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LOCAL GRADIENT ESTIMATES FOR HEAT EQUATION
ON RCD*(k,n) METRIC MEASURE SPACES
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ABSTRACT. In this paper, we will establish a local gradient estimate and a
Liouville type theorem for weak solutions of the heat equation on RCD* (K, N)
metric measure spaces.

1. INTRODUCTION

Let M™ be an n-dimensional complete Riemannian manifold with Ric(M™) >
—k, k > 0. The Li—Yau local gradient estimate states that if u is a positive solution
of the heat equation Au = d,u on Byg X (0,00), then

Cn-a?/ a? na?k na?
¥ o) < G (2 g g etk e
for any a > 1, f := lnu. Letting R — oo in ([[LT]), one gets a global estimate as

follows:
2

9 na’k no

IVfI® —adf < m‘FT

There are many extensions and improvements of Li—Yau’s gradient estimate on
smooth manifolds, including both the local version and the global version; see,
for example, [6L[7,9]1T,24, 252733353845, [46] for the related results. The Li-
Yau type estimates were generalized to the non-smooth setting; see, for example,
[81[36144], and so on.

In 1993, Hamilton [20] proved an elliptic type (global) gradient estimate of the
heat equation. If w is a global positive solution of the heat equation with u < L on
M™, then

|Vul? 1
5—(z,t) < (E + 2k) In(L/u).

In 2006, Souplet and Zhang [38] proved a sharp local version of the above in-
equality. They proved that if u is a positive solution of the heat equation with
u< Lon Bg x [to—T,ty] C M™ x R, then

u

Vu 1 1 L
(12) %gCn (E—Fﬁ—i_\/%) <1+1Ha> on BR/QX [to—T/2,to]
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Our main purpose in this paper is to study the local gradient estimate of the
heat equation on the metric measure spaces with a “lower Ricci curvature bound”,
so called RCD*(K, N) spaces.

Given K € R and N € [1,00], let (X,d, ) be a proper (i.e., closed balls with
finite radius are compact) complete metric measure space with supp(p) = X.
In recent years, several notions of “generalized Ricci curvature > K and dimen-
sion < N” have been defined. Sturm [39] and Lott—Villani [2§] introduced the
curvature-dimension condition CD(K, N) on (X,d, 1) via optimal transportation.
In 2010, Bacher-Sturm [5] introduced the reduced curvature-dimension condition
CD*(K, N), which enjoys a local-to-global property. In 2015, for ruling out the
Finslerian cases, Ambrosio-Gigli-Savaré [I] introduced the Riemannian curvature-
dimension condition RCD(K, 0o) by assuming that the Sobolev space W12(X) is
a Hilbertian space. Recently, Erbar-Kuwada—Sturm [12] and Ambrosio-Mondino—
Savaré [4] introduced a finite-dimensional version of the Riemannian curvature-
dimension condition RCD*(K, N) and proved the equivalence of the Riemannian
curvature-dimension condition and the Bochner formula of Bakry-Emery via an
abstract I'p-calculus. Of course, when X is a Riemannian manifold, the notion
RCD*(K, N) is equivalent to the original Ric(X) > K and dim(X) < N. When
X is an Alexandrov space with generalized (sectional) curvature bounded below in
the sense of Alexandrov, X satisfies the RC'D*(K, N) condition [34,42].

In recent years, many important results in geometric analysis have been extended
to the RCD*(K, N) metric measure spaces; for example, the local Li-Yau gradient
estimate for the heat equation and the local Yau gradient estimate for the harmonic
functions [44], Li-Yau-Hamilton estimates [I3l21122] and spectral gaps [23291[36],
the existence of the universal cover for RCD*(K, N) metric measure spaces [32],
and so on.

In this paper, we will study the local gradient estimate for the local weak solu-
tions of the heat equation on an RCD*(K, N) metric measure space (X, d, ut). Let
) C X be a domain. By the RCD*(K, N) condition, the Sobolev space W2(Q)
is a Hilbertian space. Hence, by polarization in W12(Q), one can define the in-
ner product (-,-); see (ZI) for details. Given an interval I C R, we say that
u(x,t) € WH2(Q x I) is a local weak solution for the heat equation on Q x I if

—/I/Q<Vu,v¢)dudt:/l/ﬂ%~¢dﬂdt

for all Lipschitz functions ¢ with compact support in  x I.

In the previous works [I3L21123], the main tool is the I's-calculus for the heat
flow. But the local weak solutions u(z,t) do not form a semi-group in general. The
method of I's-calculus for the heat flow does not work in this case.

In Zhang-Zhu [44], the authors developed a pointwise maximum principle on met-
ric measure spaces and proved the local Li—Yau estimate on RCD*(K, N) spaces.
Inspired by [38] and [44], we generalized the local gradient estimates (2] to the
RCD*(K, N) spaces. Our first main result is the following.

Theorem 1.3. Given K > 0 and N € (1,00), let (X,d, ) be a metric measure
space satisfying RCD*(—K,N). Let T € (0,00), let Bog C X be a geodesic ball of
radius 2R, let Bopr = Bag x (0,T), and let u(x,t) € W2 (BQRVT) be a positive
local weak solution of the heat equation on Bog . Suppose also that w < M. Then,
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we have

V()] (VYN 1
4 BRXS(}SITI’)/ZL,T] 1— f(z,1) s¢ < R " VT - ﬁ) 7

where f =In(u/M). Here and in what follows, supy; f means esssupy f, and C' is
a universal constant (independent of N, K and R).

The constant in (L) is more precise than [38, eq. (1.4)]. As a consequence,
our estimate even holds for any positive solution, bounded or not, when K = 0.
Precisely,

Corollary 1.5. Given N € (1,00), let (X, d, 1) be a metric measure space satisfying
RCD*(0,N). u is any positive solution of the heat equation on X x (0,00). Then
there exists a constant Cn such that

|Vul 1
T(m,t) < CNW

(CN b+ U 2t))

u(z,t)

for almost all (z,t) € X x (0,00).

As a consequence of Theorem [[.3] we have the Liouville type theorem of the heat
equation. Our second main result is the following.

Theorem 1.6. Given N € [1,00), let (X, d, i) be a metric measure space satisfying
RCD*(0,N). Then, we have the following conclusions.
(1) Let u(z,t) be a positive weak solution of the heat equation on X x (—o0,0].
If u = exp(o(d(z) + /t])) near infinity, then u must be a constant.
(2) Let u(x,t) be a weak solution of the heat equation on X x (—o0,0]. If
u = o(d(z) + \/|t|) near infinity, then u must be a constant.

We remark that the growth condition in the second statement of Theorem [L.0]is
sharp in the spatial direction, due to the example u = .

2. PRELIMINARIES

Let (X,d) be a proper (i.e., closed balls of finite radius are compact) complete
metric space and let pu be a Radon measure on X with supp(u) = X. Denote by
B,.(x) the open ball centered at x with radius r. For any open subset Q@ C X and
any p € [1,00], we denote by LP(Q) := LP(Q, u).

2.1. The curvature-dimension conditions.
Let (X)) be the set of all Borel probability measures on X. Let &2(X,d) be
the L?-Wasserstein space over (X, d), that is,

P(X,d) ={ve Z(X) :/ d* (o, z)dv(z) < oo, for some (hence, for all) zg€ X }.
X
Given vy, s € P5(X,d), the L2-Wasserstein distance W?2(vyg,vy) is defined by

(2.1) W?2(v,v1) = inf d*(z,y)dq(z,y),
XxX

where the infimum is taken over all couplings ¢ of 1y and v5. Here, we say that ¢ is
a coupling of v; and s if ¢ is in P(X x X) with marginals vy and v;. A coupling
q that realizes the inf in (2I)) is called an optimal coupling of vy and v;. Let

Po(X,d, 1) = {v € P(X,d) : v is absolutely continuous w.r.t. u}
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and
Poo(X,d, 1) = {v € P5(X,d, ) : v has bounded support}.

For any v € Z(X,d, ), according to the Radon—Nikodym Theorem, there exists
a Borel measurable function p such that, for any py-measurable set A, we have
v(A) = [, pdu. We write v = p - pu in the above sense.

Definition 2.2. Given K € R and N € [1,00), we say that a metric measure
space (X,d, u) satisfies the reduced curvature-dimension condition CD*(K, N) if,
for each pair vy = pg - p,v1 = p1-p € Poo(X, d, 1), there exist an optimal coupling
q of them and a geodesic (v; 1= p; - 11)ie[0,1] In Poo (X, d, ) connecting them such
that for all ¢ € [0,1] and all N > N:

> /X [t o 20)og ™ (@) + 04 (dlz 20)or ™ (@) da(ao, ),
X

sin(vk-10) 2 <72
S TE 0 < kb < m?,
(t) . t, k6‘2 == 07
OOV = 9 dmme e
sinh(v/—k-6) ’ 7
o0, k6 > 7.

Given f € C(X), the pointwise Lipschitz constant of f at z is defined by
. : |f(y) = f(=)]
Lipf(z) := limsup ——~———+—
where we put Lipf(x) = 0 if « is isolated. Clearly Lipf is y-measurable on X.

Definition 2.3 ([3]). The Cheeger energy Ch : L?(X) — [0, 00] is defined by

Ch(f) := inf{liminf%/x(Lipfj)Qdu},

J]— 0

where the infimum is taken over all sequences of Lipschitz functions (f;);en such
that f;—f in L?(X).

Definition 2.4. We say that a metric measure space (X,d, i) is infinitesimally
Hilbertian if the Cheeger energy Ch is quadratic; i.e., for any f,g € L*(X), we
have Ch(f + g) + Ch(f — g) = 2Ch(f) + 2Ch(g). We say that (X,d,u) satis-
fies the RCD*(K, N) condition, for some K € R and N € [1,00), if (X,d,u) is
infinitesimally Hilbertian and satisfies the CD*(K, N) condition.

Let (X,d, ) be an RCD*(K, N) metric measure space. For each f € D(Ch) :=
{f € L*(X) : Ch(f) < oo}, it is shown in §4 of [3] that

1
cn(s) =5 [ 1V sPdn
b's
where |V f| is the minimal relaxed gradient of f. Given f, g € D(Ch), it was proved
[14] that the limit

IV(f+e- g =V
2e

(2.5) (Vf,Vg) =l
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exists in L'(X). This inner product (ZH) is bi-linear and satisfies the Cauchy—
Schwarz inequality, the chain rule, and the Leibniz rule [I4].

2.2. Sobolev spaces.

Given K € R and N € [1,00), let (X,d, p) be an RCD*(K, N) metric measure
space. Let 2 C X be a domain. We denote by Lip,.(2) the set of locally Lips-
chitz continuous functions on 2, and by Lip(£2) (resp. Lip,(€2)) the set of Lipschitz
continuous functions on Q (resp. with compact support in ).

For any 1 < p < +o0 and f € Lip,.(9), its W1P(Q)-norm is defined by

I fllwre) = [ fllze) + LD S| e ()
The Sobolev space WP (Q) is defined by the closure of the set

{f € Lip1e(Q) : [ fllwrn() < +o0}

under the W1?(€2)-norm. The space W, () is defined by the closure of Lip,(£2)
under the WP (Q)-norm. We say f € W,-P(Q) if f € W'P(Q') for every open
subset ' € Q.

It is well known that D(Ch) = W2(X); see, for example, [44, Lemma 2.5].

We remark that several different notions of Sobolev spaces on metric measure
space have been established in [T0,[I5HI7,[37]. They coincide with each other on
RCD*(K, N) metric measure spaces (see, for example, [2]).

2.3. The weak Laplacian and a local version of the Bochner formula.
Given K € R and N € [1,00), let (X,d, ) be an RCD*(K, N) metric measure
space. Fix any domain Q ¢ X. We will denote HL(Q) := Wy2(Q), H(Q) :=
Wh2(Q), and HL () := WL2(Q).

loc

Definition 2.6. For each f € HL (Q), Zf is a functional defined on H}(2) N
L>(Q) by

L5() = - / (VYO dn Y e HYQ) N L®(Q).

Q
For any g € H(Q) N L>=(Q), the distribution g - .Zf is defined by
(2.7) 9-2f(9):=Lflge) V¥ ¢e Hy(Q)NLZ(Q).
By the linearity of inner product (V f, Vg), this distributional Laplacian is linear.
Definition 2.8. A function f € Wli)f(ﬂ) is said to satisfy the inequality

Zf<(z=)h

in the sense of distributions if the inequality

25(0) < (2.9 [ hods
holds for all 0 < ¢ € HE(2) N L>°(Q). In this case, Zf is a signed Radon measure
[18].

Z satisfies the following chain rule and Leibniz rule [I4]; see also [44].
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Lemma 2.9 ([44]). Given K € R and N € [1,00), let Q be an open domain of an
RCD*(K, N) metric measure space (X,d,u). Then, we have
(i) (Chain rule) Let f € HY(Q)NL>®(Q) and n € C*(R). Then we have

(2.10) LnH=n'(f)-Zf+0"(H)- IV
(ii) (Leibniz rule) Let f,g € H*(Q) N L>(Q). Then we have
(2.11) L(f-9)=f-ZLg+g-ZLf+2V[,Vg).

Erbar-Kuwada—Sturm [I2] and Ambrosio-Mondino—Savaré [4] proved that the
RCD*(K, N) condition is equivalent to a Bakry—Emery Bochner inequality for the
heat flow on X. Hence, the RCD*(K, N) condition implies a global version of the
Bochner formula. By using a good cut-off function in [4[19,[31] and an argument
in [19], one can localize the global version of the Bochner formula in [4[12] to a
local one; see, for example, §2 in [44] for details. In the following, a local Bochner
formula is given.

Theorem 2.12 ([44]). Let (X,d,u) be an RCD*(K,N) space for K € R and
N € [1,00). Let Br be a geodesic ball with radius R centered at a fized point xg.

Assume that f € HY(BR) satisfies £ f = g on Bg in the sense of distributions
with g € H'(Bg) N L>(Bg). Then we have |V f|* € H'(Bg/2) N L™(Bg2) and
that the distribution Z(|V f|?) is a signed Radon measure on Bgs. If its Radon—
Nikodym decomposition w.r.t. p is denoted by

L(VfP) = L*(VI?) - p+ L5V f),
then we have L5M8(|V £|?) = 0 and, for u-a.e. x € Brys,

1 2
5L (VIP) 2 5+ (V. Vg) + KIVfP.
Furthermore, if N > 1, for p-a.e. © € BrsN{y: |[Vf(y)| # 0},

1 ac 2 92 2 N <vfa V|Vf‘2> g 2
! o V4K ¥ oy
5LV > 5+ (V.90 + K9P + g (ST - £
2.4. The maximum principles. Given K € R and N € [1,00), let (X,d,u) be
a metric measure space satisfying RCD*(K, N). We need the following maximum

principle.

Theorem 2.13 ([44]). Let Q be a bounded domain and let T > 0. Let f(x,t) €
HY(Qr) N L>®(Qr) and suppose that f achieves one of its strict mazimums in
Q x (0,T] in the sense that: there exist a neighborhood U € ) and an interval
(6, T) C (0,T] for some & > 0 such that

sup f > sup
Ux(6,T) Qr\(Ux (8,T))

Here supy (5.7 [ means esssupy s, 1) f- Assume that, for almost every t € (0,T),
Zf(-,t) is a signed Radon measure with £ f(-t) > 0. Let v € H Q) N
L>*(Qp) with Ov(z,t) < C for some constant C' > 0, for almost all (z,t) € Q.
Then, for any € > 0, we have

(1 x £ (@,t): Sl ) > 5up f — =
Qr

and L f(x,t) + (Vf,Vo)(z, 1) — %f(x,t) < a} >0,
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where L' is the 1-dimensional Lebesque’s measure on (3, T).

In particular, there exists a sequence of points {(z;,t;)}jen C U x (8,T] such
that every x; is an approzimate continuity point of Z*°f(-,t;) and (Vf,Vw)(-,t;)
and that

f(l'jvt) Supf—l/] and gacf(l'jatj)—’—<vfavv>($jvtj)_ af(xjv ) 1/.7

ot

3. THE LOCAL GRADIENT ESTIMATES

Given K € R and N € [1,00), let (X,d, u) be a metric measure space satisfying
RCD*(K,N). In this section, we will prove the local gradient estimates, Theorem
L3l

3.1. The heat equations. Let 2 C X be a domain. Given T > 0, we denote by
QT =0 x (O,T]

Definition 3.1. A function u(z,t) € H'(Qr) (= WH2(Qr)) is called a local weak
solution of the heat equation on Qr if for any [t1,t2] C (0,7") and any geodesic ball
Bpr € (), we have

(3.2) / - / atu ¢+ (Vu, V¢>>dudt:0

for all gzﬁ(a: t) € Lipy(Br % (t1,12)). Here and in the sequel, we always denote
8tu = at

It is well known that the volume doubling property and the L2-Poincaré inequal-
ity hold true in the RCD*(K, N) metric measure spaces. The local boundedness
and the local Holder continuity for local weak solutions of heat equations have been
established in [30}40L4T].

An equivalent definition of the local weak solution is given in the following.

Lemma 3.3 ([44]). Let u(z,t) be a local weak solution of the heat equation on
Q x (0,T). Then, for a.e. t € (0,T), the function u(-,t) satisfies

(3.4) Zu = 0w

in the sense of distributions on . Conversely, if a function u(z,t) € H! (QT) and

BA) holds for a.e. t € [0,T], then it was shown in [43, Lemma 6.12] that u(x,t) is
a local weak solution of the heat equation on Q.

For a local weak solution u of the heat equation on 7, we want to apply the
Bochner formula in Theorem to (34). But in general, dyu is only in L% We
cannot apply the Bochner formula in Theorem 212 to (4]). Similar to [44], we use
the Steklov average to overcome this difficulty.

Definition 3.5. Given Bg C X and u(x,t) € L'(Bgr), where Brr = Bpr X
(0,T), the Steklov average of u is defined as follows. For every € € (0,7) and any
h € (0,¢),

h
(3.6) up(z,t) = %/0 u(z,t+7)dr, te€(0,T—¢l.

By using the standard theory of L? spaces, it is well known that if u € LP(Bg 7),
then the Steklov average up, — w in LP(Bgrr—.) as h — 0, for every € € (0,T).
We need the following lemmas.
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Lemma 3.7 ([44]). If u € HY(Bgr1) N L>®(Bgrr), then we have, for every e €
(0,T), that

up € H? (BR,Tfe) n LOO(BR’T,E) and Ouy € H' (BR,Tfs) M LOO(BR’T,S)

for every h € (0,¢) and that ||unl|gr (B ,_.) 95 bounded uniformly with respect to
h € (0,¢).

For a local weak solution u, we have the following property of up,.

Lemma 3.8 ([44]). Letu € H'(Bgr,r)NL>(Bg,r) be a local weak solution for the
heat equation, and fix any two constants €, h such that € € (0,T) and h € (0,¢).
Then for almost all t € (0,T —¢),

ZU}L = at’l,Lh
on Bg, in the sense of distributions.
We need the following lemma.

Lemma 3.9 ([44]). Given K € R and N € [1,00), let (X, d, 1) be a metric measure
space satisfying RCD*(K, N). Let u(x,t) € H'(Bag r)NL>(Bar. 1) be a local weak
solution of the heat equation on Bag 7. Assume that dyu € H'(Bar 1)NL>®(Bagr.T).
Then we have ‘VU|2 S Hl(BgR/Q,T) N LOO(B3R/27T).

3.2. Proof of Theorems [1.3] and We firstly prove an important elliptic
inequality.

Lemma 3.10. Given K > 0 and N € (1,00), let (X,d,u) be an RCD*(—K, N)
space. Let u(z,t) € H'(Bagr) N L>®(Bagr,r) be the local weak solution of the
heat equation on Baopr. Assume that M > u > § > 0 and Qyu € H'(Bapr) N
LOO(BQR’T). We put
VP

-2

where f =1n(u/M). Then, we have w € Hl(B3R/2,T) N L*(Bsg2,r) and that, for
almost every t € (0,T), the function w(-,t) satisfies

w(z, t) =

2f VI VI
3.11 L*w = oyw + ——(Vf,Vw) +2 — 2K -a.e.
on Bspr/o, and
(3.12) L8y > 0.

Proof. Without loss of generality, we may assume M = 1. By Lemma[B.9] |Vu|? €
Hl(BgR/Q,T) N LOO(B?,R/Q,T). Note that for 8tu S Hl(BQRVT) n LOO(BQRJ") and

1 2 U 2 1) > O, we have |Vf|2 = \V’U.P € Hl(B3R/2,T) n LOO(B3R/27T), and hence

u2

_ |vf|2 1 e8]
w= ——— € H (B3py2,r) N L™ (B3rs2,r)-
(1=1)
Moreover, for almost every ¢, we have f(-,t), 9,f(-,t) € H'(Bag) N L>®(Bag) and,
by Lemma [2.9] for almost every ¢,
(3.13)

Zf=Ltou_
u

[Vul* 1 2 2 1 0o
5 = Eatu — |Vf| = atf — |Vf| (6 H (BQR) NL (BQR)),
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in the sense of distributions on Byp. We denote g = 9; f — |V f|2. For almost every
(w,t) € B3gyo,r, we have

o — (L= DOV I +2(1 = D@LV

a7
AV VEY | 2+ VARV

(3.14) STaopE T e

VLV VIVIR) | 2ot VIRV

a-77 TSI
By Lemma 2.9 we get
(3.15) Lw = L(VIP) — 4|V (#) LAV T,
TEiE a7 L

By the Bochner formula, Theorem 2.12] we have

2g° ON (VL VIV g\
(3.16) 2>(|Vf]?) = W+2<Vf,Vg>—2K\Vf|2+N_1 ( AVIE N)

p-a.e. on Bsgo N{|V f| # 0}. By Lemma 2.9

.,s,ﬂ((l ): 2 _ore 5 _vsp

s —r7) “a-pr T ae
= g VP
(=27 A=
and
1 4
(3.18) 2AVIV I =) = gV VIV
Combining (314)-B.I8]), we have,
(3.19)
ac _ (V) ac 1
Lw — Qw = TEGE +|VfPZ ((1_f)2)
1
1 (2 2N ((VLVIVIR) g
> =12 (W 2w (e ) )
L 4 4 2\ L 2
S 2 oy
-
p-a.e. on Bsg/o N{|V f| # 0}. On the other hand, for almost every ¢, we have
4
B2) 0= T (VLTIVIE) =290 + g
and
(321) 0= 2 (VEVIVP) 4 2V V) - I
(L=f)3 L—fr (1-1)*
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Summing up BI9)-B.21), for almost every ¢, we have
IVfI? A\ 2f

L — dhw = _2K(1—f)2 + g + 1_f<Vf,Vw>
2
(3.22) L2 _+ 2N i (<Vf7V|V2f|2> B g)
N1-f)?* (N-1)(1-f) 2|V /| N

L2V AV VIR
(1) (1=r)?
p-a.e. on Bsg/o N{|V f| # 0}. Note that by the Young inequality,

(3.23)

29 2N (<Vf,V|Vf2>_g)2+ 2AVSIL | AVLVIVIP)
NO-PF TN -DE-DP0 2V N T - =)
_ 2 (92 _9<Vf7V|Vf|2>+<Vf,VVf|2>2)
CA-PAN-T (NSDVIE AN - DIV

2 ((VLVIVIP? |9 <Vf,Wf|2>>
N e e
2 0.

Hence, by [3:22)) and ([3:23]), we have, for almost every ¢,

[V fI? 2|V 2f
+ + Vf,Vw
G- Ta-pp i iv
p-a.e. on Bgpo N{|Vf| # 0}. On the other hand, for almost all ¢, we have, on
Bspsa N{|Vf| =0},

(3.24) L¥*w — dw = —2K

ac _ (VP 1
L*w — w = (e +|Vf2Z <(1_f)2>
(3.25) + 2<V|Vf|2,vﬁ> — dyw
_ (VP
~Ta-gr

Hence, by (324) and (325, for almost all ¢, we have

. VfI? 2|V f|* 2
L — dyw > —2K(1 _fJL)Q + (1|_J;)3 + 1_ff<Vf,Vw>

p-a.e. on Bsg/o. The inequality (B.12) follows from (B.I5), (BI7) and Theorem
Hence, we complete the proof. |

We are ready to prove Theorem [[3] under some additional assumptions that
0<d<u<<Mand Ou € Hl(BQR7T) n LOO(BQRJ“).

Lemma 3.26. Let K > 0 and N € (1,00), and let (X,d, n) be a metric measure
space satisfying RCD*(—K,N). Let T € (0,00), let Bog := Bagr(z0), let Bopr =
Bogr x (0,T), and let u(x,t) € Wh? (BQR,T) be a positive local weak solution of the
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heat equation on Bag 1. Suppose also that 0 < 6 < u < M and Opu € HY(Bar.1) N
L>*(Bag ). Then, we have

|Vf(z,1)] VN 1
O | -+ =+ VK|,
BRx?;lzP/z;,T) 1— f(z,t) R T

where f =1n(u/M). Here and in what follows, C' is a universal constant (indepen-
dent of N, K and R).

Proof. Let w be as in Lemma[3.10] Then we have w € Hl(BgR/ZT) NL>(Bsry2,7)-
Without loss of generality, we assume M = 1. We follow the strategies of [3844].

Step 1. (Setting up the cut-off functions)
We put

M; = sup w and My = sup w.
Brx(3T/4,T) B3r/2x(T/2,T)

We now choose ¢(z) = ¢(r(z)) to be a function of the distance r to xo with the
following properties that

M, 1/5
2M,

and

M,
2Mo

N

1/5
¢ <1on B3rja, ¢=1on Br, ¢= < ) on Bsr/s\Bsr/4,

P (<0 md |9 < o Vre(0,3R)2)

= Q

for some universal constant C' (independent of N, K, and R).
Similarly as above, we choose £(t) to be a cut-off function such that

My O\ VP
E=1on (37/4,T), ( ) <&<1lon (T/2,T)
2M,
and
e 1/5
&= <2M2> on (T/2,5T/8),
and

—%g% <EM) <0 Vie(T/2,7).

Let ¢ = ¢* - £. Then, it is easy to check that

(3.27) ¥ =1on Bg x [3T/4,T],
1) is decreasing as a radial function in the spatial variables,
(329 V<< EVT on By,
(329) VIS <ow <0 on(T/2.T)
(3.30) [ (r)| < %\/J Ve (0,3R/2).

We now give an estimate for #1. By the Laplacian comparison theorem [I4]
Corollary 5.15] for RCD*(—K,N) with N > 1, K > 0, and (3:28) and B30), we
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get
(3.31)

C / C
gw:w/gr_i_w/qV’rP>_E(\/(N—1)KCOth(T %))ﬂ—ﬁ\/@

on Bsp/s, in the sense of distributions. Note that 1) = 0 on Bg, and if r > R, we
have

K K 1
Hence, we have
C N -1 C
26>~ (VIN-DE + == )V = 5V
(3.32) C CON
><_§V(N_1) —F>\/E

on Bsp/s, in the sense of distributions. In fact, the estimate ([3.32) still holds for
RCD*(—K,N) with N > 1 and K > 0. Indeed, in the case when K = 0 and
N > 1, the Laplacian comparison theorem states that .Zr < (N — 1)/r. Then

([332)) still holds.

By B32), £ is a signed Radon measure. Then its absolutely continuous part

(3.33) (L) > (—%m - i—f) VU prae. @ € Bigp,
and its singular part

(3.34) (L))" > 0.

Step 2. (Maximum principle arguments)

Claim. We have, for almost all ¢,

2wt + 2L 91, - 2T g,y
22001 - f)u? + FLTF.90) - 2”'?'2 T w P — wd — 2K
j-a.e. on Bag .
Proof of Claim. By Lemmas E0 and BI0,
L) = WL+ L0 + 2V, )
> WL + (@w _ %Nf, Vw) +2(1 — fluw? — 2Kw> +2(Vaw, Vo)
ji-a.e. on Bspo. Hence, using the above inequality, we get
2w + 21, 9w - 2T gy
S20(1 - Pt + 222 97,90) 2 L ey wo - 2wy

p-a.e. on Bzg/s. ]
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We now return to the proof of Lemma B.260 Let G = wy, and let G =
SUD B, , o x(1/2,7] G- Notice that

2(wp) + 01 V) - 2T g

= L(w) + (VG,V(2f +21n(1 — f) — 2In4)) — 8y (we)).

By the definition of 1, the function G attains its maximum of Bsg/, x (T'/2,T) in
Bsgrya x (5T/8,T) in the sense of Theorem 213l By (834) and .12)), we have

gsingG — wgsingw 4 wzsingw > 0

for almost every ¢. By Theorem 213l with v = 2f +21n(1 — f) — 2In 4, there exists
{(z;,t;)}, such that

(3.35) Glaj,t;) > G -1/
and
(3.36) LG(xj,t5) + (VG, V) (xj,t;) — 0tG(xj,t;) < 1/5.

By (B36) and the above Claim,

2
(2000 = w4 225 0,90) 2208wz wo - 200 ) (25,1)
< 1/7,
and, hence,
(3.37)

(20 (1 = fHw?)(z;, ;)

2
< (2 vr 90 -2 T v w200 )
+1/5.
By Young’s inequality,
_ 2fw 3/2 ¢l . — P2 Vel
Thus, by [B.28), we have
2fw 2 f4
(3.39) —f—<Vf ,Vib) < (1= flw HORa =
Using the Young inequality and ([B:28]), we get
w| VY[ _ Ve2\* _ du? "
(3.40) T<T+C(w3/2) < — 3 +C/R".
By B.33),
s (SR - ) v
(3.41) > _%“’2 _ (% (N-DK + %)
2 ¢ CN?
/_wTw_ﬁ(N_l)K_ R4
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By (329) and the Young inequality,

(3.42) |0h|w < pw? /8 + C/T?.
By the Young inequality and the fact that 0 < ¢ < 1,
(3.43) 2Kwip < Yw? /8 + CK2.

Combining (B37)—(B43]), we have
2 4
@0 o)) < (- ot + 2+ 8 @)

1 C CN? C c

- —(N-1)K + — + CK*
tot it t W DK+ 5+ CK,

and hence
Yw? 1 cf CN?
(1= ypw?)(z),t; )§7($j7tj)+5+m(xjvtj)+?

C C

+ﬁ(N—1)K+ﬁ+CK2.

By f<0,and hence 1 — f > 1, f/(1 - f) <1, and that 0 < ¢ < 1,

2 C CN? ¢C C
2,92 2
(Y *w )(xj,tj)<3+R4 + +ﬁ(N—1)K+ﬁ+CK .
By the above inequality and 338, letting j — oo,
2 C CN?* C C , CN? C 9
G <t WV = DK+ 5 + CK? < o + o5 + O
Hence,
— CN C©
G< — CK.
R? tr T +
Note that ¢ =1 on Br x (37/4,T] by 327). Thus,
CN C
sup w< —5 + 5 +CK.
Brx(3T/4,T) R T

By definition of w, we have

Vil _ CVN
su —I———|—C\/ [l
BRX(BTI“)/4 71— f R T

We are now in position to prove Theorem [I[.3

Proof of Theorem [L3l Given any Q > 6 > 0, by [4I, Theorem 2.2], u + § €
LY (Bar1). Since the desired estimate is a local estimate, without loss of gen-
erality, we may assume that v+ 6 € L*(Bag 7).

Given any Q > ¢ > 0 sufficiently small, by Lemmal[B.8] for almost all t € (0, T—¢),

L ((u+0)p) =0 ((u+0)pn)

on Bpg, in the sense of distributions. By Lemma 3.7 we apply Lemma [3.26] to the
Steklov averages (u 4 ¢)p,. Then, we have

IV fo.n(z,t)| VN 1
su 2SN g C . A I K ,
BRX(S(TTPE),Tfs] 1 — fon(z,t) R VT —¢ v
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where f5p = 1n((7jvﬁ25h ), 0 < h < e. By letting Q > h — 0, we get
|V f5(z,t)] VN 1
sup T L0 S+ —— + VK,
Brx(3T=2) 1] 1— fs(x,t) R VT —¢
u+9d

where fs = 1n(M+6). By letting § — 0 and the arbitrariness of €, we complete the
proof. O

Using Theorem [[L3] [44, Corollary 1.5] with K = 0, and the same arguments as
in the proof of [38, eq. (1.5)], we can prove Corollary

Using Theorem [[3] and by the same arguments as in [38, Theorem 1.2], we
conclude Theorem
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