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DISCRETE TOPOLOGICAL COMPLEXITY

D. FERNÁNDEZ-TERNERO, E. MACÍAS-VIRGÓS, E. MINUZ, AND J. A. VILCHES

(Communicated by Michael A. Mandell)

Abstract. We introduce a notion of discrete topological complexity in the
setting of simplicial complexes, using only the combinatorial structure of the
complex and replacing the concept of homotopy by that of contiguous simpli-
cial maps. We study the links of this new invariant with those of simplicial
category and topological complexity.

1. Introduction

Topological complexity was introduced by Farber [6] as a topological invariant
intended to solve problems such as motion planning in robotics. For this purpose
one needs an algorithm that is capable to compute, for each pair of points of the
so-called configuration space of a mechanical or physical device, a path connecting
them in a continuous way. Farber’s key idea was to interpret that algorithm in
terms of a section of the so-called path-fibration, which is a well-known map in
algebraic topology.

The aim of the present paper is to establish a discrete version of this approach.
Discretization is interesting because many motion planning methods transform a
continuous problem into a discrete one. While it is agreed that finite simplicial
complexes are the proper setting to develop a discrete version of topology, the main
technical difficulty is to avoid the construction of a path-space PK associated to
the simplicial complex K. We were able to do so, by using a different but equivalent
characterization of topological complexity, as we explain in Section 2.

The contents of the paper are as follows. In Section 2 we recall the basic notions
of topological complexity, Švarc genus, and simplicial contiguity. In Section 3 we
introduce the definition of discrete topological complexity TC(K) of a simplicial
complex K and we prove that this new invariant only depends on the strong homo-
topy type of K, as defined by Barmak and Minian [3, 4]. In Section 4 we compare
the new invariant with scat(K), the simplicial Lusternik-Schnirelmann category of
K, which was defined by us in two previous papers [8, 9] and has been studied
later by other authors [2, 13]. This comparison gives a simplicial version of two
of Farber’s well-known results [6]. Finally, in Section 5, TC(K) is compared with
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the topological complexity TC(|K|) of the geometric realization |K| of the complex
K. The paper ends with the computation of the discrete topological complexity
of certain families of graphs, namely trees and wedges of circles. Several explicit
examples are given.

2. Preliminaries

2.1. Topological complexity. We include here some motivational remarks. Far-
ber’s topological complexity [6,7] is a particular case of the Švarc genus or sectional
category of a map [5, 16].

Definition 2.1. The Švarc genus secat(f) of a map f : X → Y is the minimum
integer number n ≥ 0 such that the codomain Y can be covered by open sets
V0, . . . , Vn with the property that over each Vj there exists a local section sj of f
(that is, a continuous map sj : Vj → X such that f ◦ sj = ιj , where ιj : Vj ⊂ Y is
the inclusion).

Definition 2.2. The topological complexity of a topological space X is TC(X) =
secat(π), where π : PX → X ×X is the path fibration, that is, the map sending an
arbitrary path γ : [0, 1] → X into the pair (γ(0), γ(1)) formed by the initial and the
final points of the path.

Remark 2.3. We adopt the normalized version of concepts such as Švarc genus,
topological complexity, and LS-category, in such a way that contractible spaces
have category zero. This convention is often used, as in [5], as well as in our papers
[8,9] and we will maintain it here. However, a non-normalized definition may appear
sometimes in other papers, as Farber did in [6].

An important result is that for some topological spaces (including the geomet-
ric realization of any finite simplicial complex) the topological complexity can be
computed by taking closed subspaces instead of open subspaces. This is discussed
in [7, Chap. 4].

Now we proceed to modify the definition of sectional category in order to get a
weaker notion, more suited for working modulo homotopy.

Definition 2.4. The homotopic Švarc genus of the map f : X → Y , denoted by
hsecat(f), is the minimum integer number n ≥ 0 such that there exists an open
covering Y = V0 ∪ · · · ∪ Vn of the codomain, with the property that for each Vj

there exists a local homotopic section sj , that is, a continuous map sj : Vj → X
such that there is a homotopy f ◦ sj � ιj , where ιj : Vj ⊂ Y is the inclusion.

Clearly, hsecat(f) ≤ secat(f). For a particular class of maps both invariants
coincide.

Proposition 2.5. If π : X → Y is a fibration (that is, a map with the homotopy
lifting property), then hsecat(π) = secat(π). In particular, this is true for the path
fibration π : PX → X ×X.

The proof is easy.
Now, it is well known that any map factors, up to homotopy equivalence, through

a fibration. We will apply this to the particular case of the diagonal map ΔX : X →
X ×X.
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Proposition 2.6. There is a homotopy equivalence X � PX such that the diagram
in Figure 1 commutes up to homotopy (the maps are c(x) = x, the constant path,
and α(γ) = γ(0), the initial point).

X
c ��

ΔX ���
��

��
��

��
PX

π

��

α
��

X ×X

Figure 1

Corollary 2.7. The maps π and ΔX have the same homotopic Švarc genus, and
both coincide with the topological complexity of X,

hsecat(ΔX) = hsecat(π) = secat(π) = TC(X).

The following proposition gives two conditions which are equivalent to the exis-
tence of sections. The proof is an exercise.

Proposition 2.8. Let U ⊂ X × X be a subspace. The following conditions are
equivalent:

(1) there is a section sU : U → PX of the path fibration π,
(2) the restrictions to U of the projections p1, p2 : X ×X → X are homotopic

maps,
(3) either p1|U or p2|U is a section (up to homotopy) of the diagonal map

ΔX : X → X ×X.

2.2. Simplicial complexes. We refer the reader to Kozlov’s book [12] for a mod-
ern survey of simplicial complexes and to Spanier’s book [14] for the classical notions
of simplicial map, simplicial approximation, and contiguity.

Recall that two maps ϕ, ψ : K → L are contiguous (denoted ϕ ∼c ψ) if ϕ(σ) ∪
ψ(σ) is a simplex of L, for any simplex σ of K. Being in the same contiguity class,
denoted by ϕ ∼ ψ, means that there is a sequence of simplicial maps hi : K → L,
with i = 0, . . . ,m, such that h0 = ϕ, hm = ψ, and the maps hi and hi+1 are
contiguous.

LetK be a finite abstract simplicial complex. LetK2 = K ΠK be the categorical
product as defined in [12, Definition 4.25]. The set of vertices is

V (K2) = V (K)× V (K),

and the simplices of K2 are defined by the rule: σ ∈ K2 if and only if π1(σ) and
π2(σ) belong to K, where π1, π2 : K

2 → K are the projections.
Let ϕ : K → L be a simplicial map. We define the simplicial map

ϕ2 = ϕΠϕ : K2 → L2

by giving its value on each vertex, namely

ϕ2(v, w) = (ϕ(v), ϕ(w)).

A very important property for our purposes is:

Proposition 2.9. If ϕ, ψ : K → L are simplicial maps in the same contiguity class,
then the maps ϕ2 ∼ ψ2 are in the same contiguity class.
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Proof. We can assume without loss of generality that ϕ ∼c ψ. Let

σ = {(v1, w1), . . . , (vn, wn)}
be a simplex in K2. By definition, that means that π1(σ) = {v1, . . . , vn} and
π2(σ) = {w1, . . . , wn} are simplices of K. Then

ϕ(π1(σ)) ∪ ψ(π1(σ)) = {ϕ(v1), . . . , ϕ(vn), ψ(v1), . . . , ψ(vn)}
belongs to L. Analogously ϕ(π2(σ)) ∪ ψ(π2(σ)) belongs to L. This is enough to
prove that ϕ2(σ) ∪ ψ2(σ) belongs to L2. �

Remark 2.10. There is another notion of simplicial product, the so-called direct
product K ×K, where it is necessary to fix an order on V (K). The difference with
K ΠK is that the geometric realization |K×K| is homeomorphic to |K|×|K|, while
|K ΠK| has only the homotopy type of the latter, but is not homeomorphic to it.
For instance, |Δ1| × |Δ1| is homeomorphic to |Δ2| but |Δ1ΠΔ1| is homeomorphic
to |Δ3|. We use the categorical product because Proposition 2.9 would be true for
the direct product only if the maps ϕ, ψ preserve the order.

Remark 2.11. Recently, González [10] introduced a combinatorial version SC(K)
of the topological complexity which is based on a simplicial analog of part (2) of
Proposition 2.8 and serves to compute TC(|K|). However, his notion is based on
the direct product K ×K and it seems not easy to compare it with our notion of
simplicial complexity.

3. Discrete topological complexity

In Section 2.1 we have explained the reason of the following definitions, which
avoid the need of a simplicial version PK of the path space.

3.1. Farber subcomplexes. Let Ω ⊂ K2 be a simplicial subcomplex of the cat-
egorical product K2 = K ΠK and let ιΩ : Ω ⊂ K2 be the inclusion map. Let
Δ: K → K2 be the diagonal map Δ(v) = (v, v).

Definition 3.1. We say that Ω ⊂ K2 is a Farber subcomplex if there exists a
simplicial map σ : Ω ⊂ K2 → K such that Δ ◦ σ ∼ ιΩ.

The map σ will be called a local homotopic section of the diagonal, where “ho-
motopic” must be understood in the sense of belonging to the same contiguity
class.

Definition 3.2. The discrete topological complexity TC(K) of the simplicial com-
plex K is the least integer n ≥ 0 such that K2 can be covered by n + 1 Farber
subcomplexes.

In other words, TC(K) ≤ n if and only if K2 = Ω0 ∪ · · · ∪ Ωn, and there
exist simplicial maps σj : Ωj → K such that Δ ◦ σj ∼ ιj , where ιj : Ωj ⊂ K2, for
j = 0, . . . , n, are inclusions.

Sometimes we shall call TC(K) the simplicial complexity of K (not to be con-
fused with the notion SC(K) defined by González in [10]). Notice that TC(K) is
defined in purely combinatorial terms, involving neither the geometric realization
|K| of the complex, nor the notion of topological homotopy, nor that of simplicial
approximation.
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3.2. Motion planning. Farber’s complexity is a topological invariant introduced
to solve problems in robotics such as motion planning [7]. In this section we explain
how our notion of discrete topological complexity is related to the motion planning
problem on a simplicial complex.

Let Ω ⊂ K2 be a Farber simplicial subcomplex and let σ : Ω → K be the
associated section (up to contiguity class) of the diagonal, that is, such that Δ◦σ ∼
ιΩ. Then for each pair of vertices x, y ∈ K such that (x, y) ∈ Ω, the vertex σ(x, y) is
an intermediate point between x and y in the following sense: consider the sequence
of contiguous maps

Δ ◦ σ = h0 ∼c · · · ∼c hj ∼c · · · ∼c hm = ιΩ.

Denote hj(x, y) = (xj , yj). Then xm = x, ym = y, and x0 = σ(x, y) = y0. That
means that we have a sequence of vertices

(3.1) x = xm, . . . , x0 = σ(x, y) = y0, . . . , ym = y.

Moreover, contiguity implies that two consecutive points in the above sequence
belong to the same simplex: in fact, since hj ∼c hj+1, the vertices hj(x, y) = (xj , yj)
and hj+1(x, y) = (xj+1, yj+1) generate a simplex of K2 (that is, they are either
equal or the vertices of an edge). By definition of the product K2, this means that
the vertices xj and xj+1 (resp., yj and yj+1) generate a simplex of K. Hence the
sequence (3.1) gives an edge-path on K connecting the vertices x and y.

3.3. Invariance. Let K be a finite simplicial complex. Recall from [3, 4] that a
vertex v ∈ K is dominated by another vertex v′ �= v if every maximal simplex that
contains v also contains v′. In this case we say that there is an elementary strong
collapse from K to K \ v, where we denote by K \ v the deletion of the vertex v,
that is, the full subcomplex of K spanned by the vertices different from v. More
generally, there is a strong collapse from a complex K to a subcomplex L if there
exists a sequence of elementary strong collapses that starts in K and ends in L.
The inverse of a strong collapse is a strong expansion and two finite complexes K
and L are said to have the same strong homotopy type, denoted by K ∼ L, if there
is a sequence of strong collapses and strong expansions between them.

A beautiful result from Barmak and Minian [3, 4] states that two simplicial
complexes K,L have the same strong homotopy type if and only if there exist
simplicial maps ϕ : K → L and ψ : L → K such that ϕ ◦ ψ ∼ 1L and ψ ◦ ϕ ∼ 1K
(recall that ∼ means “being in the same contiguity class”).

Theorem 3.3. The discrete topological complexity is an invariant of the strong
homotopy type. That is, K ∼ L implies TC(K) = TC(L).

Proof. From Proposition 2.9 we have

ϕ2 ◦ ψ2 = (ϕ ◦ ψ)2 ∼ (1L)
2 = 1L2

and analogously ψ2 ◦ ϕ2 ∼ 1K2 , so we have K2 ∼ L2. Moreover, the diagram in
Figure 2 verifies ΔL ◦ ϕ = ϕ2 ◦ΔK and ΔK ◦ ψ = ψ2 ◦ΔL.

Now let Ω ⊂ K2 be a Farber subcomplex of K2, that is, there exists a simplicial
map σ : Ω → K such that ΔK ◦ σ ∼ ιΩ. Then the inverse image

Λ = (ψ2)−1(Ω) ⊂ L2

is a Farber subcomplex of L2, because the map (see Figure 2)

λ = ϕ ◦ σ ◦ ψ2
|Λ : Λ ⊂ L2 → L
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K
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��

ΔK

��

L

ΔL

��

ψ
��

Ω

σ

��

� � �� K2
ϕ2

��
L2

ψ2
�� Λ� ���

λ

��

Figure 2

verifies

ΔL ◦ λ =ΔL ◦ ϕ ◦ σ ◦ ψ2 ◦ ιΛ
=ϕ2 ◦ΔK ◦ σ ◦ ψ2 ◦ ιΛ ∼ ϕ2 ◦ ιΩ ◦ ψ2 ◦ ιΛ
=(ϕ2 ◦ ψ2)|Λ ∼ 1L2 ◦ ιΛ
=ιΛ.

Let TC(K) ≤ n, that is, there exists a covering K = Ω0∪ · · ·∪Ωn where each Ωj is
a Farber subcomplex. Then the subcomplexes Λj = (ψ2)−1(Ωj), for j = 0, . . . , n,
form a Faber covering of L2, hence TC(L) ≤ n. The other inequality is proved in
the same way. �

We have the following characterization of Farber subcomplexes, which is the
simplicial version of Proposition 2.8.

Theorem 3.4. Let Ω ⊂ K2 be a subcomplex of the categorical product. The fol-
lowing conditions are equivalent:

(1) Ω is a Farber subcomplex,
(2) the restrictions to Ω of the projections are in the same contiguity class, that

is, (π1)|Ω ∼ (π2)|Ω,
(3) either (π1)|Ω or (π2)|Ω is a section (up to contiguity) of the diagonal map

Δ: K → K2.

Proof.
(1) ⇒ (2) If Ω ⊂ K2 is a Farber subcomplex, then there exists σ : Ω → K such that
Δ ◦ σ ∼ ιΩ. But Δ ◦ σ is the map (σ, σ) defined by ω ∈ Ω 
→ (σ(ω), σ(ω)). On the
other hand ιΩ = (π1 ◦ ιΩ, π2 ◦ ιΩ). Then

(σ, σ) ∼ (π1 ◦ ιΩ, π2 ◦ ιΩ)
which implies, by composing with the projections, that

(π1)|Ω = π1 ◦ ιΩ ∼ σ ∼ π2 ◦ ιΩ = (π2)|Ω.

(2) ⇒ (3) If (π1)|Ω ∼ (π2)|Ω, define σ : Ω → K by σ = (π1)|Ω. Then ιΩ(x, y) =
(x, y), for (x, y) ∈ Ω, while (Δ ◦ σ)(x, y) = (x, x). We have by hypothesis

ιΩ = ((π1)|Ω, (π2)|Ω) ∼ ((π1)|Ω, (π1)|Ω) = Δ ◦ σ.

(3) ⇒ (1) If σ = (πi)|Ω verifies Δ ◦ σ ∼ ιΩ, then Ω is a Farber subcomplex, by
definition. �
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4. Relationship with simplicial LS-category

One of Farber’s most known results relates topological complexity to a well-
known classical invariant, the Lusternik-Schnirelmann category of a space [5]. In
this section we get analogous results for the discrete setting, by using the simplicial
LS-category of a simplicial complex introduced by the authors in [8, 9].

Other related concepts like Tanaka’s combinatorial strong category [15] or Aaron-
son-Scoville’s category [1] will not be considered here.

4.1. Comparison with the category of K.

Definition 4.1. Let K be an abstract simplicial complex. A subcomplex L ⊂ K
is categorical if the inclusion ιL : L ⊂ K belongs to the contiguity class of some
constant map L → K, that is, ιL ∼ ∗. The (normalized) simplicial LS-category
scatK of the simplicial complex K is the minimum number m ≥ 0 such that there
are categorical subcomplexes L0, . . . , Lm which cover K, that is, K = L0∪· · ·∪Lm.

Remark 4.2. As explained in [9], a categorical subcomplex may not be strongly
collapsible in itself, but it must be in the ambient complex. Equivalently, it is the
inclusion ιL, and not the identity 1L, which belongs to the contiguity class of a
constant map.

The first inequality proved by Farber directly compares the topological complex-
ity TC(X) of a space with the LS-category catX. We shall prove that this result
also holds in the discrete setting.

Theorem 4.3. For any abstract simplicial complex we have

scatK ≤ TC(K).

Proof. If TC(K) ≤ n, let K2 = Ω0∪· · ·∪Ωn be a covering by Farber subcomplexes.
Fix a base point v0 ∈ K and let i0 : K → K2 be the simplicial map i0(w) = (v0, w).
Then, let us take the inverse images

Σj = (i0)
−1(Ωj) ⊂ K, j = 0, . . . , n.

Since K = Σ0∪· · ·∪Σn, if we prove that each Σj is a categorical subcomplex, then
we can conclude that scatK ≤ n, and the result follows.

Let Ω ⊂ K2 be a Farber subcomplex, with a local section σ : Ω → K, and let

Σ = (i0)
−1(Ω) ⊂ K.

We shall prove that the inclusion ιΣ : Σ ⊂ K belongs to the contiguity class of the
constant map v0 : Σ → K, so we shall obtain that Σ is a categorical subcomplex of
K.

Since ΔK ◦ σ ∼ ιΩ, there is a sequence of simplicial maps ψi : Ω → K2, i =
1, . . . ,m, such that

(4.1) ΔK ◦ σ = ψ1 ∼c · · · ∼c ψm = ιΩ.

Then, by composition,

π1 ◦ ψ1 ◦ i0 ◦ ιΣ ∼c · · · ∼c π1 ◦ ψm ◦ i0 ◦ ιΣ,
where, for every w ∈ Σ,

π1 ◦ ψ1 ◦ i0 ◦ ιΣ(w) = π1 ◦ΔK ◦ σ ◦ i0(w) = σ(v0, w),
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and
π1 ◦ ψm ◦ i0 ◦ ιΣ(w) = π1 ◦ ιΩ(v0, w) = v0.

On the other hand,

(4.2) π2 ◦ ψ1 ◦ i0 ◦ ιΣ ∼c · · · ∼c π2 ◦ ψm ◦ i0 ◦ ιΣ,
where, for every w ∈ Σ,

π2 ◦ ψm ◦ i0 ◦ ιΣ(w) = π2 ◦ ιΩ(v0, w) = w,

and
π2 ◦ ψ1 ◦ i0 ◦ ιΣ(w) = π2 ◦ΔK ◦ σ ◦ i0(w) = σ(v0, w).

From (4.1) and (4.2) it follows

v0 ∼ σ(v0, w) ∼ w ∀w ∈ Σ,

or equivalently, v0 ∼ ιΣ, hence Σ is a categorical subcomplex. �
4.2. Comparison with the category of K2. The second comparison result by
Farber in [6] is between TC(X) and cat(X×X). We shall prove that it is also true
in the discrete setting.

We start by a technical lemma whose proof is left to the reader.

Lemma 4.4. The abstract simplicial complex K is edge-path connected if and only
if two arbitrary constant maps L → K are in the same contiguity class.

The following theorem uses the normalized versions of LS-category and topolog-
ical complexity.

Theorem 4.5. If K is an edge-path connected complex, then TC(K) ≤ scat(K2).

Proof. Let scat(K2) = n and let K2 = Ω0 ∪ · · ·Ωn be a categorical covering of K2.
If we are able to prove that each Ω = Ωj , for j = 0, . . . , n, is a Farber subcomplex,
then we will have TC(K) ≤ n, thus proving the theorem.

By definition the inclusion ιΩ : Ω ⊂ K2 verifies ιΩ ∼ ∗, where ∗ : Ω → K2 is
some constant map (v0, w0). Since the complex is path-connected we can choose
the point ∗ verifying w0 = v0.

By definition of contiguity class, since ιΩ ∼ ∗, there is a sequence of simplicial
maps, each one contiguous to the next one,

ιΩ = ϕ1 ∼c · · · ∼c ϕm = (v0, v0),

with ϕj : Ω → K2. Let π1 : K
2 → K be the projection onto the first factor; then

each π1 ◦ ϕj : Ω → K is contiguous to π1 ◦ ϕj+1. Hence

(4.3) π1 ◦ ιΩ ∼ π1 ◦ ϕm = v0.

Analogously, let π2 : K
2 → K be the projection onto the second factor; then

(4.4) π2 ◦ ιΩ ∼ π2 ◦ ϕm = v0

by means of the sequence π2 ◦ ϕj . Since π1 ◦ ιΩ ∼ π2 ◦ ιΩ, it follows from Theorem
3.4 that Ω ⊂ K2 is a Farber subcomplex, so we conclude the proof. �
Remark 4.6. Notice that the proof of the theorem above reduces to prove that any
categorical subcomplex of K2 is a Farber subcomplex. In particular, this applies
to strongly collapsible subcomplexes.

Corollary 4.7. The abstract simplicial complex K is strongly collapsible if and
only if TC(K) = 0.
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Proof. By definition, K being strongly collapsible is equivalent to scatK = 0.
Moreover, as a direct consequence of Theorem 5.5 in [8], we obtained that scatK2+
1 ≤ (scatK+1)2 and thus, the categorical product of strongly collapsible complexes
is strongly collapsible. Then TC(K) = 0. The converse is immediate from the
inequality TC(K) ≥ scatK. �

Corollary 4.8. The diagonal Δ: K → K2 admits a global homotopic section (in
the sense of contiguity class, that is, there exists σ : K2 → K such that ΔK◦σ ∼ 1K)
if and only if the complex K is strongly collapsible.

Example 4.9. Consider the complex K = ∂Δ2 given by the simplices

K = {∅, {a}, {b}, {c}, {b, c}, {a, c}, {a, b}},
whose geometric realization (a triangulated circle) is represented in Figure 3. Let
us prove that TC(K) = 2.

b c

a

Figure 3

Figure 4 contains an explicit covering of K2 by three Farber subcomplexes; then
TC(K) ≤ 2. In fact, they are strongly collapsible, because each one is the product
of two strongly collapsible complexes (by repeating the argument used in the proof
of Corollary 4.7). So Remark 4.6 applies and they are Farber subcomplexes.
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We shall prove now that two subcomplexes are not enough, so TC(K) = 2. In
fact, suppose that K2 = Ω1 ∪ Ω2 is a covering by two subcomplexes. Since K2

has nine maximal simplices (see Figure 5) then one of the subcomplexes, say Ω1,
contains at least five of them.

Now there are nine horizontal edges, so two of the maximal simplices in Ω1, say
τ1 and τ2, must have one common horizontal edge. Finally, for each vertex v0 ∈ K,
let i0 : K → K be the map i0(v) = (v0, v). From Proposition 2.8, the fact that Ω1

is a Farber subcomplex implies that the subcomplex

(i0)
−1(Ω1) = ({v0} ×K) ∩ Ω1 ⊂ K
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is categorical in K, in particular it is not K (because K is not strongly collapsible).
That means that Ω1 cannot contain three consecutive vertical edges. Then none
of the maximal simplices P,Q,R in Figure 5 can be contained in Ω1. But Ω2 is
also a Farber subcomplex, so it cannot contain them as well, because by using the
map i1(v) = (v, v0) one proves that Ω2 cannot contain three consecutive horizontal
edges.

ba

cc

aa aa

aa

ac

aa

ab

ac

ab

bc

bb cb

ca

ba ca

QP R

τ1

τ2

Figure 5

5. Geometric realization

Let |K| be the geometric realization of the simplicial complex K. We can com-
pute the usual topological complexity TC(|K|) of the topological space |K| and
compare it with the discrete (simplicial) complexity TC(K).

We need a preliminary result. It is known that |K2| is not always homeomorphic
to the topological product |K| × |K|, but they have the same homotopy type, as
proved in Kozlov [12, Prop. 15.23]. The proof is based on the so-called “nerve
theorem”. However, an explicit formula is required, in order to guarantee the
following lemma.

Lemma 5.1. There exists a homotopy equivalence u : |K| × |K| → |K2| satisfying
that the projections p1, p2 : |K| × |K| → |K| and π1, π2 : K

2 → K verify (up to
homotopy) that |πi| ◦ u = pi, for i = 1, 2 (see Figure 6).

|K| × |K|

pi
����

���
���

��

u �� |K2|
v

��

|πi|
��

|K|

Figure 6

Proof. There is a homeomorphism |K × K| = |K| × |K| which is induced by the
projections [11, p. 538]. On the other hand, the homotopy equivalence |K ×K| �
|K2| is the geometric realization of the simplicial map K × K → K2 induced by
the natural inclusion map σ1 × σ2 → σ1 Π σ2, for each pair of simplices σ1, σ2 ∈ K
(see [12, Prop. 15.23] and [11, Prop. 4G.2]). �
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Theorem 5.2. TC(|K|) ≤ TC(K).

Proof. Let TC(K) ≤ n and letK2 = Ω0∪· · ·∪Ωn be a Farber covering. For each one
of the Farber subcomplexes Ω = Ωj let iΩ ⊂ K2 be the inclusion. By construction
of the geometric realization we have that |iΩ| is the inclusion i|Ω| : |Ω| ⊂ |K2|. By
hypothesis, the maps π1 ◦ iΩ and π2 ◦ iΩ are in the same contiguity class (Theorem
3.4). By applying the functor | · | of geometric realization, and taking into account
that contiguous maps induce homotopic continuous maps (see [14]), we have that
|π1| ◦ i|Ω| = |π1 ◦ iΩ| is homotopic to |π2| ◦ i|Ω|.

Consider the closed subspace F = u−1(|Ω|) ⊂ |K| × |K|. Then the map

p1 ◦ iF = |π1| ◦ u ◦ iF = |π1| ◦ i|Ω|

is homotopic to p2 ◦ iF . Consider the closed covering F0 ∪ · · · ∪ Fn of |K| × |K|.
This implies TC(|K|) ≤ n. �
Remark 5.3. The inequality in the latter theorem is still true for all subdivisions of
K, because the geometric realizations are homeomorphic, | sdK| ∼= |K|. However, it
may happen that TC(K) differs from TC(sdK), reflecting some particular property
of the combinatorial structure.

Example 5.4. From Corollary 4.7, it follows that TC(K) = TC(|K|) = 0 if |K| is
a tree.

Example 5.5. Consider the wedge of two triangulated circles, that is, the complex
K = ∂Δ2 ∨ ∂Δ2 given by

K = {∅, {a}, {b}, {c}, {b′}, {c′}, {b, c}, {a, c}, {a, b}, {b′, c′}, {a, c′}, {a, b′}},
whose geometric realization is represented in Figure 7.

b

c

a

b 0

c0

Figure 7

Since |K| is a graph with more than one cycle, it follows that TC(|K|) = 2.
Then, by Theorem 5.2, we obtain TC(K) ≥ 2. We shall exhibit three Farber
subcomplexes covering K2 (see Figure 8), so TC(K) = 2 = TC(|K|).

If we consider all the maximal simplices of K2 in the same horizontal line, we
obtain a complex L which is not strong collapsible and which contains four tetrahe-
drons with a common edge, say τ1, τ2, τ3, and τ4 (see Figures 9 and 10). Moreover,
a strong collapsible subcomplex of L cannot contain more than two tetrahedrons
τi, nor can two be in the same cycle.

Let Ω be a Farber subcomplex of K2. For each vertex v0 of K, let i0 : K → K2

be the map i0(v) = (v0, v). From Proposition 2.8, the subcomplex

(i0)
−1(Ω) = ({v0} ×K) ∩ Ω ⊂ K

is categorical inK, in particular it is not K nor does it contain any cycle ofK. Then
Ω∩L contains at most four tetrahedrons, say for instance all of the tetrahedrons in
L excepting τ2 and τ4. Analogously, if we consider a subcomplex L′ that contains all
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bb́ cb́

ca b́a

ćć
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ć ć

ća
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the maximal simplices of K2 in the same vertical line, we obtain that Ω∩L contains
at most four tetrahedrons and no more than two have a common vertical edge. So
we can get a covering of K2 by three Farber subcomplexes, K2 = Ω1 ∪Ω2 ∪Ω3, by
considering the subcomplexes Ω1 and Ω2 of Figure 11 and Ω3 the complement in
K of Ω1 ∪ Ω2.
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Ω1 Ω2

Figure 11

Finally, we have the following result about connected graphs if we follow similar
reasonings to that of Examples 4.9 and 5.5. Being more precise, if we consider
wedges of any finite number of circles, where each circle is triangulated with more
than three edges, we can obtain a covering by three Farber subcomplexes con-
structing them as unions of tetrahedrons which satisfy that no more than two have
a common vertical/horizontal edge.

Theorem 5.6. The discrete topological complexity of the simplicial complex K,
whose geometric realization |K| is a wedge of any finite number of circles, satisfies:

(1) TC(K) = 2 > TC(|K|) = 1 if |K| = S1 is a circle, and
(2) TC(K) = TC(|K|) = 2 if |K| = ∨b1S1, when b1 ≥ 2, where b1 is the first

Betti number of |K|.
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Departamento de Matemáticas, Universidade de Santiago de Compostela, Spain

Email address: quique.macias@usc.es

Department of Mathematics, Aarhus University, Denmark

Email address: minuz@math.au.dk
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