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ABSTRACT. We provide conditions for the existence of measurable solutions to
the equation ¢(Tw) = f(w,&(w)), where T : Q@ — Q is an automorphism of the
probability space ©Q and f(w,-) is a strictly nonexpansive mapping. We use
results of this kind to establish a stochastic nonlinear analogue of the Perron—
Frobenius theorem on eigenvalues and eigenvectors of a positive matrix. We
consider a random mapping D(w) of a random closed cone K(w) in a finite-
dimensional linear space into the cone K(Tw). Under the assumptions of
monotonicity and homogeneity of D(w), we prove the existence of scalar and
vector measurable functions o(w) > 0 and z(w) € K (w) satisfying the equation
a(w)z(Tw) = D(w)x(w) almost surely.

1. INTRODUCTION

Let V = R™ be a finite-dimensional real vector space with some norm || - ||.
A subset K of V is called a cone if it contains with any vectors x and y any
nonnegative linear combination ax + By of these vectors. A cone is called proper if
Kn(—K)=/{0}.

Let K C V be a closed proper cone in V' with nonempty interior K°; we will
call such cones solid. The cone K induces the partial ordering <y in the space V'
defined as follows: x <k y if and only if y — 2z € K. We shall write v <g y if
r<gy,xF#y, andz<gyify—xz e K°.

Let L be another solid cone in V. A mapping D : K — L is called monotone if
D(z) <1, D(y) for any vectors x,y € K satisfying <y y. It is called completely
monotone if each of the relations z <k y, * <x y or x <x y between two vectors
x,y € K implies the corresponding relation D(x) <p D(y), D(x) <p D(y), or
D(z) < D(y) between the vectors D(x),D(y) € L. A mapping D is termed
strictly monotone if the relation © < y implies D(z) < D(y).

Denote by V* the dual to the space V. Elements of V* are linear functionals
¢(x) = (¢, z) on V. For any cone K, denote by

K ={peV"* : ¢(x) >0forall z € K}

the cone dual to K. If K is a solid cone, then so is K*(see [25, Lemma 1.2.4]). Every
functional in the interior of K* is strictly positive, i.e., ¢p(x) > 0 for all 0 £ z € K.
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For any linear functional ¢ in the interior of K*, put
YE—{zecK: ¢(x)=1}.

The set Ef is nonempty, compact, and convex (ibid).

Let (Q, F, P) be a complete probability space and let T : Q@ — Q be its auto-
morphism, i.e., a one-to-one mapping such that 7 and T~! are measurable and
preserve the measure P. Let --- C F_1 C Fy C F; C ---be a filtration on € such
that each o-algebra F; is completed by F-measurable sets of measure 0. Assume
this filtration is invariant with respect to T, i.e. F;;1 = T~ 'F; for each t. Suppose
that for every w € Q, a solid cone K(w) C V depending fo—measurably! on w is
given. Put K;(w) = K(T'w), t = 0,+1,+2,.... Let D(w, ) be a mapping of the
cone Ko(w) into the cone Kj(w). Define

Di(w,z) = D(T" 'w,z), t =0,+1,+2,....

For shortness, we will write D(w) in place of D(w, z) and D;(w) in place of Dy (w, z).
Put

C(t,w) = Di(w)Dy_1(w) -+ Dy(w), t=1,2,...,

where the product means the composition of maps, and C'(0,w) = Id (the identity
map). We have

Ct,T°w)C(s,w) =C(t+ s,w), t,s >0,

i.e., the mapping C(t,w) is a cocycle over the dynamical system (Q,F, P,T) (see
Arnold [I]). The mapping C(t,w) transforms elements of the cone Ky(w) into
elements of the cone K;(w).

It can be shown that the interior of the dual cone K*(w) depends Fy-measurably
on w, and so there exists an Fy-measurable linear functional ¢(w) such that ¢(w)
belongs to the interior of K*(w) for each w (this follows from [5, Theorems II1.22
and T11.30]). We fix the functional ¢(w) and define K (w) = E;((E:J)). The set K(w)
is nonempty, compact and convex.

Let us extend the mapping D(w, ) to all x € V by setting D(w,r) = D(w, )
if v € K(w) and D(w,z) = oo for z ¢ K(w), where “cc” stands for a one-point
compactification of V. We will impose the following conditions:

(D1) D(w,z) is continuous in # € K(w) and D(w,x) is F; xV-measurable in
(w,x) € Q x V, where V is the Borel o-algebra on V.

(D2) D(w,x) is positively homogeneous (of degree one) in & € K(w):

D(w, z) = AD(w,z) for any A >0, z € K(w).

(D3) D(w,z) is a completely monotone mapping from Ky(w) into K7 (w).

Furthermore, we will assume that the cocycle C(¢,w) satisfies the following con-
dition:

(C) For almost all w € 2 there is a natural number [, such that the mapping
C(ly,w) is strictly monotone.

'We say that the set-valued mapping w — K(w) C V is Fp-measurable (or the set K(w)
depends Fp-measurably on w) if its graph {(w,z) : « € K(w)} belongs to Fg x V, where V is the
Borel o-algebra on V.
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The main result of this paper is as follows.

Theorem 1.

(a) There exist an Fo-measurable vector function xz(w) and an Fi-measurable
scalar function a(w) such that

a(w) >0, z(w) € K°(w), (¢(w),z(w)) =1
for all w and
(1.1) a(w)z(Tw) = D(w)z(w) (a.s.).

(b) The pair of functions (a(w),z(w)), where a(w) > 0, z(w) € K(w), and
(p(w), z(w)) = 1, satisfying (1)) is determined uniquely up to the equivalence with
respect to the measure P.

(c) If t — o0, then

C(t, T 'w)a
(p(w),C(t, T tw)a)

where convergence is uniform in 0 # a € K_4(w).

(1.2) I —z(Ww)|| =0 (as.),

This result may be regarded as a stochastic nonlinear generalization of the
Perron—Frobenius theorem: z(-) and «(-) play the roles of an “eigenvector” and
an “eigenvalue” of the random mapping D(w) with respect to the dynamical sys-
tem T :  — Q. The original versions of this classical theorem were discovered at
the beginning of the 20th century by Perron [37,38], who investigated eigenvalues
and eigenvectors of matrices with strictly positive entries, and by Frobenius [T5HI7],
who extended Perron’s results to irreducible nonnegative matrices. Extensions of
the Perron—Frobenius results to nonlinear mappings were obtained by H. Nikaido
[33], M. Morishima [30], T. Fujimoto [I§], Y. Oshime [34H36], and others. Those ex-
tensions were motivated by applications in mathematical economics, in particular,
to the so-called nonlinear Leontief model [39]. For reviews of nonlinear versions of
the Perron—Frobenius theory, we refer the reader to the monographs by Nussbaum
[31L832] and the papers by Kohlberg [23] and Gaubert and Gunawardena [19].

The first result on stochastic generalizations of the Perron-Frobenius theorem for
linear maps D(w) (nonnegative random matrices) was obtained in [10]. The result
was extended and applied to mathematical models in statistical physics and evolu-
tionary biology by Arnold et al. [2]. Recently, important progress has been made in
a series of papers by Mierczyriski and Shen [27H29], who established stochastic ver-
sions of the Krein-Rutman theorem (generalizing the Perron-Frobenius theorem to
infinite-dimensional Banach spaces). Under some general conditions, it was shown
that a positive linear random dynamical system in an ordered Banach space admits
a family of generalized principal Floquet subspaces, a generalized principal Lya-
punov exponent, and a generalized exponential separation. These results extend to
the stochastic case the classical Krein—-Rutman theorem for strongly positive and
compact operators in strongly ordered Banach spaces. In the paper [26] by Lian
and Wang, a stochastic Krein—Rutman theory for general k-cones was developed,
extending the classical results both from the deterministic to the stochastic case
and from k=1to k > 1.

The first stochastic nonlinear analogue of the Perron-Frobenius theorem was
obtained in the paper by Evstigneev and Pirogov [12]. In that paper, D(w) was a
mapping of the set R’ of nonnegative n-dimensional vectors into itself. Now we
generalize this result to more general random cones K (w) C V.
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Problems related to stochastic (linear and nonlinear) Perron—Frobenius theorems
arise in various areas of pure and applied mathematics, in particular, in statistical
physics, ergodic theory, mathematical biology, and mathematical finance; see, e.g.,
Arnold et al. [2], Kifer [21122], and Dempster et al. [7]. Extensions of this theory
to set-valued mappings D(w,z) (von Neumann-Gale dynamical systems [3], [13])
have important applications in mathematical economics [I4] and finance [§].

Several comments about the assumptions imposed are in order. Let K and L
be solid cones in V. Consider a concave mapping D : K — L, i.e., a mapping
satisfying

(1.3) DOz + (1 —0)y) >1 0D(z) + (1 —60)D(y)

for all z,y € K and 6 € [0,1]. Clearly, if D is homogeneous, then D is concave if
and only if it is superadditive:

(1.4) D(z+y) 2L D(z) + D(y).

For a superadditive mapping D : K — L, the relation x <x y between two
vectors x,y € K implies the corresponding relation D(z) <1 D(y) between the
vectors D(z), D(y) € L if and only if

(M1) D(h) =1 0 for all h > 0.

The relation ¢ <y y implies the corresponding relation D(x) < D(y) if and
only if

(M2) D(h) >, 0 for all h >k 0.

The mapping D(z) is strictly monotone if and only if

(M3) D(h) > 0 for all h > 0.

We can also see from ([[4]) that any superadditive mapping is monotone. By using
this, we obtain that if D is concave and homogeneous, then (M2) is equivalent to

(M4) D(h,) >r, 0 for some h, >k 0.

Clearly, (M4) follows from (M2). Conversely, (M4) implies (M2) because for
any h > 0 we have h >k Ah,, where A\ > 0 which yields D(h) >, AD(h.) >, 0.
Thus, for a concave homogeneous mapping, its complete monotonicity is equivalent
to the validity of (M1) and (M2) (or (M1) and (M4)), and its strict monotonicity
is equivalent to (M3).

The remainder of the paper is organized as follows. In Section 2, some general
facts regarding the Hilbert—Birkhoff metric are given. In Section 3, a stochastic
version of the fixed point principle, which plays a key role in the proof of Theorem
1, is formulated. Sections 4 and 5 provide proofs of the main results.

2. HILBERT-BIRKHOFF METRIC

Given a solid cone K and a strictly positive linear functional ¢, the Hilbert—
Birkhoff ([20], [4]) metric on the set ¥ := Eg N K° is defined as follows. For any
z,y €Y put

M(z/y) =inf{B > 0: 2 <k By}, m(z/y) =sup{a >0:ay <k z}

and

M(z/y)
2.1 d(x,y) = log [7 .
(2.1) (z,y) /)
It can be shown (see |25, Propositions 2.1.1 and 2.5.4]) that the function d(z,y)
is a complete separable metric on Y and that the topology generated by it on Y
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coincides with the Euclidean topology on Y. Furthermore, there exists a constant
M > 0 such that

(2:2) lz =yl < M(e®) — 1),
for all z,y € Y (see [25] formula (2.21)]).

Remark. An important example of K is the cone R} consisting of all nonnegative
vectors in V' = R". Suppose ¢(z) =Y i, x; for = (z1,...,x,). Then we have

Efz{xz():i:xizl}, Y:{x>0:zn:xi:1},
M(x/y) = max(s /), mlx/y) = minas ),

d(z,y) = log [miaX(afi/yi) -m;tX(yj/:vj)] :
Here, the inequalities > 0 and =z > 0 are understood coordinate-wise.

The Hilbert—Birkhoff metric is a particularly useful tool in the study of monotone
homogeneous maps on cones. A mapping f : X — Y from a metric space (X, dx)
into a metric space (Y, dy) is called nonezpansive if dy (f(z), f(y)) < dx(x,y) for
all z,y € X. It is called strictly nonexpansive if the inequality in the above formula
is strict for all x # y in X. The usefulness of the Hilbert—Birkhoff metric lies in
the fact that linear, and some nonlinear, mappings of cones are nonexpansive with
respect to this metric.

Let K and L be solid cones in V and let ¢ € (K*)°, ¢3 € (L*)°. Put Y =
Efl NK°and Yy = 252 N L°, and suppose d;(z,y) is Hilbert—Birkhoff metric on Y;,
1=1,2.

Theorem 2. If f : K — L is a monotone and homogeneous (of degree 1) mapping
such that f(x) »=r 0 for all x =k 0, then the mapping g : Y1 — Yo given by
g(x) = f(x)/{(p2, f(x)) is nonexpansive with respect to the metric di(z,y) on Y1 and
the metric do(x,y) on Ya. Moreover, if f is strictly monotone and homogeneous,
then g is strictly nonexpansive.

Proof. Let x,y € Y7 and write « = m(x/y), 8 = M(z/y). Since K is a closed cone,
we have ay <k = <k By, and so af(y) <p f(z) <r Bf(y) because f is monotone
and homogeneous. Thus,

(92, f(y)) (92, f(y))
o, Fla? W) =9 S0 gy o)
which implies
da(g(), 9(y)) < log(B/a) = di(z,y).
Let f be strictly monotone. If z,y € Y7 and = # y, we have z # Ay for all A > 0
(otherwise if © = Ay for some A > 0, then 1 = ¢1(y) = ¢1(z) = Ap1(y), which
yields A =1 and « = y). Then ay <k x <x By, and so af(y) <p f(x) <p Bf(y).
Hence there exist u > a and 7 < 8 such that uf(y) <p f(z) <p 7f(y). Therefore,

dalg(2). 9(0) < log( ) < log(2) = da ).

The proof is complete. O
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3. STOCHASTIC FIXED-POINT PRINCIPLE

In the proof of Theorem 1, we will use a stochastic generalization of the following
well-known result regarding strictly nonexpansive mappings (see, e.g., [9], [23]). Let
f be a strictly nonexpansive mapping from a compact space X into itself. Then
f has a unique fixed point T, and f¥(z) — T as k — oo for each x € X. (We
denote by f¥(x) the kth iterate of the mapping f.) A stochastic version of the
above contraction principle was obtained in the paper by Evstigneev and Pirogov
[T1]. Here we establish a more general version of this result. Let us formulate it.

As before, let (2, F, P) be a complete probability space, let T : Q@ — Q be its
automorphism, and let --- C F_1 C Fg C F; C --- be a filtration such that each
F: contains all sets in F of measure 0. Let (V,V) be a standard? measurable space
and let X(w) C V be a nonempty set depending Fy-measurably on w € Q. Let
f(w,z) be a mapping assigning to every w € Q and every z € X(w) an element
f(w,z) € X(Tw). Our main goal in this section is to provide conditions under
which the equation

(3.1) {(Tw) = f(w,¢(w)) (as.)

has a solution in the class of measurable mappings £ : 2 — V such that {(w) € X (w)
for all w. We also will be interested in the uniqueness of this solution and the
properties of its stability. Equations of the type (B arise in connection with
various questions of the theory of random dynamical systems (Arnold [I]). Our
study of such equations is motivated by their applications in the stochastic Perron—
Frobenius theory.

Let us extend f(w,z) to the whole space V by setting f(w,z) = f(w,) if
7 € X(w) and f(w,2) = o if + ¢ X(w), where the symbol “cc” denotes a point
added to V.

Assume that the following conditions hold:

(A1) The mapping f(w, ) (w € Q, € V) is F; xV-measurable.

For each w, let Y(w) be a nonempty subset of X (w) equipped with a separable
metric p(w,x,y), z,y € Y(w). Let us introduce the following assumptions:

(A2)

(a) The set-valued mapping w — Y (w) is Fp-measurable.

(b) The function

_ _ | plw,zy), ifxyeY(w),
plw,2,y) = { +00, otherwise
is Fo X V x V-measurable.

(c) For each w, the Borel measurable structure on Y (w) induced by the metric
p(w, z,y) coincides with the measurable structure induced on Y (w) by the o-algebra
V.

(d) For each w € Q and = € Y(w), we have f(w,x) € Y(Tw), and the mapping
f(w,") : Y(w) = Y (Tw) is continuous with respect to the metric p(w, z,y) on Y (w)
and the metric p(Tw, z,y) on Y (Tw).

Note that Y (w) € V for each w by virtue of (a).

For every k = 0,41,+2,... define

Xk(w) = X(Tkw)v Yk(w) = Y(Tkw)7 pk(w,x,y) = p(Tkw,x,y),

2A measurable space is called standard if it is isomorphic to a Borel subset of a complete
separable metric space.
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(3.2) filw,2) = (T, 2) [ € X1 ()]
For each m =0,1,2,... put
(33 Fw0) = @) 1) fon@)@) o€ X ()

XM (w) = f0) (W, X1 (w)).
The product £ (w,z) = fo(w)f,l(w) -+« fom(w) means the composition of the
mappings. Note that for each m = 0,1,... the map f_,,(w,z) acts from Q x
X _o1(w) into X, (w), and so £ (w, :1:) acts from Q x X_m 1(w) into Xo(w).
The extended mappings f_,,(w,z) and f(™)(w,z) are F_,, x V-measurable and
Fo X V-measurable, respectively. The functions p_,,(w, z,y) are measurable with
respect to F_,,, X VXV C Fo xV x V.

(A3) There is a sequence of Fy-measurable sets Q¢ C Q7 C --- C Q such that
P(Q,) — 1, and for each m = 0,1,... and w € Q,, the following conditions are
satisfied:

(a) the set X (™) (w) is contained in Y (w) and is compact with respect to the
metric p(w,z,y);

(b) for all z,y € Y_,,,_1(w) with = # y, we have

(3.4) p(w,f(m)(w,a:),f(m)(w,y)) < pom—1(w, z,y).

Since the sequence of the sets (2, is nondecreasing, there exists an Fy-measurable
function m(w) with nonnegative integer values such that for each w € Q := Q; U
Qs U--- (and hence for almost all w), we have w € Q,,,, m > m(w). We can define
m(w) = min{i : w € ;} if w € Q, and m(w) = 0 otherwise.

Theorem 3.
(i) There ezists an Fo-measurable mapping & : Q@ — V' such that {(w) € Y(w),
equation B holds, and
(3.5) lim SUp plw, €@, folw) - fm(@)(2)) = O (as.)
m(w)<m—oo ZEX _p_1(w)
(ii) If n : Q@ = V is any (not necessarily measurable) mapping for which n(w) €
X (w) and equation BI)) holds, then n = & with probability one.

According to ([B3), the sequence fy- -« f_m(z) converges to &(w) in the metric
p(w,z,y) uniformly in x € X_,,,_1(w) with probability one. Note that the dis-
tance p(w,-,-) between fo--- f_m,m(x) and {(w) involved in (B3] is defined only if
for-- fom(z) € Y(w). By virtue of condition (a) in (A3), this inclusion holds for
almost all w, and all m > m(w) and « € X_,,_1(w); therefore the limit in (1)) is
taken over m > m(w).

4. PROOF OF THE STOCHASTIC FIXED POINT PRINCIPLE

Proof of Theorem 3.

1st step. Observe that X (@ (w) D XM (w) D X@(w) D --- and X™)(w) # 0
for each m and w. Consider the sets Q,, (m = 0,1,...) described in (A3) and
their union Q . According to (A3), P(Q) = 1 nd each w € Q belongs to
all Q,,, m > m(w). For w € Q, all the sets X" (w), m > m(w), are con-
tained in Y (w) and compact, and so the set X*(w) := Noo_, X™(w) C Y (w)
is nonempty and compact as an intersection of a nested sequence of nonempty
compacta X (™ (w), m > m(w).
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2nd step. Define Q* = z:oo(TkQ). The set 2* is invariant and P(Q*) = 1.
Let us show that

(4.1) X*(Tw) = f(w, X*(w)), w e Q".

Equality (4] is equivalent to

(4.2) X®(w) = f(T  w, X>®(T"'w)), w € QF,

because w € Q* if and only if T-'w € Q*. To prove [#2)) let us observe that

oo o0
(4.3) F(T7w, N XON(T W) = N (T w, X™(T7 1)), we Q.
m=0 m=0
The inclusion “C” in ([3) holds always. The opposite inclusion follows from the
continuity of f(T~'w,-) on Y (T~ w) and the fact that X ™) (T~'w) are nested and
compact in Y (T~ 'w) for all m large enough. By using ([3)), we obtain

FT w0, X(T W) = F(T 1w, () X0 (T~ 1w))

m=0

= N ST 0. X)) = A fole, XTI )

m=0
oo
= N XM (W) = X®(w), we Q.
m=0

The fourth equality in this chain of relations holds because
XMN(T ) = fo(T 7 w) for (T w) - fon (T ) (X e (T 1))
= fe1(w)f2(w) -+ fom1 (W) (X om—2(w)),

and so
Fo(@)(XT(T w)) = fo(w) f1(@) - from-1(@)(X ma(w)) = XD (w).
3rd step. For w € Q*, denote the diameter in the metric p(w, x,y) of the compact

set X*°(w) C Y (w) by p(w) and put p(w) = +o0 if w € Q\ Q*. For m=0,1,2,...,
put QF = Q*NQ,,, and for w € Q define

m
P (w) = { diam X ™) (w), if w €

mo

(4.4) 400, otherwise.

Recall that, for w € ©,, and hence for w € Q,, the set X ™) (w) is contained in Y (w)
and is compact, so that its diameter diam X ("™ (w) in the metric p(w,z,y) is well
defined and finite. We claim that p(™ (w) is an Fy-measurable function of w € €.
To prove this assertion we observe that for w € Q,, we have diam X (™) (w) =
diam f™ (w, X_,,_1(w)), where

F (w,2) = folw)for (@) - fom(w) (@), @ € X (w).
Consequently, for each real a, the set Q2 of w € QF, satisfying diam X ™) (w) > a
is the projection on €2, of the set
(4.5)

{w,2,9) € A, x X1 (W) X X1 (w) 1 plw, F (w,2), F™ (w,9)) > a },
which is an Fp x V x V-measurable subset in (), x V' x V by virtue of assumptions
(A1) and (A2). Since V (and hence V x V) is standard and (2, Fo, P) is a complete
probability space, Q2 is Fy-measurable (see, e.g., [0, Theorem IT1.33]). This implies
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that p(™) (w) is Fy-measurable because p(™) (w) = 400 outside Q7,. Finally, p(w) is
Jo-measurable because

(4.6) plw) = lim p™(w) for w € O,

m—o0

which follows the fact that X (™) (w) are nested and compact in Y (w) for all w € Q*
and m > m(w).
4th step. Let us show that p(w) = 0 (a.s.). Observe that equality [@I]) implies

X%2(w) = (T, X (T 1w)) = (T~ 1) (X>(T"'w))
= [T ) [(T20)(X*(T2w) = - = (T w) - ST ) (XTI w))
A7) = fow) - fom(@) (XTI W) = [0 (w0, XX(T" ), w € Q"
By virtue of [@7) and condition (b) in (A3), for w € Q,, we have

(48)  plw) = ple, X¥()) < p(T" Lo, X(T~" L)) = (T~ 10)
and
(4.9) if p(w) > 0, then p(w) < p(T~™ w).

(Here we also use the fact that X°°(w) is compact.) Since P(€2f,) = P(2*NQy,) —
1, inequality (48] yields

(4.10) lim P{p(w) < p(T""w)} — 1.

m—oQ

We claim that (£I0) implies
(4.11) p(w) = p(T™™w) a.s. for all m.

To deduce [@IT) from ([@I0) we may assume that p(w) is bounded by some constant
C' (we can always replace p(w) by arctanp(w)). By setting A, := {w : p(w) <
p(T~™w)}, we write

Elp(w) — p(T™"w)| < E(p(T™"w) = p(w))xa,, + CP(Q\ Ap),

where xa, is the indicator function of A,,. Further, since Ep(T "w) = Ep(w),
we have

E(p(T™"w) = p(w))xa,, = E(p(T™"w) = p(w))xa,, — E(p(T""w) — p(w))
= —E(p(T™"w) — p(w))xa\a,, <CPQ\ Ay).

Consequently, F|p(w) — p(T~™w)| < 2CP(2\ A,,) — 0, which implies [@IT]).
Suppose p(w) > 0 with strictly positive probability. Then there exists a number
m and a set I' € Fj contained in €}, such that P(I') > 0 and p(w) > 0 on I'. By
virtue of (&), we have p(w) < p(T~™ lw) for w € T. On the other hand, we
proved that p(w) = p(T~™ 'w) for almost all w. A contradiction.
5th step. Since the Fy-measurable function p(w) is zero a.s., there is a set Q € F
of full measure such that

(4.12) Q C O and p(w) = 0 for each w € Q.

This means that for w € Q, the set X (w) consists of exactly one point, £*°(w).
Replacing Q by ﬂ+°° (T*€)), we may assume that Q is invariant.

k=—o00
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For every w, fix any point J(w) in the nonempty set Y (w) and put (w) = &2 (w)
for w € @ and {(w) = J(w) for w € Q\ Q. Then for any w € @ C Q* we have
Tw e Q C Q* and so

{6(Tw)} ={=(Tw)} = X=(Tw) = f(w, X=(w))
= f(w, {€F(W)}) = f(w, {¢(w)}}
by virtue of {1I]). Consequently, &(w) satisfies ([B1)) for all w in the set € Q* C Q

of measure one.

Consider the functions p("™ (w) defined by [@4). For each w € Q and m > m(w)
we have w € €,,, and so
(4.13) sup  p(w,€(W), fo - fom(2)) < diam X (w) = pl™) (w)

z€X _m_1(w)

because {£(w)} = X®°(w) € X(™(w). This implies ([BH) since lim p("™)(w) =
p(w) = 0 on the set Q of full measure.

6th step. To complete the proof of (i) it is sufficient to show that the mapping &
constructed above coincides a.s. with some Fy-measurable mapping . Then ¢ will
be the sought-after solution to ([B]) possessing the properties listed in (i).

Consider some Fy-measurable mappings yo(w), T_m-1(w), m = 0,1,..., with
values in V such that yo(w) € Y(w) and z_p,—1(w) € X_p—1(w) for all w. The
existence of these mappings follows from the measurable selection theorem (see
[5]) because the graphs of the set-valued mappings w — Y (w) and X_,,,_1(w) are
measurable with respect to Fo x V and F_,,_1 x V C Fy x V, respectively. Define
the mappings ("™ (w) of Q into V' (m =0,1,...) by the formula

(W) = { folw) - fom(w)(@—m_1(w)) fw € Qp,

yo(w), otherwise.

Clearly ("(w) € Y(w) for all w. The mappings ("™ (w) are Fo-measurable because
Q. € Fp and the mappings f—m(w, z) are measurable with respect to F_,,_1 xV C
Fo x V. For each w € Q and m > m(w), we have w € Q,,, and

Pp(w, (W), (" (W)) = plw; EW), fo(@) -+ fom (W) (@-m-1(w)) < p'™ (W),

where p(™) (w) — 0 as m — oo (see ([@D), @EIZ), and @IF)). Thus (™ (w) — &(w)
on a set Q € Fy, where P(Q) = 1. Thus &(w) is an a.s. limit of Fo-measurable
functions, and consequently it is Fy-measurable since F is complete.

We know that £(Tw) = f(w, &(w)) (a.s.) and since (w) coincides a.s. with some
Fo-measurable mapping &'(w), we obtain

§(Tw) =¢§(Tw) = f(w,§(w)) = f(w,{(w)) (as.),
where the first equality is valid because the transformation 7" preserves the measure
P.
Tth step. It remains to prove (ii). If n : Q@ — V is a mapping for which n(w) €
X (w) and equation (B holds, then

n(w) = f(T " w,n(T™'w)) = F(T ) (T w))

=f(T7 ) f(T2w) (T 2w)) =+ = f(T 7 w) - f(T7 w) (T~ 'w)) (as.),
which yields

(4.14) (W) = fow)f-1(w) - fom@) (T w)) (as.).
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By combining ([@.14) and B.3]), we get
plw,f(w),nw)) < sup  plw,§(w), fo(w) - fom(w)(z)) = 0 (as.),

2€EX_m_1(w)

and so {(w) = n(w) (a.s.). The proof is complete. O

5. NONLINEAR PERRON-FROBENIUS THEOREM: PROOF

In this section we prove Theorem 1. The proof is based on a lemma.

Lemma 1. There exists a sequence of Fo-measurable sets I'y C Ty C -+ C Q such
that P(I'y,) = 1, and for eachm =1,2,... andw € T'y,, the mapping C(m, T~ "w)
from the cone K_,(w) to the cone Ko(w) is strictly monotone.

Proof. For each m > 1, consider the set A,, of those w for which the mapping
C(m,w,z) = C(m,w)x of the cone Ky(w) into the cone K, (w) is strictly monotone
in . Let us show that A, € F,,. Denote by H,,(w) the closed set V' \ K, (w) and
by §(z, Hp,(w)) the distance (defined in terms of the norm || - ||) between the point
z € V and Hp,(w). Clearly, z € K7, (w) if and only if 6(z, H,(w)) > 0.

For each i,7 = 1,2,... denote by A;;(w) the set of those (z,y) € Ko(w) X Ko(w)
for which

y— € Ko(w), [ly— x| = 1/i, max{l|z[|, [y[l} <.

The set-valued mapping w — A;;(w) is Fo-measurable, and so it possesses a count-
able dense set of Fo-measurable selections (z};(w),y};(w)), Il =1,2,... (see [5, The-
orems I11.22 and IT1.30]). In view of the compactness of A;;(w) and continuity of
C(m,w,-), we have

Ay = U {w: irllf[(S(C(m,w,yﬁj(w)) — C(m,w, 2t (W), Hp(w))] > 0}.

s Vg
ij=1
Since the set-valued mapping w — H,,(w) is F,,-measurable, the set A,, is a union
of a countable family of F,,-measurable sets and is thus F,,-measurable.
If w e Ap and y =g, w) @, we have C(m,w)y >k, () C(m,w)r. Further-
more, D(T™w) is a completely monotone mapping from Ko(7T"w) = K,,(w) into
K1 (T"w) = Kpp+1(w). Therefore

Cm+1,w)y = D(T"w)C(m,w)y >k, . () DIT"w)C(m,w)r = C(m+ 1,w)r,

and so w € A,,4+1. Consequently, A,, C A,,+1. By virtue of assumption (C),
we have P(J’_; A,,) = 1. By virtue of the inclusion A,, C A,,41, this implies
P(A,,) — 1. Define Iy, = T™A,,. Then w € Iy, if and only if the mapping
C(m, T~ ™w) of the cone Ko(T ™w) = K_,,(w) into the cone K,,, (T~ "w) = Ko(w)
is strictly monotone. Furthermore, '), € Fy for every m because T™A,, € Fy if
and only if A, € Fp,. If w € Ty, then w € Ty, 11 because the mapping

(5.1) Cm+1, T 'w) =C(m, T "w)D(T~™ 'w)

of K_,,—1(w) into Ko(w) is strictly monotone as the product of two mappings,
one of which is completely monotone (from K_,,_1(w) to K_,,(w)) and the other
strictly monotone (from K_,,(w) to Ko(w)). Thus, I'y CT'y C .-+, where P(T',,) =
P(A,,) — 1, which completes the proof. O
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Proof of Theorem 1. Put
X(w) = K@), ¢1(w) = (T'w), Ki(w) = K(T'w), Xi(w) = X (T'w)
for any t = 0,41,+2,.... We will apply Theorem 3 to the mapping

D(w,x)
> T = @) Dy
The mapping f(w,x) is well defined because D(w,z) is a completely monotone
mapping from Ky(w) into Kq(w). This implies that (¢;(w), D(w,z)) > 0 because
D(w,z) # 0 for  # 0. Furthermore, (¢1(w), f(w,x)) = 1, which means that
f(w,z) € X1 (w) = K;(w), and so f(w,-) is a mapping of Xo(w) into X;(w).

Denote by V the Borel o-algebra on V induced by the Euclidean topology on
V. Then the measurable space (V,V) is standard. Let us verify the assumptions of
Theorem 3 for the mappings w — X (w) and f(w,z) : Xo(w) = X7 (w).

We have

{(w,2):z € X(w)} ={(w,z) : z € K(w), (p(w),x) =1} € Fg x V

because ¢(w) and w — K (w) are Fp-measurable.

To check (A1) we need to show that the mapping f(w,x), which is equal to
flw,z) if x € Xo(w) and oo otherwise, is F1 x V-measurable. This follows from
the fact that the set I' := {(w,z) : w € Q, z € Ko(w), (do(w),x) =1} is Fy x V-
measurable and the mapping f(w, z) (see (2))) restricted to I' is F; x V-measurable
by virtue of (D1) and the Fj-measurability of ¢;(w).

For each w, we define Y (w) as K (w)NK°(w) (which corresponds to our previous
notation) and consider the Hilbert-Birkhoff metric d(w) = d(w,z,y) on Y (w). For
every k =0,+1,42,... define

x € Xo(w).

Y;f(w) = Y(Ttw)v dy; (w) = dy, (wa €, y) = d(Tkwv €, y)

Let us verify the assumptions in (A2). To check (a) observe that the set-valued
mapping w — Y (w) is Fo-measurable because its graph is the intersection of the
Fo x V-measurable sets {(w, z) : (p(w),z) = 1} and {(w,z) : © € K°(w)} (as regards
the second set, its measurability can be proved by using Theorems I11.22 and I11.30
in [5]).

To verify (b) consider a real number r and the set

Q={(w,z,y) : 2,y €Y (w), dlw,z,y) >}

We have to show that Q € Fy x V x V. To this end observe that d(w,z,y) > r if
and only if

iIJl_f{Bj 12 <gw) Byt >e” su_p{ozj foiy <gw) T
j

where a; > 0 and 3; > 0 are rational numbers. By combining this observation
with the fact that {(w,z,y) : © <gw) y} € Fo x V x V (following from the Fo-
measurability of w — K(w)), we obtain (b).

As we have noticed in Section 2, (Y (w),d(w)) is a complete separable metric
space and the topology generated by the metric d(w) on Y (w) coincides with the
Euclidean topology on Y (w). From the fact that D(w,x) is completely monotone,
it follows that the map f(w,z) transforms Y (w) into Y7 (w). Furthermore, f(w,-)
is continuous in the Euclidean topology and hence with respect to the metric d(w)
on Y (w) and the metric dy(w) on Yi(w). Therefore, conditions (¢) and (d) hold.
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Consider the Fy-measurable sets I'y € I's C --- C Q constructed in Lemma
1. Let Qp = Tpg1, (m = 0,1,...). We will show that the sets Qo C Q; C
-++ C Q) possess the properties listed in (A3). Consider the mappings f,,(w, z) and
) (w, x) defined by B.2) and B3)), respectively. By virtue of 3.2) and (5.2)), we
get
m-1 D(T™ lw, x)

fm(wvx) f(T wvx) <gz§m(w),D(Tm_1w,x)>

Let us prove by induction with respect to m = 0,1,2,... the following formula for
every & € X_,,_1(w):

& € X1 (w).

Cim+1, T~ ‘w)z

(5:3)  f(w.2) = fol@)fa(w) - fomlw)r = o E S

If m =0, then

_ D(T~ w, ) C(1, T lw)z
=f(T! = ’ = ’ X_1(w).
olto ) = J0) = G, DT w0~ (@), O, Ty € 41
Suppose equation (53] holds for m — 1. To verify it for m we take x € X_,,,_1(w),
put

B DT~ w)z
* T o), DT 1w)a)’
and write
Cim+1,T " tw)z B C(m, T~"w)D(T~™ 'w)x
(p(w),C(m+ 1L, T lw)z) — ($(w), C(m,T~mw)D(T~m" w)x)
C(m, T ™w)z

- (p(w), C(m, T~™w)z) = fo(w)f—l(w) e 'f—m+1(w)z

— oY " D(T~™ Yw)x
*fo( )f*l( ) f*m+1( )<¢_m(W),D(T_m_1W)$>

= fow)f-1(w) -+ fompr (W) fom(w)z.
In this chain of equalities, the first one follows from (EII), the second from the
definition of z and homogeneity of the mappings under consideration, the third
from the assumption of induction, the fourth from the definition of z, and the last
from the definition of f_,,.

Let m be any nonnegative integer and let w € Q,, = I';,41. Then, according
to Lemma 1, the mapping C'(m + 1, T~ 'w) is strictly monotone. Consequently
(see (53)), f™ (w,z) € K°(w) for all z € X_,,_1(w), and so f(™) (w, X _,_1(w))
is a subset in Y (w). Moreover, f"™)(w, X _,,_1(w)) is a compact set in Y (w), as a
continuous image of the set X_,,_1(w) which is compact in the Euclidean topology,
and hence f("™) (w, X _,,_1(w)) is compact with respect to the metric d(w). By virtue
of Theorem 2, f™ (w,x) : Y_,,_1(w) — Y (w) is a strictly nonexpansive mapping
with respect to the metric d_,,—1(w) on Y_,,_1(w) and d(w) on Y (w). Consequently,
condition (A3) holds. Thus, all the conditions sufficient for the validity of Theorem
3 are verified.

By virtue of assertion (i) of Theorem 3, there exists an Fyp-measurable mapping
¢(w) € Y(w) for which the equation {(Tw) = f(w,&(w)) (a.s.) holds, i.e., we have

Dw.ew)
(61), Dl @)

§(Tw) =
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Let z(w) = &(w) and a(w) = (¢1(w), D(w,£(w))). Then a(w)z(Tw) = D(w)z(w)
(a.s.), and since z(w) € Y (w), we have z(w ) K°(w), (¢p(w),z(w)) =1 and a(w) >
0. Furthermore, z(w) is Fo-measurable and a(w) is Fi-measurable, which proves
assertion (a).

To prove (b), take any (/' (w), 2’ (w)), where o/ (w) > 0, 2’ (w) € K(w), and (¢(w),
' (w))) = 1, satisfying o/ (w)z'(Tw) = D(w)z’(w) (a.s.). Then

o (w) = o/ (W){h1(w), 2" (Tw)) = (¢1(w), D(w)a'(w)) >0,
and so
Dw)a'(w)  D(w)a'(w)

o' (w) (¢1(w), D(w)a' (w))
By virtue of assertion (ii) of Theorem 3, we have z'(w) = z(w) (a.s.), and conse-
quently, o/ (w) = a(w) (a.s.), which proves (b).

To prove (c) we observe that = := a/(¢p_m-1(w),a) € X_,—1(w) for any 0 #
a € K_,,—1(w), and by virtue of (B3], the following equations hold:

Om+1,T" lwja _  Om+ LT W) oy
(P(w), C(m+ 1, T~m"lw)a)  (p(w),C(m+1, T w)z) o

By using ([B.H]), we get

' (Tw) = = f(w, 7' (w)) (a.s.).

lim sup d(w, £(w) Cim+ 1, T 'w)a
m(w)<m—oo 0#£a€K _m_1(w) ’ ’ <¢(W) C’(m—|— 1,T—m—1w)a>

= lim sup  d(w, E(w), ™ (w,x)) =0 (as.).

m(w)<Sm—00 geX_,. _;(w)

In view of ([2.2), here we can replace the Hilbert-Birkhoff metric d(w, z,y) by the
norm ||z — y||, which yields (I2)). This completes the proof. O

)
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