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ABSTRACT. In this paper, the authors show that a function b € BMO(R") is
in CMO(R™) if and only if the Riesz transform commutator [b, R;] is compact
on LY, (R™) for i € {1,2,--- ,n}, p € (1,00), and w € Ap(R"), and if and
only if the fractional integral commutator [b, I] is compact from L? , (R™) to
LI, (R™), where a € (0,n), p, q € (1,00) with ‘% = é + 2 and w € Ap, ¢(R™).

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

For i € {1,2,--- ,n}, let R; be the i-th Riesz transform on R™; that is,

r(zy! iy
R = pov it [ ) ay

where x; and y; are the i-th elements of x and y, respectively. The equivalent
characterization of compactness of commutator

[0, T|f :=bTf—T(bf)

with singular integral operator T was initialized by Uchiyama in [22], where he
refined the result of Coifman et al. [§] on the LP-boundedness of commutators
with the symbol b in the space BMO(R"™) to compactness, showing that the Riesz
transform commutator [b, R;] is compact on LP(R™), p € (1,00), if and only if
b € CMO(R"), which is the closure in BMO(R") of the space D, the space of C*
functions with compact supports. In [23], Wang showed that the fact b € CMO(R™)
is also sufficient and necessary for the compactness of the commutator [b, I,] with
fractional integral operator I, from LP(R™) to LY(R™), where a € (0,n), p,q €
(1, 00) with % = % + %, and
_ f)

(1.1) I f(z) := /Rn PR T dy

Since then, many authors have focused on the compactness of commutators with
singular integrals and fractional integrals on variant function spaces; see, for exam-
ple, PHZTILT5HI7I23] and the references therein. It is known that the compactness
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of the commutator has extensive applications in many fields of mathematics, such
as in the study of 9-Neumann problem on forms [21, Chapter 12, Section 8] or in
the LP-theory of quasiregular mappings in [11]; see also [IL7}[18].

Recently, equivalent characterizations of two-weight norm inequalities for Riesz
transform commutators and fractional integral commutators were established in [9]
and [I0], respectively. It is easy to see from [9, Theorem 1.2] and [10, Theorem 1.1]
that a function b is in BMO(R™) if and only if [b, R;] is bounded on the weighted
Lebesgue space LE (R™) for any ¢ € {1,2,--- ,n}, p € (1,00), and w € A,(R"),
and if and only if [b, I,,] is bounded from L?,(R") to Li,(R™) for any p, ¢ € (1,00)
such that % = % + % and u € A, ¢(R"), where A,(R™) and A, 4(R™) were intro-
duced by Muckenhoupt and Muckenhoupt—Wheeden [19] (see Definition [[I] below).
Moreover,

(1.2) Y lI[b, Ri] : LE,(R™) = LE,(R™) ||~ [Iblsmocen)
i=1

~ b, Lol Lip (R™) = Lia (R™)]),

where, and in what follows, by C' we denote a positive constant that may change
at each occurrence, and we write f < gor g 2 fif f < Cg, and f ~ g if
f < g < f. The purpose of this paper is to study the equivalent characterizations
of compactness of commutators [b, R;] and [b, I,] on weighted Lebesgue spaces. To
this end, we first recall some necessary notions and notation.

Definition 1.1. Let p,q € (1,00). A non-negative function w € L{ (R") is called
a Muchenhoupt A, weight (or w € A,(R™)) if

[w]a, = Sgp<w>Q<w1_p )9t < oo,

where the supremum is taken over all cubes @ in R", w(Q) := fQ w(y) dy, and

(w)g = ﬁw(@) w is called an A4, , weight(or w € A, ((R")) if

[w]a, , = sgp(wqm(w*p/)gp/ < 00.

The class A, 4(R") was first introduced by Muckenhoupt-Wheeden in [I9] to
study the weighted norm inequalities of fractional integral I,. It is known that
if we Ay 4(R"), then w? € A,(R"), w! € A (R"), and w™? € A, (R"), where
%—l— ﬁ = 1; see [10,19)].

Our main results of this paper are stated as follows:

Theorem 1.2. Leti € {1,2,---,n}, p € (1,00), w € A,(R™), and b € BMO(R™).
Then b € CMO(R™) if and only if the Riesz transform commutator [b, R;] is compact
on LP (R™).

Theorem 1.3. Let a € (0,n), p, ¢ € (1,00) with % = é + &, w e Ay (R"), and

b € BMO(R™). Thenb € CMO(R") if and only if the commutator [b, I,] is compact
from L, (R™) to LL,(R™).

We present the proof of Theorem in Section 2l and the proof of Theorem [I.3]
in Section Bl We point out that the basic properties of A,(R") and A, ,(R"™) play
important roles in the proofs of Theorems and [[3], respectively. Besides, for a
given cube @, a sequence of triadic cubes related to @ is constructed in Lemmas
and [3:2] which is useful in the proofs of Theorems and [[31
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Throughout the paper, we denote by C, ¢, and C positive constants which are
independent of the main parameters, but they may vary from line to line. Constants
with subscripts, such as C; and 61, do not change in different occurrences. For
a given cube Q = Q(zg,rq), g denotes its center and rg its side-length. For
any t € (0,00), y € R", and cube Q := Q(z,r) with z € R™ and r € (0, 00),
tQ = Q(x,tr) and Q +{y} ={z+y: z € Q}.

2. THE PROOF OF THEOREM

In this section, we give the proof of Theorem To begin with, we recall that
the kernel R;(y, z) of the Riesz transform R; for each i € {1,2,--- ,n} is a standard
Calderon-Zygmund kernel, satisfying that there exists a positive constant C' such
that

i) for any y,z € R™ with y # z,

(2.1) Rily, )| < C—

Ty =2
ii) for any vy, yo, z € R™ with |yo — 2| < |yo — y|/2,
o — 2
lyo — y["
We now recall the following compactness of [b, T] for a general Calderén-Zygmund
operator T in [7], which implies the necessity of Theorem immediately.

Theorem 2.1. Let w € A,(R") with p € (1,00), let b € CMO(R"™), and let T
be a Calderdn-Zygmund singular integral operator. Then the commutator [b,T)| is
compact on LP (R™).

For any f € L{ _(R"™) and cube Q C R™, let

loc
M1, Q) = ﬁ /Q F@) — (Pl dy.

Next we come to an equivalent characterization of CMO(R™) in [22].

Lemma 2.2. Let f € BMO(R"™). Then f € CMO(R"™) if and only if f satisfies the
following three conditions:

(i)

(2.2) |Ri(y,90) — Ri(y, 2)| + [Ri(yo, y) — Ri(z,9)] < C

lim sup M(f,Q) =0,
a—0t 1Q|=a

(i)
lim sup M(f,Q) =0,

a— o0 |Q|=a

(iii) for each cube @,
lim M(F.Q + {}) = 0.

Before giving the proof of Theorem [[.2] we first establish a lemma for the upper
and lower bounds of integrals of [b, R;|f; on certain cubes. To this end, we recall
the median value in [I2H14,20]. For any f € L{ (R™) and cube @ C R™, let ag(f)
be a real number such that
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is attained. Moreover, it is known that ag(f) satisfies that

(2.3) {z e @: f(z)>aqg(f)} <QI/2

and

(2.4) {z € @Q: flz) <aQ(f)} < 1QI/2;

see [I4, p. 30]. By the choice of aq(f), it is easy to see that for any cube @ C R™,
1

(25) M(1Q) ~ g7 [ 17w ~aa ()] .

Before we present the proof of Theorem [[L2] we first establish the following tech-
nical lemma on the construction of sequences { f;},; of functions uniformly bounded
in LZ (R™) for given sequences of cubes {Q,},, which adapts Uchiyama’s idea in
[22] to our weighted cases. More precisely, for each j, the function [b, R;]f; has
certain lower bounds on a sequence of triadic cubes {Q?}k (see Lemma below

for the definition) constructed by @;, and upper bounds on {3**1Q; \ 3*Q,},. We
remark that the basic properties of A,(R™) play an important role in the proof of
Lemma [Z.3] Besides, the geometric properties of {Q?}k turn out to be quite useful
in the proof of Lemma 2.3

Lemma 2.3. Leti € {1,2,--- ,n}, w € A,(R™) forp € (1,00), and b € BMO(R")
satisfying ||bllemomny = 1. Assume that there exist § € (0,00) and a sequence
{Q,}; :==1{Q(a?,r)}; of cubes such that for each j € N,

(2.6) M(b,Q;) > o.

Then there exist functions {f;}; C LP (R™), positive constants Ky € N large enough,
Co, C1, and Cy such that for any integers j € N and k > Ko, ||f;ll 1z, @) < Co,

— w(3FO.
(27) A?WME@WMMWZQW@%%%,

where € = (0,---,0,1,0,---,0) is the i-th unit vector and Qf = 3k_1Qj +
31 {ér}, and
= w(3Q;)

(28) / . B2 £,(0) w(y) dy < Gyt 22

3H1Q\35Q; ’ srrw(Qs)
Proof. For each j, define the function f; as follows:
(2.9)

fjl = XQi1 T XQj2 *T X{zeQjib(e)>aq, (b)) T X{z€Q,:b(z)<agq; (b)}: sz = AiXQ;

and
fi=Tw @) (- 12),

where a; is a constant such that
(2.10) fi(xz)dz = 0.
Rn

Then by the definition of a;, (23], and (2Z4]), we see that |a;| < 1/2. Moreover, we
also have that supp (f;) C Q; and that for any y € Q;,

(2.11) fiy) [by) — aq,(b)] = 0.
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On the other hand, since |a;| < 1/2, we see that for any y € (Q;,1 U Q. 2),
-1
(2.12) 1F5@)] ~ fw (@)

Moreover, we have that || f;]| 1z @n) S 1.
Observe that

(2.13) [b, Ri]f = Ri ([b— aq, (0)]f) — [b— ag, ()] Ri(f)-
Then for any integer k > Ky, we have that
(2.14) 3FQ; C 5Q% c 3F12Q;.

Since w € A,(R™), we see that for any cube @ C R™ and ¢t > 1, w(tQ) < t"Pw(Q).
From this and (ZI4]), we deduce that
(2.15) w (QF) ~w (3Q;)

where the implicit constants depend on p,n but not on k, j.

Now we prove the inequality (271). By 212), (ZI0), and 2.2), we see that for
any y € R"\ 3Q;,
j ri[w(Q)]V7|Q)]
/Q [Rily,2) = Ry, 2?)] fy(2) de| § 20000 gt

J

(2.16)  [Ri(f;)(y)| =

Moreover, from the well known John-Nirenberg inequality and ||b||gvo@n) = 1, we
deduce that for each k € N and @ C R",

@i [ 1) —ao®P dy

S [ 1bw) ~ agengO) dy+ 3410 fageisg®) - ao(®)
3E+1Q
SEP3FQ].
Since w € A,(R™), there exists € € (0, 00) such that the reverse Holder inequality

[ﬁ/Qw(gc)H'E da?]l_JrE < ﬁ Qw(:zc) dx

holds for any cube @ C R™. By this fact, the Holder inequality, the John-Nirenberg
inequality, (217), and ([2.10), we see that there exists a positive constant Cs such
that for any k € N with k > 2,

(2.18) /Q 1[0) = g, 0] R 1)) wly) dy

1
< - - _ p
S g o, P~ 00 0wy
1
! |3ij| 1 p(14e) (Tte)
b(y) — (b d
~ 3kp(n+1) ’w(Q]) |3k+1Qj| 3k+1Qj ‘ (y) CYQJ( )‘ Y

. T
1+e
X = w d
{ |3k+1Qj| s (y) y}

kP U)(3ij)

= g ()
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Next, observe that y; > z; and y; — z; ~ |y — z| for any y € Qf and z € Q;. By

@11, 2I12), @35), @8), and the fact that b— g, (b)=0 on Q; \ (Q;, 1 UQj, 2), we

have that for y € Qf,

Rlo-0a @] = [ R bE) ~ aq 0] £(2)]
o ;1/,, b(z) — ag,®)]
(@) /Q T
1

2 0w @) g

From this and (2Z.T5]), we deduce that there exists a positive constant Cy depending
on n, p but not on k, j, J, such that

w(Q;) 3k

@19) [ R0 ag,®)5] W] v dy = Cy

Take Ky € N large enough such that for any integer k > Ky,

By 213), 2I9), and ([2I]]), we conclude that for any integer k > Kj,
| 1RSI w) dy
o
> (g [ 1 (0= 00, 0)5] 0] (i) dy
—[;\@@)—QQAM]RAthWVMmdy

J

(é“ = ~ Cop ) (3(;@3;)3;“

~ 5p w(ngJ) 1
2w Q)

This shows the inequality (Z7]).

Now we show the inequality (2.8). From supp (f;) C Q,, 1)), [23), and (212)),
we deduce that for any y € R" \ 3Q;,

et =, )5 ()] < @) [ 20O
Q5

ly —ad|’

S w (@) 7
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from which together with ([ZI8) (still holds with Qf replaced by 3*71Q; \ 3*Q;),
it follows that for any k > K,

/ b, Rl 5 ) w(y) dy
3FH1Q \37Q;

< / IR: ([b— o, )f;) )] w(y) dy
3FT1Q;\3FQ;

+ / [[b—aq, (0)] Ri(f;) ()| w(y) dy
3kH1Q,;\3%Q;
w(3*1Q;) kP w(3kQ;)
S Frmuig;) T I w(@,)
U}(3kQJ)
~ 3k:pnw(Qj) :
We then finish the proof of Lemma 231 |

Proof of Theorem As we mentioned before, since the necessity of Theorem
follows from Theorem [2.1] directly, we only need to show that if for p € (1, 00)
and i € {1,2,---,n}, [b, R;] is compact on LP (R™), then b € CMO(R™). To this
end, we employ the idea in [22] via a contradiction argument. The approach is
as follows: we will show that if we assume that [b, R;] is compact on L? (R™) and
b ¢ CMO(R™), then b fails to satisfy at least one of (i)-(iii) in Lemma 22 and
by Lemma 23] one can further construct sequences {f;}; of functions uniformly
bounded in L% (R™) such that {[b, R;|f;}; has no convergent subsequence, which
contradicts the compactness assumption on [b, R;].

Without loss of generality, we assume that ||b]gyomn) = 1. Observe that if
b ¢ CMO(R™), b does not satisfy at least one of (i)-(iii) in Lemma We now
consider the following three cases.

Case 1. b does not satisfy (i) in Lemma In this case, there exist 0 € (0, 00)
and a sequence {Q; }32; of cubes satisfying (2.6]) and that |Q;| — 0 as j — oo. Let
fi 6'2, 6’1, K be as in Lemma 23 and C; := 35t > Cy := 3%0 for some K; € N
large enough such that

Cs 045pc(0 pn 2050910710)"’

where py € (1, p) such that w € A4, (R™), o € (0,00) such that for any cube @ and
measurable set E C @,

w(B) _ |Bl
(2.20) w(@) ~1QF

and Cy and Cj are positive constants depending only on 51, 6'2, p, n, Po, and w.
Since |Q;] — 0 as j — oo, we may choose a subsequence {ng)} of {Q;} such that
(1)
|sz+1 | 1

(2.21) —L <
QY Cr

For fixed ¢, m € N, denote

T =0\ GQY, 7= \CQlY) | and 7 =R\ C1Q!)

Jetm? Jetm’
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Note that
1
Ji € C1QY Ny and i =T N .
‘We then have

(2.22)
|16, Ri] (f5,) — b, Ri] (fjop )l Lo,y

;
1/p
/j 0. Ra) (f3.) () — b Ra] (Fr00) ()] (0) dy)

We first consider the term F;. Assume that Ej;, := J \ J2 # (0 first. Then
E;, C Cngim. Hence, by [221)), we have

(2.23) Ej,| < ‘Clc)m ‘ Yoy

Q.| <|e

Now for k£ € N, let
1 1 1 (1)~
Qgg,)k — gk— IQ( ) + 3k 17"](»2){61'},
where r( is the side-length of Q( ). Then we see that

1) n 1)
Q] = 3% Q0| > 1B

From this fact it follows that there are at most two of {Q(l k}Kl . intersecting Ej,.
This together with C; = 351 > C, = 3K ([@20), 2I19), and (IZ_E), implies that

Ki—-2

xR G e

e
k=Ko, Q§}) yNE;, =0 @ik
Kq1—2 k(1)
sy e
~ ) 3Frw (@)
k=Ko, Q%)) \NE;,= Je
Ki—2 1
> §P -
N(S Z 3kn(p—0o)
k=Ko, Q%)) ,NE;,=0

> Cy6PCTIM = .

If Ej, := J \ J> = 0, the inequality above still holds.
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On the other hand, since w € A, (R™), for any cube @ C R™ and ¢t > 1,
w(tQ) < t"Pow(Q). From this and (Z8), we deduce that

oo
p
ey /WQO) gy BRI G ) wo)dy

N Z 3knpw j

1
< - -
~ Z 3k(p—po)n

k=K,

Je+m

< 050 (po—p)n < 03/2
By these two inequalities and (2:22)), we get
> C;/p'

|| [b7 Ri](sz) - [bv Ri](fje+m) |Lﬁ,(]R") =~
Thus, [b, R;] is not compact on LE (R™). Therefore, b satisfies condition (i).

Case 2. b violates (ii) in Lemma In this case, we also have that there exist
0 € (0,00) and a sequence {Q;} of cubes satisfying ([2.6) and that |Q;| — oo as

j — 0o. We take a subsequence {Q@)} of {Q;} such that
2

Q1 1

|sz+1 | C{L

‘We can use a similar method as in Case 1 and redefine our sets in a reversed order.
That is, for fixed ¢ and m, let

T=0Q \CQY L Ti=T\CQY, and F =R\ C1QY.

Je+m Je+m?

(2.24)

Then we have that
Z (ClQ(Z) ﬂjz) and z = jﬂ%

Je+m

As in Case 1, by Lemma and (224), we see that [b, R;] is not compact on
LP (R™). This contradiction implies that b satisfies (ii) of Lemma 2.2

Case 3. Condition (iii) in Lemma does not hold for b. Then there exist Q :=
Q(zo,m0) C R™ and § > 0 such that for any N > 1 large enough, there exists
xn € R™ such that |zn| > N and M (b, Q +{xn}) > J. We claim that there exists

a sequence {Qg-g) }; of cubes such that for any j,

(3)
(2.25) M(b, Q;7) >4,
and for any ¢ # m,
(2.26) QP N QB = .

In fact, for N7 > 1 large enough, there exists a cube Q§3) = Q + {zn, } such that
([228) holds. Now assume that for j € N, QE?J, m=1,2,--- 4, are chosen to satisfy
Z23) and (226). Let R; > 0 be large enough such that Uj _ a1QY ¢ R;Q.
Take N; > ‘/_(R + Cy)rg. According to our assumption in this case, there exists
n, € R™ such that |zy,| > Nj and M(b,Q + {zn,}) > 0. Let Q'Y := Q+ {an,}.
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Then C’lQﬁ)l N R;Q = 0, and hence (226) holds. Repeating this procedure, we
obtain {Q;‘g)}j as desired.
Now we define
Ji=CQP\ QY and  Jp =R\ C1QF) .

Note that z C \72 Thus, similar to the estimates of F; and Fy in Case 1, for any
£, m, we get

| 16, Ri] (fe) — [b, Ri] (ferm)ll L, (mm)

1/p
> { LRG0 = IR G0 (i)

J1
1/p

> { 1.7 (fe)(y)lpw(y)dy} { [ 1R (fe+m)(y)|pw(y)dy}l/p

J1

> C;/p_

This contradicts the compactness of [b, R;] on L? (R™), so b also satisfies condition
(iii) in Lemma 22

To sum up, we see that if [b, R;] is compact on L2 (R™), then b satisfies (i)-(iii)
of Lemma This via Lemma implies that b € CMO(R"™) and hence finishes
the proof of Theorem |

3. COMPACTNESS OF FRACTIONAL INTEGRAL COMMUTATORS

In this section, we study the compactness of [b, I,]. To this end, we first recall
that a metric space (X, d) is totally bounded if for every ¢ > 0, there exists a finite
number of open balls of radius 0 whose union is the space X, and a metric space
(X, d) is compact if and only if it is complete and totally bounded; see, for example,
[7]. Moreover, we also recall the following weighted Fréchet-Kolmogorov theorem
obtained in [7].

Lemma 3.1. For p € (1,00) and w € A,(R™), a subset F of LP (R™) is totally
bounded (or relatively compact) if the following statements hold:
(a) F is uniformly bounded, i.e., sup ;e = || fl| Lz, (mny < 0.

w

(b) F uniformly vanishes at infinity; i.e., for every e > 0, there exists some
positive constant N such that for every f € F,

/Oo F(2)|Pw(z) do < .

z|>N

(¢c) F is uniformly equicontinuous; i.e., for every € > 0, there exists some positive
constant p such that for every f € F and y € R™ with |y| < p,

/n |f(x+y) — f(@)|Pw(z)de < €.

The following lemma is an analogue of Lemma 23] which is suitable for I,.

Lemma 3.2. Assume that w € A, ,(R™) with p, ¢ € (1,00) such that 1—17 = % + 5,
b € BMO(R"™) satisfies ||b|lgmorny = 1, and there exist § € (0,00) and a sequence
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{Q;}; =1{Q(a%,1;)}; of cubes satisfying @.6). Then there exist functions {fj}] C
LP ,(R™), positive constants kg € N large enough, ¢y, ¢1, and ¢o such that for any
w

integers j € N and k > ko, ||fjHqup(Rn) < ¢,

(3.1) /m

and

7ol = oga wI(3FQy)
(3.2) /?,k+1Qj\3ij Mb?l(y} fj(y)‘ wiW)dy < Gory 3ka(n—a)[wp(Q,)]%

Proof. The proof of Lemma[3.2]is similar to that of Lemma[2.3] and we only present
the argument briefly. Firstly, we define f; := [wP(Q;)] # ( f} = f#), where fj and
f7 are as in ([2.9). Then fj satisfies (2I0), (ZI1)), and ||E||Lip(Rn) <L

Now we recall that w € A, 4(R™) implies that w? € A4(R™). Then by the fact
that for any y € Q?,

7 q ~ qo wq(3kQ')
b 1) )| ) dy 2 @0t

)

Tn+1

L)W 5 — ’ r
NS @

and the Holder inequality and reverse Holder inequality, we see that

s q wi (30
(3.3) /Qk [b(y) — aq, (V)] Ia(fj)(y)} wi(y)dy < k9ri® (3°Q;)

7 ket Dlwp(Q)]
On the other hand, from (26]), we deduce that

L[ eaF) 0] 25 i

and hence
/ poo__WI37Q)
o ! g fur(Q,)F

Taking k € N large enough we see that (3II) holds. Moreover, from [B3) and the
fact that for any y € 3*71Q; \ 3*Q;,

o [~ aq, 0] )] wiw) dy 2 57

rm

I, {(b — an(b))fj} (y)’ s |wi — y\”*:[wp(Qj)}%7

we have that (8:2) holds. O

Proof of Theorem [I.3l Sufficiency: Assume that b € BMO(R"™) with
[bllemo@ny = 1 and [b, I,] is compact from L%, (R") to LL.(R™). As in the proof
of Theorem [[2] to show that b € CMO(R"), we first assume that b does not satisfy
(i) in Lemma Then there exist § € (0,00) and a sequence {Q;}32; of cubes
satisfying (2.6) and that |Q;| — 0 as j — oo. Since w € A, 4(R™) implies that
wP € Ap(R™), let J};, €1, Co be as in Lemma B2 and let ¢; := 3% > ¢y := 3% for
some k; € N large enough such that

cg 1= 045chnfq(nfa) > 20503"”7‘1("7&),

where o € (1, (1 — £)q) such that w? € Ay (R") (see [10]), o is as in (2Z.20), and
¢4 is a positive constant depending only on ¢, ¢, p, n, @, ¢, qo, and w. Since
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|Q;] — 0 as j — oo, we may choose a subsequence {QS)} of {Q;} satisfying (2.21]).
For fixed k,£, m € N, let Q;Bk, J,J1,J2 be as in the proof of Theorem Then

we have

(b, 7] (F52) = (b La] (Fiesn )22, )

> ([ s Gow| v w) "

- q 1/q
([ |11 G )]t )
T2
= Gl — GQ.
From the Holder inequality and the fact that % = % + o, it follows that
[w?(Q))]F < w(Q;)ri®,
which together with w? € A,(R™) and BI]) further implies that

k12 k (1)
GI> 12 O S A O MO
] > ¢
1 ~ J 3k:q(’n,—0¢) [wp(Q(l) )]%
k=ko, Q) ,NTNT2=0 deok
Moreover, by w € A, 4(R™), the fact that % = % + &, and the observation that

Q17 = [ / w (z)w(z) dw] < [w™?(Q))]¥ [wP(Q)]7,

i
we see that
a B —
w!(Qy) S 1Q;1 ¥ [w™(Qy)]
This implies that

— ga L 3Mmwi(Q)
G3< Y ! ] Tt < €8/2
k=k, [wP (Q;)]»

By the estimates for G; and G2, we conclude that
= i 1
116, Za] (F50) = 1B, Ta] (Frep) s, ey 2 5%

Thus, {[b, Ia]fj}j is not relatively compact in LI,(R™), which implies that [b, I,]
is not compact from L%, (R") to LI, (R™). Therefore, b satisfies condition (i). The
arguments for (ii) and (iii) are similar and omitted. Therefore, b satisfies (i)-(iii) of
Lemma 222 which shows that b € CMO(R").

Necessity: By a standard argument, it suffices to show that for any b € D,
[b, I] is compact from L, (R™) to LI,(R™). Moreover, we use some idea in [16];
see also [5] and [7]. Take ¢ € D supported in the ball B(0,1) such that p(z) =1
on B(0, %) and 0 < ¢(x) < 1. For every n > 0 small enough, let

1) = L) [1 -0 (0]

Then we have
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(iil) I2(z,y) = 0if |2 —y| < %.
Let

.0 f() = / [b() — b(y)|T7(x, ) f () dy.

n

Arguing as in [7, Lemma 7], we see that for any n > 0,

|[b, L] f () = [b, 13]f (2)] < 0l VOl oo () M f (),

where M, f(z) is the fractional maximal function defined by
1
Mo f(z) := sup A= |f(y)] dy.
Q3x |Q' ™ Q
By the boundedness of M, from L ,(R") to Li,(R™) (see [19]), we see that
%li% ||[b7 Ia] - [b7 Ig]HL'r‘u’Jp(R”)ALZﬂ(R”) =0.

It suffices to show that for fixed b € D and n > 0 small enough, [b, 7] is
compact from L, (R™) to LL,(R"™). To this end, we only need to show that for
every bounded subset F C L, (R"), [b, I7]F is a relatively compact subset of
LI,(R™). Equivalently, we only need to show that [b, I]F satisfies the conditions
(a)—(c) in Lemma 3.1. Recall that I, is bounded from L ,(R™) to L,(R™) (see
[19]). Since b € D, we have that for any f € F,

|6, 131 f ()] < 2[|bl[ Lo~ ) L (| f1) (),

and hence [b, I|F satisfies (a) in Lemma 3.1. Next, since b € D, without loss of
generality, we assume that supp (b) C Q := Q(xg,7q). By the Hélder inequality,
there exists N >> |zg| 4+ rg + 100 such that for any f € F and x € R"™ with
2| > N,

b, 131 f ()] =

[ 1ot dy
< Wl | Fllor, oy [0 (@7 —
w |z — 2q]
This together with w € A, ¢(R") (and hence w? € A, (R™) with go € (1,(1—%)q))

and % = % + = implies that

/ o, 1] £ ()" w (2) dx
|z|>N

(oo}
wi(2*Q) 11|
S ) PR DI - o UL EH
k=L10g2%J

< quoﬂz(n*a)7

where |a| for ¢ € R means the largest integer ¢ no more than a. Thus, (b) in
Lemma 3.1 holds for [b, I7]F.
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It remains to prove [b, I7]F also satisfies (c). Let z € R™ with |z] < 1/8 small
enough. Then for any = € R"”,

b I f () — [b. Iz + 2)
— b(x) — b(z + 2)] / Iz, 9) f(y) dy

n

+ [ 1) - e+ 2 )b+ 2) — b)) dy

2
= ZLi(x).

Observe that

L1(@)] < |20 Vbl o / G 19 1 ey (1) @):

lo—yl>3 |7 —y|" e
To estimate Lo (x), we first see that if |v — y| < n/4, then I7(x,y) =0 and I7(x +
z,y) = 0. Moreover, when |z — y| > n/4, we have

]
[z y) — Ll(z + 2, y)| S [z — gyt

Then we see that

L@ < [ ) 1l ) b))l dy

1
S [211b]] oo (rn / o f (W)l dy
(R™) o—y|> 2 \a: _ y|n—a+1
= Lf (W)l
~ [2[[16]| oo (mn / — gy
( ),;) k<l —y|<n okt [T — Y|Pt

|2|
S 7||b||L°°(Rﬂ)Maf($)~

Recall that I, and M, are bounded from L% ,(R") to L,(R™). Combining
the estimates of Ly () and Ly(z) and letting |z| — 0, we see that [b, I7]F satisfies
the condition (c) in Lemma 3.1. Hence, [b, I"!] is a compact operator. This finishes
the proof of Theorem 1.3.” O
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