/1 —s7,...).
Now the vector (sg,0,...,0) has norm bounded by €, and if i # k, Wy, ex, = 0.
Since each of the matrices M, and W, represent a bounded operator on R 1, we
can say that

, has a lower bound of ¢ > 0.

2
"Fss <E
08;0x 15'=5| —
So by choosing € small enough we have
n+1
82PS S’ /
: s; — i) > c|sk — st = c|S — 9.
> G oo 45— #D] 2 cow = skl =I5 = '

Thus
ok (S, 8")| > ¢S — 5.



2920 MELISSA TACY

Therefore u o Rg and u o Rg/ are suitably orthogonal and the L? estimates (@)
hold. |

Having obtained our combination, ¢, of highest weight harmonics, it only re-
mains to prove that there is indeed an h'=2% x h(!=®)("=1 region where ¢, is large
enough.

Proposition 3.2. Suppose ¢, is given by @) . Then there is an hl—20 p(1=a)(n—1)
region in which |¢q| > ch= "7+

Proof. We prove this by expanding ¢, about the point (6,...,6,) =
(0,7/2,...,7/2). This corresponds to the point (1,0,...,0) € R™*! which is fixed
by all the rotations, so all terms in the sum are equal to 1 at this point. This point
lies on the equator where the original harmonic is equal to (1 + iz2)? = €% and
at (0,7/2,...,7/2), |e" 90 ¢y| = h= "+ When [0, — 7/2| < eh¥/2,m # 1,
the conditions on the coeflicients of Proposition B.1] tell us that for each term in the
sum defining ¢,

8%6_”01 (sin(8,,) -+ sin(Bz) cos(6) + iPu(0)| < jh2* < h2*7Y,
and for m # 1,
‘%e—ijel (sin(6,,) - - - sin(fa) cos(61) + iPy(6))7| < jh* < h*1.
So )
‘3_91(6—1'3‘91%)’ < p2o-1. h‘”%#@
and when m # 1,
‘%(ew%) <ot rteelt

So if we take a h'=2% in 6; by h!~ in the other 6,, region about (0,7/2,...,7/2)

we will still have -

(ba] = le 0G| > BT+

4. PREDICTING THE CORRECT SCALE

In this section we discuss the heuristics of the semiclassical proof. The details of
the proof can be found in [7] and [I0] and thus we will not address them here. The
semiclassical approach to eigenfunction estimates is to study quasimodes, that is,
functions such that

”(h2A - 1)u||L2(1V[) /S h "u“L2(1V[) ’
or more generally,

Ip(z, hD)u"L2(M) Sh ”u"L2(M) )
where p(x, hD) is a semiclassical pseudodifferential operator,

(27r1h)n / et V8 p(a, )u(y)dedy,

whose symbol, p(x, £) satisfies the admissibility criteria:
1) If p(xo,&) = 0, then Vep(xo, &) # 0.

p(z, hD)u =
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2) The characteristic set {¢ | p(xo,£) = 0} has positive definite second funda-
mental form.

For Laplacian eigenfunctions the semiclassical symbol p(z, &) = [€]|2 — 1, so clearly
this is admissible. In fact, in the flat case the characteristic set is the n — 1 sphere
(the canonical example of a hypersurface with positive definite second fundamental
form). Quasimodes, as distinct from eigenfunctions, have the nice property that
they remain quasimodes under localisation so we may work locally. It is relatively
easy to show that contributions localised away from the characteristic set are small.
Therefore we may work locally around some point (zg,&p) such that p(xg,&p) = 0.
To prove LP estimates we perform the following steps.

Step 1. Factorise the symbol. Since the characteristic set is nondegenerate (by
admissibility condition 1) we can always find some &; such that

‘aglp(x()agoﬂ >c> 07
so by the implicit function theorem, locally
p(z,8) = e(@,8)(& — a(@,£)),
where |e(z,£)] > ¢ > 0. The semiclassical calculus then tells us we may invert
e(z, hD) to obtain
(hDI7 - a‘(l'v th/))u =hf,
where | fl 2 S [l 2

Step 2. By setting x; = t we find that v is an approximate solution to the semi-
classical evolution equation

(hDy — a(t,x’,hD,))v(t,z) = 0.

Therefore by Duhammel’s principle we may write

t
u="U(t,0)u(0,z") + / Ut —r,7)f(r)dr,
0
where U(t, 7) satisfies

(hDy — ay (7 + t,2',hDy ) Up (¢, 7) = 0,
Un(0,7) =1d.

The problem then reduces to finding (uniform in 7) L? — LP mapping norms of
U(t,T) or the restriction of U(t,7) to a submanifold.

Step 3. We estimate the L?(M) — LP(X) norms through a TT* method. The key
point is to obtain estimates of the form

U@ U (S 7)1 x)os oo (x) S BT (R4t = s]) 77
and
U@ DU, 7) | p2xymp2xy) S A= (h+ [t —s])772.

All other estimates follow by interpolation with these and by resolving the t — s
integral with either Young’s inequality or Hardy-Littlewood-Sobolev. It is here we
see the connection with Keel-Tao [6] abstract Strichartz estimates which can be
proved in the same fashion.
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For submanifold estimates there is an additional question of whether or not this
special direction, z; = t, lies along the submanifold. It turns out that we may
assume it does, as this case gives all sharp estimates. That is, if ¥ = {(y,2) € M |
z = 0}, we may assume that &; is dual to y;.

The interpolation argument of Step 3 gives an estimate of the form

[T () | o o S P (R A [E—8[)77,

We can think of this as a decay estimate for propagation time |t — s|. To gener-
ate sharp examples we then need to find what scale of |t — s| makes the largest
contribution to the estimate. The sharp example will then be the T, whose long
direction is equal to this critical scale |t — s|.. That is, [t — s|. = h1 2.

Therefore the regime changes in the L? estimates depend only on the power v,
the numerology of which depends only on the L!(X) — L>°(X) estimates and the
L?(X) — L?(X) estimates. To resolve the t — s integral we estimate

/(h+ )~ % ar.

o If % > 1 the major contribution comes from the smallest possible 7 =
Tmin-

o If % < 1 the major contribution comes from the largest possible T,,q-

In both cases we expect the sharp examples to be given by T, and T, where

min Omaz )
Tmin = h17QMin7 Tmaz = h! = mas,
Independent of X we can obtain an L'(X) — L>(X) estimate of
_n-1 _n-t
(8) ||U(t7T)U(377—)*”L1(X)HL°°(X) Sh 2 (h+|t_8|) 2

so the key point is to obtain the L?(X) — L?(X) estimates. In [10] we see that
these are given by the L?(X) — L?(X) mapping norms of an operator

Wt —s)u= /W(m, y,t — s)u(y)dy,

Wiz, y, t—s) = h_nTil(h + |t — S|)_%e%¢(w’y’t_s)b(t, $,T,Y),
where the factor
et ®(@y,t—s)

oscillates with frequency h~!|t — s| 1. From considerations of almost orthogonality
we expect that the L?(X) — L?(X) mapping norm of such an operator should
be determined by the mapping norm on h'/2|t — s|'/? boxes. This suggests a
general heuristic for finding those p at which the behaviour of the L?(M) — LP(X)
estimates change.
(1) Calculate the L*(X) — L%*(X) mapping norm of U(t,7)U(s,7)* on the
intersection of an h'/?|t — s|'/? box with X.
(2) Interpolate that result with the L!'(X) — L*°(X) estimate given by (8.
This will give y, for all p.
(3) Find the values of p for which % = 1. We expect regime changes at these
.
(4) Determine 7y, and T4, for each critical p. The functions T,
T are expected to give sharp examples.

AOmazx

and

min
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4.1. Whole and submanifold estimates. We apply the heuristic and consider
the L?(X) — L?(X) norm on the intersection between X and an h'/?|t — s|'/2 box.
We obtain, for X a k-dimensional submanifold,

H) _n—-1 _n—1 1 o
” (t_S)HLQ(X)HLz(X)Sh 2 (h—|—|t—5|) p) (h2‘t_5|1/2)k 1
n—k
—ngk

=h " (h+t—s|)

From the interpolation numerology we obtain that for whole manifolds and hyper-
surfaces there is only one p so that %p =1(p= % and p = %, respectively).
For a lower-dimensional submanifold % > 1 for all p > 2. Since we truncate at
|t — s| < h the smallest effective scale is Ty, = h, and since we are dealing with
compact sets, Tyqe = 1. Therefore our sharp examples will come from Ty and
T /o for the whole manifold and hypersurface case, and from Tj alone for the lower

submanifolds.

4.2. Y5 estimates. By considering Y5 we introduce a new scale (namely ~?) into
the problem. If h% > h'/2[t — s|'/2 an h'/2|t — s|'/2 box can lie fully in X5, and
therefore we get the L? — L? estimate

IW(t = $)l 250y 125, S 1 It —s| < h*P,

which is the same as over the whole manifold. If on the other hand A? <
h'/2|t — s|'/2, the h'/?|t — s|'/2 box does not lie fully in X5, so we obtain

n—k _ B(n—k)
Ea

_n—=k _
”W(t_S)HLQ(Eﬁ)HLQ(Eﬁ) Sh T (h+|t—s))"" 7, |t—s|=h*L

Therefore we potentially have two points at which % = 1. Where ¥ is a hy-
persurface there are two critical points. The first arises from the |t — s| < h26~1

estimates and is at p = % Therefore for this critical point 7,,;, = h and
Tmaz = h??~1. The second point arises from the |t — s| > h2%~! estimate and is
at p = % For this critical point Tmin = R??~! and Tes = 1. Therefore sharp

behaviour should be determined by Tp, 71— g, and T} /5. For lower-dimensional sub-
manifolds we obtain a critical p coming from the [t —s| < h?/~! estimate again with
Tmin = By Tmaz = h??~1. However, from the long-time estimates we always have
% > 1; therefore we only need to examine 7,,;,, in this case h?*~1. Therefore
sharp examples should come from Ty and 77 _4 alone.
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