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ABSTRACT. We give the first example of a locally quasi-convex (even count-
able reflexive and k) abelian group G which does not admit the strongest
compatible locally quasi-convex group topology. Our group G is the Graev
free abelian group Ag(s) over a convergent sequence s.

1. INTRODUCTION

Let (E,7) be a locally convex space. A locally convex vector topology v on F is
called compatible with T if the spaces (E,7) and (E,v) have the same topological
dual space. Using the terminology from [4], the famous Mackey—Arens theorem
states the following

Theorem 1.1 (Mackey—Arens). Let (E,T) be a locally convex space. Then (E,T)
is a pre-Mackey locally convex space in the sense that there is the finest locally
convez vector space topology p on E compatible with 7. Moreover, the topology v s
the topology of uniform convergence on absolutely conver weakly® compact subsets
of the topological dual space E' of E.

The topology p is called the Mackey topology on E associated with 7, and if
u = 7, the space FE is called a Mackey space.

For an abelian topological group (G,7) we denote by G the group of all con-
tinuous characters of (G, 7). Two topologies i and v on an abelian group G are

said to be compatible if (G,u) = (G,v). Being motivated by the Mackey—Arens
Theorem [[T] the following notion was introduced and studied in [4] (for all relevant
definitions see the next section):

Definition 1.2 ([4]). A locally quasi-convex abelian group (G, u) is called a Mackey
group if for every locally quasi-convex group topology v on G compatible with 7 it
follows that v < u. In this case the topology p is called a Mackey group topology on
G. A locally quasi-convex abelian group (G, 7) is called a pre-Mackey group and 7
is called a pre-Mackey group topology on G if there is a Mackey group topology u
on (G compatible with 7.

Not every Mackey locally convex space is a Mackey group. Indeed, answering
a question posed in [5], we proved in [7] that the metrizable locally convex space
(RM pg) of all finite sequences with the topology po induced from the product

Received by the editors August 28, 2017, and, in revised form, November 10, 2017.
2010 Mathematics Subject Classification. Primary 22A10; Secondary 54H11.
Key words and phrases. The Graev free abelian topological group, Mackey group topology.

(©2018 American Mathematical Society
3627


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/14020

3628 S. GABRIYELYAN

space RY is not a Mackey group. In [§] we show that the space C,(X), which is a
Mackey space for every Tychonoff space X, is a Mackey group if and only if it is
barrelled.

A weaker notion than the notion of a Mackey group was introduced in [7]. Let
(G, 7) be a locally quasi-convex abelian group. A locally quasi-convex group topol-
ogy p on G is called quasi-Mackey if 1 is compatible with 7 and there is no locally
quasi-convex group topology v on G compatible with 7 such that p < v. The group
(G, 7) is quasi-Mackey if T is a quasi-Mackey group topology. Proposition 2.6 of
[7] states that every locally quasi-convex abelian group has quasi-Mackey group
topologies.

The Mackey—Arens theorem suggests the following general question posed in [4]:
Is every locally quasi-convex abelian group a pre-Mackey group? In other words, if
(G, 7) is a locally quasi-convex group, is there a Mackey group topology compatible
with 77 We answer this question in the negative as stated in Theorem [[3] the
main result of this paper.

Let s = {0} U{l/n : n € N} be the convergent sequence endowed with the
topology induced from R. Denote by Ag(s) the Graev free abelian topological
group over s. Note that the group Ag(s) is a countable reflexive group ([6]) and is
a ky-group ([I0]). In Question 4.4 of [7] we ask: Is it true that Ag(s) is a Mackey
group? Below we answer this question negatively in a stronger form.

Theorem 1.3. The group Ac(s) is neither a pre-Mackey group nor a quasi-Mackey
group.

This result gives the first example of a locally quasi-convex group which is not
pre-Mackey and additionally shows an essential difference between the classes of
locally quasi-convex groups and of locally convex spaces. For historical remarks
and references on Mackey topology on locally quasi-convex groups see [IT].

2. PrRoOF oF THEOREM [L.3]

Set N := {1,2,...}. Denote by S the unit circle group and set S; = {z €
S: Re(z) > 0}. Let G be an abelian topological group. A character x € G is a
continuous homomorphism from G into S. A subset A of G is called quasi-convex
if for every g € G\ A there exists x € G such that x(z) ¢ S; and x(A) C S;. An
abelian topological group G is called locally quasi-convex if it admits a neighborhood
base at the neutral element 0 consisting of quasi-convex sets. It is well known that
the class of locally quasi-convex abelian groups is closed under taking products and
subgroups. The dual group G of G endowed with the compact-open topology is
denoted by G*. The homomorphism ag : G — G™, g — (x — x(g)), is called the
canonical homomorphism. If ag is a topological isomorphism the group G is called
reflexive. Any reflexive group is locally quasi-convex; see for instance Proposition
1 of [3] and the comments after.

Let X be a Tychonoff space with a distinguished point e. Following [10], an
abelian topological group Ag(X) is called the Graev free abelian topological group
over X if Ag(X) satisfies the following conditions:

(i) X is a subspace of Ag(X);

(ii) any continuous map f from X into any abelian topological group H, sending
e to the identity of H, extends uniquely to a continuous homomorphism
f : Ag (X) — H.
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For every Tychonoff space X, the Graev free abelian topological group Ag(X) ex-
ists, is unique up to isomorphism of abelian topological groups, and is independent
of the choice of e in X; see [I0]. Further, Ag(X) is algebraically the free abelian
group on X \ {e}.

We denote by 7 the topology of the group Ag(s). For every n € N, set

en:=(0,...,0,1,0,...) € 2,

where 1 is placed in position n and Z®™ is the direct sum @Dy Z. Now the map
i(1/n) := en, n € N, defines an algebraic isomorphism of Ag(s) onto ZMN. So we
can algebraically identify Ag(s) and ZM.

Let g, be a sequence in Ag(s) of the form

— n n n
gn = (0,.. 0, T s T o )s

where i,, — 0o and there is a C' > 0 such that >, |r}| < C for every n € N. Since
en — 0 in 7 we obtain

(2.1) gn — 0 inT.
The following group plays an essential role in the proof of Theorem [[.3l Set
co(S) :={(zn) €SV : 2, = 1},
and denote by Fo(S) the group co(S) endowed with the metric d((z}), (22)) =

n
sup{|z} — 22|,n € N}. Then Fo(S) is a Polish group, and the sets of the form
VNN ¢o(S), where V is an open neighborhood at the identity 1 of S, form a base at
1in §o(S). Actually o(S) is isomorphic to co/ZMN (see [6]). In [6] we proved that
the group Fo(S) is reflexive and Fo(S)" = Ag(s).

If g is an element of an abelian group G, we denote by (g) the subgroup of G
generated by g. We need the following lemma.

Lemma 2.1. Let z,w € S and let z have infinite order. Let V be a neighborhood
of 1 inS. If w' =1 for every l € N such that 2! € V', then w = 1.

Proof. The main result of [2] applied to (z) states the following: there exists a
sequence A = {ap }nen in N such that if v € S, then
limv® =1 if and only if v € (2).

n

Now suppose for a contradiction that w # 1. Since (z) is dense in S, there is an
I € N such that 2! € V. So w has finite order, say gq. Observe that w & (z). Then,
by assumption, for every [ € N such that 2! € V we have w! = 1, and hence there
is a ¢(l) € N such that | = ¢(I) - ¢. Since lim,, 2%~ = 1, there exists an N € N such
that 2% € V for every n > N. So a,, = c¢(a,,) - q for every n > N. But in this case
we trivially have lim,, w® = 1 which contradicts the choice of the sequence A since
w ¢ (z). Thus w = 1. O

In the proof of Theorem [[L3] we use the following result; see Proposition 3.11 of
[4] or Theorem 2.7 of [7].

Theorem 2.2 ([[7]). For a locally quasi-convex abelian group (G, T) the following
assertions are equivalent:
(i) the group (G,T) is pre-Mackey;
(ii) 71 V 1o is compatible with T for every locally quasi-convex group topologies
71 and T2 on G compatible with T.
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Now we are ready to prove Theorem [I.3]

Proof of Theorem [l First we construct a family
{T> : z € S has infinite order}

of locally quasi-convex group topologies on Z(N) compatible with the topology 7 of
Ag(s). To this end, we use the idea described in Proposition 4.1 of [1].
Let z € S be of infinite order. For every i € N, set

ii=(1,...,1,2,1,...) € Fo(S) = Ag(s)",
where 2 is placed in position i. For every (ny,) € Ag(s), it is clear that x;((ng)) = 1
).

for all sufficiently large i € N (i.e., x; — 1 in the pointwise topology on Fo(S)). So
we can define the following algebraic monomorphism T}, : Z& — Ag(s) x Fo(S) by

22 (o) = () (al) ) = (. 7)) ¥ ) €200

Denote by 7. the topology on Z®™ which is the inverse image under the mapping
T, of the product topology of Ag(s) x Fo(S). It is a locally quasi-convex group
topology.

Claim 1. The topology T is compatible with 7.

Indeed, set G := (Z(N),’Tz). We must prove that G = ¢o(S). Since T, is weaker
than the discrete topology 74 on ZM | we obtain G - (Z(N),Td) = SN, Fix arbi-
trarily x = (yn) € G. To prove the claim we have to show that y,, — 1.

Suppose for a contradiction that y,, 4 1. As S is compact we can find a sequence
0 < my < mg < ... of indices such that y,,, - w # 1 at i — oco. Since x is T-
continuous, there exists a standard neighborhood W = T (U X VN) of zero in G,

where U is a neighborhood of zero in Ag(s) and V is a neighborhood of 1 in S,
such that x(W) C S;. Observe that, by [Z2]), (ny) € W if and only if

(2.3) (ng) € U and 2™ € V for every k € N,

and, the inclusion x(W) C S; means that

(2.4) x((n)) = Hy,’c” € S; for every (ng) € W.
k

We assume additionally that w ¢ V. Set L := {l € N: 2! € V}. Since (2) is dense
in S, the set L is not empty. We distinguish between two cases.

Case A 1. Assume that w! = 1 for every [ € L.

Then Lemma 2] implies w = 1. Since w # 1 we obtain that this case is
impossible.

Case B 1. There is an Iy € L such that w' # 1.

Then there exists a ¢t € N such that w'? ¢ S,. By (Z1I)), there is an N(t) € N
such that every x; € ZM of the form

(25) xi:(O,...,O, lo ,0,...,0, lo ,O,...,O, lo ,0,...)
~— ~—~ ~—
mi41 mMi42 Mitt

belongs to W for every i > N(t). For every x; € W of the form (Z3]), (24 implies

(26) X(Xi) = (ymi+1 T ymi+t)lo — wlot Q/ S+ at 1 — oo.
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Therefore, by (2.6), x(W) € S, a contradiction.

Cases A and B show that our assumption that y, -4 1 is wrong. Therefore,
Yn — 1 and G C ¢o(S). In order to prove the equality, observe that 7 < 7,. In
fact, if U is a neighborhood of zero in Ag(s), we have T, (U x §o(S)) = U. So U

is also a zero neighborhood in T,. Therefore, ¢o(S) C G. Thus G = ¢o(S) and T is
compatible with 7.

Claim 2. For every element a € S\ {1} of finite order, the topology T, V 7. is not
compatible with 7.

Indeed, let r be the order of a and set
Dy = 2™ = {(sy 1) € 2 : (s) € 2V }.
Consider standard neighborhoods of zero
W, =T,"(Ux V") and W,.=T,_"(UxV")
in 7, and 7T, respectively, where U € 7 and V is a symmetric neighborhood of 1
in S such that V- VN {a) = {1}. Then, by (Z3]), we have
W, NW,, = {(nk) € ZW . (ng) € U and 2", (az)™ € V for every k € N} .

We show that W, N W,, C D,. Indeed, if (ng) € W, NW,,, then a™ € V -V, and
hence a™* =1 for every k € N. Therefore, for every k € N, there is an s € N such
that ny = s - r. Thus W, N W,, C D,..

Set n := (a,a,...) € SY. Then n(W, NW,.) C n(D,) = {1}. As W, nW,, €
T. V Ta. it follows that n is T, V Tg.-continuous. Since 1 € ¢o(S) we obtain that
T. V Ta- is not compatible with .

Claim 3. 7 < T, so T is not quasi-Mackey.

By ([22), it is clear that 7 < T,. To show that 7 # T, suppose for a contradiction
that 7, = 7. Then, by Claim 1, T,V T, = 7V Ty, = T4, is compatible with 7. But
this contradicts Claim 2.

Claim 4. The group Ag(s) is not pre-Mackey.
This immediately follows from Claim 2 and Theorem O
We finish with the following question.

Question 2.3. Does there exist a locally convex space without a Mackey group
topology? Is the free locally convex space L(s) over s a pre-Mackey group?

Note that the space L(s) is not a Mackey space; see [9].

Remark 2.4. Just before submission of the paper, Professor Lydia Auflenhofer in-
formed the author that she had also solved the problem posed: namely, whether
Ag(s) is a Mackey group and had proved Theorem [[3} see [1]. It is worth men-
tioning that the author’s proof totally differs from hers, being much simpler and
shorter.
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