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(b) Five drinks can be placed in 11 drink-or-divider slots in (151) = 462 ways.

8. Let F represent a football toss ticket, C a cakewalk ticket, and G a miniature golf
ticket. The number of indistinguishable arrangements of the tickets

FFFCCCCGGGGGG

is siae = 60,060.

11. (a) The budget increase will be divided into 100 equal one-percent increments which
100 1#0(3) -1 )

will be distributed among three areas. This may be done in (
(182) = 5151 ways.

(b) After 15% increases are distributed to each of the three areas, there remain 55
one-percent increments to be divided among the three areas. This can be done

o (55 +3- 1) — (527) = 1596 ways.

(c) After a 50% increase is allotted for salaries, the remaining 50 one-percent incre-

ments can be distributed to the three areas in (50 +23 o 1) = (522) = 1326
ways.

4.5 Probability

2. (a) ﬁ. There are (320) = 435 possible pairs, and {Sarah, Becky} constitute only
one such pair.

(b) 2%. Of the (32()) = 435 possible pairs, there are 28 of form {Sarah, x} where x

is a member other than Sarah or Becky.
(c) %. Of the (320) = 435 possible pairs, there are 28 in which Sarah is selected

but not Becky (see (b)) and likewise, 28 in which Becky is selected but not Sarah.
Together with one pair in which both are selected, this gives 28 4+ 28 + 1 = 57
pairs including Sarah or Becky.

(d) %. From (c), 57 of the 435 pairs include Sarah or Becky, so the remaining
435 — 57 = 378 pairs include neither Sarah nor Becky.

4. Note that the sample space S consists of (552) = 2,598,960 possible 5-card hands.

13
()
(a) ( 52 = 528 ~ 0.00198079. There are 4 possible suits, and once the suit
7)

is selected, (153) possible hands within that suit.
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13) (4) (48)
(b) ( 1 542 1) _ 2,58?960 ~ 0.000240096. From 13 kinds, we choose 1. From
5
the 4 of this kind, we choose all 4, and from the 48 cards not of this kind, we
choose 1.
13-12 (4) (4
3)\2) _ _sm4_ o 000144058, Th | hoose th
(c) (52) = 3398000 ~ 0- 058. ere are 13 ways to choose the
5

kind to get 3 of, and (%) ways to select the three from 4 cards of this kind, and

There are 12 ways to choose the kind to get 2 of, and (%) ways to select the

two from 4 cards of this kind.

(d) (110) <le) <1112)2(111) (il) (il) == 2’%83?60 ~ 0.00394004. There are 10 choices
5

(A, 2,3, ...,10) for the lowest card in the straight. This determines which 5 val-
ues will be in the straight. There are 4 cards of each of these values and we wish
to choose 1 of each.

We have found that there are
624 ways to get a four of a kind
3744 ways to get a full house
5148 ways to get a flush,and
10240 ways to get a straight.
Thus, these hands are here listed in order from rarest to most common, so four
of a kind beats a full house, a full house beat a flush, and a flush beats a straight.
8. %80 = 4—10. Since 1200 = 2*3'52, any positive divisor of 1200 has form 2735 where
0<r<4,0<s<1,and 0 <t <2. As there are 5 choices for r, 2 choices for s, and
3 choices for t, there are (5)(2)(3) = 30 divisors of 1200 in the set {1,2,...,1200}.

10. As seen in Example 4.5.4, the sample space contains (179 ) = 50, 388 elements.

(b) %. There are 153 ways to select the five colors. Since there must be one

gumball of each color, this accounts for 5 gumballs. The remaining 2 may be
distributed among the 5 colors (requiring 4 dividers) in (2 "5 4) = (g) =15
ways. Thus, there are 1287 - 15 = 19, 305 assortments with exactly 5 colors.

(c) ég’ggé. No more than 4 colors means 1 color, 2 colors, 3 colors, or 4 colors. In (a)

we found that there are 13 assortments with one color, and in Example 4.5.4 we

found that there are 14300 assortments with exactly 4 colors.
13
2

Assortments with exactly 2 colors: There are = 78 ways to choose the

2 colors. Since there must be one gumball of each color, this accounts for 2
gumballs. The remaining 5 may be distributed among the 2 colors (requiring 1

divider) in (5 g 1) = (g) = 6 ways. Thus, there are 78 -6 = 468 assortments
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with exactly 2 colors.

Assortments with exactly 3 colors: There are (133) = 286 ways to choose the
3 colors. Since there must be one gumball of each color, this accounts for 3
gumballs. The remaining 4 may be distributed among the 3 colors (requiring
2 dividers) in (412) - (2) — 15 ways. Thus, there are 286 - 15 = 4290
assortments with exactly 3 colors.

Combining our results, there are 13 + 468 + 4290 + 14300 = 19, 071 assortments
with no more than 4 colors.



Chapter 5

Relations

5.1 Relations

3. If A=1{1,2,3} and R={(1,2),(2,1),(1,3)}, then R is not symmetric (for (1,3) € R
but (3,1) ¢ R) and is not antisymmetric (for (1,2) € R and (2,1) € R, but 1 # 2).
This shows that neither implication holds.

5. The ordered pairs given with some negative answers suggest points at which the prop-
erty in question fails.

Relation | Domain ‘ Range | Refl. | Sym. | Antisym. | Trans.

(a) S {1,3,5} | {3,5} No No No No: (3,5), (5,3)
(b) R N N\ {1} | No No No No

Q) | (1,3) | (7.8 | (100,15),(15,5)
(¢)T {0,4,7} | {0,4,7} | Yes | Yes No Yes

(0,7)

(d)U z\ {0} | Zz\ {0} | No Yes No Yes

(0,0) (1,2)
(e) P z\ {0} | Zz\ {0} | No Yes No No

(5,5) (3,7) (6,5), (5,2)

7. (a) S x S has 9 elements, and thus has 2° = 512 subsets. Relations on S are subsets
of S x S, so there are 512 relations on S.

(b) Every reflexive relation on S has form {(1, 1), (2, 2), (3,3) }UC where C is a subset
of the remaining six elements of S x S. There are 28 such subsets C, and thus
26 = 64 reflexive relations on S.

(¢) The relations described are of form
{(1,1),(2,2),(3,3),(1,2),(1,3),(2,3)}uC

where C' is a subset of the remaining three elements of S x S, that is, where
C C{(2,1),(3,1),(3,2)}. There are 23 = 8 such subsets. They are C; =0, Cy =
{(27 1)}’ Cs = {(371)}7 Cy = {<3’2)}7 Cs = {(2’1)7 (37 1>,}7 Ce = {<27 1)7 (372)}7

29
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C7={(3,1),(3,2)}, and Cs = {(2,1),(3,1),(3,2)}. Now the 8 such relations are
given by B; = {(1,1),(2,2), (3,3),(1,2), (1,3),(2,3)} UC; for i = 1,...,8.

(d) Each relation R; (i =1,...8) has {1,2,3} as domain and range.

(e) | Refl. | Sym. | Antisym. | Trans.
Ri1 | Yes No Yes Yes
Ry | Yes No No Yes
Rs | Yes No No No
R4 | Yes No No Yes
Rs | Yes No No No
Rs | Yes No No No
R7 | Yes No No No
Rg | Yes Yes No Yes

10. (a) i {(2,3), (2,1), (3,5), (4,4)}
ii. {(1,3), (3,5), (5,4), (5,2)}
iii. {(5,4), (5,2)}
(b) The graph of S is a parabola in R? with vertex at the origin and having the y-axis

as axis of symmetry. The graph of Sljp,o) is the right half of that parabola,
including the vertex (0, 0).

(¢) i {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,2), (2,3), (2,4), (2,5), (2,6), (3,3),
(3:4), (3,5), (3,6) }
i {(2,2), (2,3), (2,4), (2,5), (2,6), (4,4), (4,5), (4,6)}
iii. {(6,6)}
13. (a) RioR,=Ryand R,0oR; = Ry for alln € {1,2,...,16}.
(b) RgoR, = R, and R, 0o Rg = R, for all n € {1,2,...,16}.
(c) For all n € {1,2,...,16}, Ry o R, is the largest relation on {1,2} having the

same domain as R,, and R, o Rig is the largest relation on {1,2} having the
same range as R,,.

5.2 Equivalence Relations

5. In measuring angles in radian measure, angles x and y are coterminal if and only if
x =y + 2mn for some n € Z, that is, if and only if z =y (mod 27).

8. (a) # is not reflexive and not transitive, and thus is not an equivalence relation.

(b) A is an equivalence relation. The equivalence classes are {0}, {{1}, {2}, {3}},
{{1,2},{1,3},{2,3}}, and {{1,2,3}}.
(c) * is an equivalence relation. The equivalence classes are {0, {2}}, {{1},{1,2}},

{{3},{2,3}}, and {{1,3},{1,2,3}}.

(d) = is not symmetric and is thus not an equivalence relation.
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5.3 Partial Orders

3. (a) The relation is a partial order.

(b) L is reflexive since z < 2?2 Yz € N. C is not antisymmetric. For example, 7 C 8
and 8 C 7, yet 7 # 8. L is not transitive. For example, 15 C 4 and 4 C 2, but
15 IZ 2. Thus C is not a partial order.

(¢) The relation < is reflexive, but is neither antisymmetric (3 < 4 and 4 < 3 but
3 # 4, for example) nor transitive (6 < 4 and 4 < 2, but 6 « 2, for example).
Thus, < is not a partial order.

5. (P(S), Q) is totally ordered if and only if |S] < 1.

If |S| = 0, then P(S) = {0}, a one-element collection totally ordered by inclusion. If
|S| = 1, then P(S) = {0, S}, a two-element collection totally ordered by inclusion. If
|S| > 2, then there exist distinct elements a,b € S, and {a}, {b} € P(S) but {a} Z {b}
and {b} Z {a}. Thus, if |S| > 2, then (P(S), C) is not totally ordered.

10. (a) Yes. The maximum element of S is an upper bound of C.

(b) No. Let P = [0,1) U (2,3] in R with the usual order. The upper bounds of
C = [0,1) are precisely the points of (2,3]. Thus, C = [0,1) has upper bounds,
but no least upper bound.

(¢) No. Let P = {{a}, {b},{a,b,c},{a,b,d},{a,b,c,d}} ordered by inclusion, and let
C = {{a},{b}}. Now the set of upper bounds of C is UB = {{a,b,c},{a,b,d},
{a,b,c,d}}. Now since U B has no minimum element, C has no least upper bound.

(d) Yes. If C has a least upper bound, then the set UB of upper bounds of C' is
nonempty, and if UB has a minimum element, it must be unique. (See Theo-
rem 5.3.6.)

11. a—<b if and only if there is a line from a upward to b in the Hasse diagram for the
poset.

(a) {2}—<{2,3}; {3}<{2,3}; {2,3}<{2,3,4}; {4,5}—<{4,5,6}.

17. (a) Yes. If each P; has a maximum element m;, then (m;);c is the maximum element
in P, for given any (z;)ier € P, we have x; <; m; Vi € I, so by the definition of
the product order, (x;)ier < (My)icr-

(b) Yes. Suppose (m;);c is the maximum element in P. Then V(z;);e; € P, we have
(2i)ier < (m;)ier and hence z; <; m; Vi € I. We claim m;, is the maximum
element of P;;. Suppose x € P;,. Define (a;);er € P by a; = m; for i € I'\ {io}
and a;, = x. Now (a;)ier < (mj)ier implies © = a;, < m;,. Since z € P;, was
arbitrary, this shows that m;, is maximum in P;,.

(c) If, for all ¢ € I, m; is a maximal element in P;, then (m;);cs is maximal in P, for
if (xi)ig € P with (3}'7;)7;6[ > (mi)ig, then m; <; x; Vi € I. Since m; is maximal
in P;, this implies m; = x; Vi € I, so (;)ic; = (m;)icr, and (m;);ecs is maximal
in P.
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If (m;);es is maximal in P, then m; is maximal in P; Vi € I, for if not, there
exists ig € I and © € P, with m;, <;, . Now (a;);c; € P defined by a; =
m; Vi € I\ {ip} and a;, = x is a point of P strictly larger than (m;);cr, contrary
to the maximality of (m;);e;r.

5.4 Quotient Spaces

3.

6. Suppose [a] = [a1] and [b] =
some j,k € Z. Thus, ab = (a

(a)

For 0 < € < 2, consider the line [, through the point (2 — ¢,200) € P(0,100) and
the point (2,202 — ¢) € P(1,100). ¢ is =€,

from 0 to oo as € ranges from 2 to 0. With arbitrary positive slopes allowed,
we may find a line of this form passing through the point (8,2n + 1) € P(4,n)
for every integer n > 100. Thus, P(0,100), P(1,100) and P(4,n) are collinear
for all integers m > 100. To show that P(0,100), P(1,100) and P(4,n) are
collinear for all integers n < 100, for 0 < € < 2, consider the lines through
(2+¢,200) € P(1,100) and (2—¢,202—¢) € P(0,100).
and as € ranges from 0 to 2, these slopes range from —oo to 0. Thus, there exists
such a line through P(0,100), P(1,100) and P(4,n) for all integers n < 100.

No. Let £; be the collinear set {P(0,100), P(2,102)}, let L5 be the collinear set
{P(0,100), P(2,100)}, and let L3 be the collinear set {P(0,100), P(2,98)}. It is
easy to see that (i) there is a line [; of slope m; which illuminates all the pixels of
Ly if and only if my € (3,3), (ii) there is a line Iy of slope my which illuminates
all the pixels of Lo if and only if mg € (—1,1), and (iii) there is a line I3 of slope
ms which illuminates all the pixels of L3 if and only if mg € (=3, %1)

Now L is parallel to Lo since there exist parallel lines [; of slope m; = % il-
luminating all the pixels of £; (¢ = 1,2), and Ly is parallel to L3 since there
exist parallel lines [; of slope m; = _TQ illuminating all the pixels of £; (i = 2,3).
However, no line [; illuminating all the pixels of £ can be parallel to any line
I3 illuminating all the pixels of L3, since m; € (3,3) and mg € (=3, 3}) imply
mi 7é ms.

[b1] in Z/n. Then a = ay + kn and b = by + jn for
a1 + kn)(by + jn) = a1by + n(arj + kb1 + knj) where

a1j + kby + knj € Z, so [ab] = [a1b1] in Z/n. Thus, [a] x [b] = [a1] % [b1] whenever

[a] =

[a1] and [b] = [bl] so the operation X is well defined.

Since [3] x [5] = [15] = [1] in Z/7, [5] is the multiplicative inverse of [3] in Z/7.
Since [3] x [2] = [6] = [1] in Z/5, [2] is the multiplicative inverse of [3] in Z/5.
Since [3] x [3] = [9] = [1] in Z/4, [3] is the multiplicative inverse of [3] in Z/4.
In Z/6, We have [3] x [0

| = [0], 3] > [1] = (3], [3] x [2] = [0], [3] x [3] = 3],
[3] x [4] = [0], and [3] x [5] = [3]. Thus, there is no [n] € Z/6 with [3] x [n] = [1],
so [3] has no multiplicative inverse in Z/6.

Reflexive: For any triangle ¢1, t; has an angle whose measure is greater than or
equal to that of every angle in ¢;. Transitive: If ¢; has an angle whose measure
is greater than or equal to that of every angle in ¢ and ¢, has an angle whose
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measure is greater than or equal to that of every angle in t3, then ¢; has an angle
whose measure is greater than or equal to that of every angle in ¢3.

Now t; <ty if and only if the largest angle in 5 is greater than or equal to the
largest angle in t;. Thus, t; ~ t9 if and only if the largest angle in ¢; has the
same measure as the largest angle in ¢5. The resulting partial order on equivalence
classes is a total order.

For any a € (), we have b < a = b € () vacuously, so ) € 7. For a,b € S, clearly
a€ S andb<aimpliesbe S,s0S€7.

Suppose D1,D5,...,.D, € T, a € DiNDyN---ND,, and b < a. Since
D1, Do, ..., D, are each decreasing, b € D;(i =1,2,...,n),s0b € D1 N---ND,.
Thus, D1N---ND, €7T.

Suppose J is an arbitrary index set (finite or infinite), D; € T Vj € J, a €
UjesDj, and b < a. Now a € Uje;D; = Jjo € J such that a € Dj,. Now Dj,
decreasing implies b € D, and thus b € UjcsD;. Thus Uje;D; € T.
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Functions and Cardinality

6.1

1.

8.

10.

13.

Functions

(a) The graph represents a function from R to R if and only if every vertical line
intersects the graph in exactly one point.
If the graph represents a function f, the line z = a intersects the graph in exactly
one point (a, f(a)). If every vertical line x = a intersects the graph in exactly
one point, let this point be (a, f(a)) and this defines a function from R to R.

(b) The graph represents a function from a subset of R to R if and only if every
vertical line intersects the graph in no more than one point.
If the graph represents a function f : S — R where S C R, then x = a intersects
the graph in exactly one point (a, f(a)) for each a € S, and in no points for
a ¢ S. Conversely, if every vertical line intersects the graph G in no more than
one point, the graph represents f : S — R where S = {a € R|z = a intersects G}
and (a, f(a)) is the intersection of x = a with G.

We will show f is not one-to-one if and only if there is a horizontal line intersecting
the graph more than once. If f is not one-to-one, then there exist a # b such that
f(a) = f(b), so the horizontal line y = f(a) intersects the graph of f in (at least) two
points, namely (a, f(a)) and (b, f(b)). Conversely, if a horizontal line y = ¢ intersects
the graph of f in two points (a,c¢) and (b, c¢) with a # b, then f(a) = f(b) =¢, so f is

not one-to-one.

We will describe f: {1,2,3} — {1,2,3} by listing the ordered triple (f(1), f(2), f(3)).
Now the functions (1,2, 3), (1, 3,2), (2,1, 3), and (3,2, 1) are the only ones with fo f =
id. If go f is one-to-one, then f must be, so all functions with fo f = id are one-to-one.
(In fact, if fo f = id, then f = f~1 so f is invertible and is thus one-to-one and
onto.)

(a) ~j is reflexive since f(a) = f(a) Va € A. ~y is symmetric since f(a) = f(b)
f(b) = f(a). ~y is transitive since f(a) = f(b) and f(b) = f(c) imply f(a)
f(e).

Iy

35



36

17.

20.

6.2

CHAPTER 6. FUNCTIONS AND CARDINALITY

(b) If f is injective, then a ~¢ b <= f(a) = f(b) <= a =b, so ~yis Ay. If
~yis Ay and f(a) = f(b), then a ~¢ b, so (a,b) € Ay, so a = b, and thus f is

injective.

(a) Let S =[-1,0), T = (0,1], and A = SUT have the usual order from R. Consider
f+ A — R (where R has the usual order) defined by f(z) =2+ 1if z < 0 and
f@) =z if x > 0. Now f is increasing on S and on T, but not on A = SUT
since, for example, 771 < % but f(%l) = % £ i = f(%).

(b) Suppose f is increasing on S and on 7.

SNT # () is not necessary for f to be increasing on A = S UT: consider
f:SUT — R given by f(z) = z, where S = [~1,0) and T = (0, 1] are subsets
of R with the usual order.

SNT # ) is not sufficient for f to be increasing on A = SUT": consider A = SUT
where S = {{1},{1,2}} and T = {{1},{1,2,3}} with set inclusion as the order.
Define f : A — N (where N has the usual order) by f({1}) =1, f({1,2}) =5,
and f({1,2,3}) = 2. Now f is increasing on S and on T but not on A = SUT

since {1,2} C {1,2,3} but f({1,2}) =5 £ 2 = f({1,2,3}).

(a) Observe that f < g if and only if f(l) f(o) < g(l) (0) , that is, if and only if the
slope of f is less than or equal to the slope of g Clearly f X fforany f e F
since the slope of f is less than or equal to the slope of f. If f < g and g < h,
then the slope of f is less than or equal to that of g, and the slope of g is less
than or equal to that of h, so the slope of f is less than or equal to that of A, so
f =< h, and thus < is transitive.

Inverse Relations and Inverse Functions

(a) The inverse relation {(2,1), (1,2), (4,3), (3,4)} is a function.

(b) The inverse relation {(1,1), (1,3), (1,2), (1,4)} is not a function.

(¢) The inverse relation {(1,1), (2,1), (3,1), (4,1)} is a function.

(d) The inverse relation {(3,1), (4,2), (3,3), (3,4)} is not a function.

e) The inverse relation {(3,1), (1,2), (2,3)} is not a function on {1,2,3,4}.
)
)

@) =5

i) =

(b) T =1[3,00), flz'(z) = V& +4+3, or T' = (—00,3], fl}(¢) = —vz +4+3

(d) T =P({2n —1|n € N} U {4n|n € N}) and f|;*(S) = {s € S|s is odd} U {2s]s €
S and s is even}.

() T=NU{0} and f|;'(z) =2 — 1, 0or T" = {2n — 1|n € N} U {2 — 2n|n € N} and

flpt(x) =2 — 1if z is even and f|;}(z) = 1 — x if = is odd.

(g) @T: {0, {1},{1,2},{1,2,3},...} and f|; (x) = {1,2,...,2} if 2 # 0; f|-'(0) =
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(b) T=A, f(T) = {[z,9) CRlz <y +4}, and f|7'([z,9]) = [+ + 1,y - 3].
12. Suppose f: A — B and C C D C B. Now
ref~YC) = fx)eCCD
= f(z)eD
= xef D).
Thus, f~1(C) C f~4(D).

The converse fails. If f(x) = 22, then f~1([-10,1]) € f~1([-3,1]) but [-10,1] £
[—3,1].

19. (d) f~1(5) contains numbers of the following types:

TYPE form/choices for each digit total number
5 odd digits:
I D T O T
odd odd odd odd odd
3 odd digits, 1 even:
4 5 55 4-5% =500
even # 0 odd odd odd
L T T T
odd even odd odd
LI T A D
odd odd even odd
I T A
odd odd odd even
1 odd digit, 2 evens:
.i. .i. .i. 4-5% =100
even #0 odd even
.i. .i. .i. 4-5% =100
even #0 even odd
5 5.5 53 =125
odd even even

Adding the numbers in the right column above gives | f~1(5)| = 5825.

6.3 Cardinality of Infinite Sets

6. A function f : {1,2} — Nis completely characterized by the ordered pair (f(1), f(2)) €
N x N. This gives a bijection between the set of all functions f : {1,2} — N and NxN.
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Since N x N is countable, so is the set of all functions f : {1,2} — N.

(a) Suppose A; is countable for i = 1,2,...,n. Consider the products Ay, A; x As,
Ay x Ay x As,..., [, 4;. Clearly A; is countable. If Hle A; is countable,
then Hfill A; = (Hf:1 A;) X Ag+1 is a product of two countable sets and is thus
countable. By mathematical induction, it follows that H:-L:l A; is countable for
any n if each A; is countable.

(b) Corresponding f: {1,2,...,n} — N to (f(1), f(2),..., f(n)) € N" gives a bijec-
tion from the set B to N™. Since the latter set is countable by (a), the former set
is also countable.

“The smallest natural number that cannot be defined using less than twenty words”
is a thirteen-word description of that natural number.

6.4 An Order Relation on Cardinal Numbers

3.

14.

Each nondegenerate interval in R contains a rational number. Since there are only
countably many rational numbers, there can be only countably many pairwise disjoint
intervals.

. Let C!. = C, n{(x,y) € R?*|xz > 0,y > 0} be the first quadrant part of the circle C,..

The projection function f : C. — [0, r] defined by f((x,y)) = z is a bijection. Since
[0, 7] is uncountable (see Exercise 3 of Section 6.3), it follows that C] is uncountable.
Now C. = AUBUC where A = {(z,y) € Cllz € Q}, B = {(z,y) € Clly € Q},
and C = {(z,y) € Cllzr € Q,y € Q}. Now A is indexed by a subset of Q, so A is
countable. (h: A — [0,7] N Q defined by h((x,y)) = x is a bijection.) Similarly, B is
countable. Now AU B UC = C/ is uncountable, so C' must be uncountable. Thus,
C! C C, contains uncountably many points (z,y) with z ¢ Q and y & Q.

(a) No. 2 =Sbut g(3)=2#4=g(%).

(b) h is well defined since every element of Q' has a unique representation as o
where m and n are relatively prime natural numbers. h is not one-to-one since
h(%) =4 =h(3). his onto, since for any n € N, n = h(L).

Given an algebraic number «, pick a polynomial p(z) = ¢y + c1z + -+ + ¢, z™ with
integer coefficients cy, ..., ¢, such that p(a) = 0. (In fact, there exists a unique such
polynomial of minimal degree such that co,...,c, are relatively prime and ¢, > 0.)
Suppose a is the m*" zero of p(x) when the distinct real zeros of p(z) are listed in
increasing order. Map « to the natural number whose base 12 representation is the
sequence of digits

i Fon
m*m?---m? £ cjcd - -clg" +cjcl-- -clfl R Y T PR et £ che? - -cfl"
where the digits base 12 are 0,1,...,9,+, and —; m = m'm?2---m’ wherem!',...,m/

are the base 10 digits of m; and ¢; = #cl¢? - - - ¢ where ¢!, ... ¢ are the base 10 digits
of ¢; if ¢; #0, and ¢; = +c} = 40 if ¢; = 0. This gives an injection from the set A of
algebraic numbers to N, so A is countable.



Chapter 7

Graph Theory

7.1 Graphs

2. (a) 6° = 7776
(b) 157 = 170859375

k
(c) (n + (g)) . Any edge has either one endpoint (and there are n choices for the
vertex at which such a loop may be based) or has two endpoints (and there are
(g) choices for the two end points). This gives n + (g) = n’tn _ T, ways

2

k
to construct one edge, so there are (n + (g)) = Tk ways to construct k edges

on n vertices.
(d) 0
120

—
@
~

~—~
)
N

There are (g) possible edges (with distinct endpoints) on n vertices, and we

n
wish to choose k of them: (2 )
k

6. (a) er,eq,e1,e66,e10, for example.
(c¢) Impossible. If a walk has distinct vertices, it must have distinct edges, so every
path is a trail.
(e) er,es,e11,e10-

10. G is a connected graph if and only if | J;.; D; is a connected subset of the plane. That
is, G is a connected graph if and only if for every a,b € | J,.; D;, there is a continuous
curve contained in |J,.; D; € R? from a to b.

il
il
13. By placing a doorway in each edge of the graph, the problem becomes analogous to

those of Exercise 12. The associated graph is shown below. Since more than two

39
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vertices have odd degree (namely B, D, E, and F'), the graph has no Eulerian trail, so
it is impossible to draw a continuous curve bisecting each edge of the original graph.

A B C

FATB"iCT
ERENRVY

F F

7.2 DMatrices, Digraphs, and Relations

2.
o 2 0 1 0
0 10 0 > 10 0 0
(a) (¢)JO 0 0 1 1
0 101 1 0 1 0 1
00 10 o o 1 1 1
e
S A ooz 30
€1 €3
€4

(b) Since the (1,3) entry of A3 is 4, there are four (v, v3)-walks (i.e., (1,3)-walks) of
length three. Referring to the edge labels in (a), they are ejejeq, e1eses, eseses,
and eseqes.

13. (a)

_ =0 O OO
_ =0 O oo
_ =0 O oo
_ =0 O OO
OOl R ==
OO~ = =

(b) The adjacency matrix will be an (m + n) X (m -+ n) matrix containing an m x m
square of zeros in the upper left corner, an n x n square of zeros in the lower
right corner, and all other entries are ones.

].5 (C) el
1 L €2 2 €1 €9 €3 €4 €5 €6
1 1 1 1 1 0 0
s es 2 1 1 1 0 1 0
3 0 0 0 0 0 2
€6 O 3 4 4 0 0 0 1 1 0
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17. (c¢) Let P =], I1j=1(1 — ajjaj;). Then

J#
P#0 <+ 1—aja;#0Vije{l,2,. . n}i#j
<~ aijajizo‘v’i,j6{1,2,...n},i7§j
< ay;=0o0ra; =0Vi,je{l,2,...n},i#j
<= [a;; =1 and aj; = 1] implies ¢ = j Vi,j € {1,...n}
< iRjand jRiimply i =j Vi,j € {1,2,...n}
<= R is antisymmetric.

7.3 Shortest Paths in Weighted Graphs

6. (b) agbhfe is a shortest (a,e)-path, and thus bhfe must be a shortest (b,e)-path
(for if there were a shorter (b, e)-path, appending it to agb would give a shorter
(a,e)-path, contrary to agbhfe being a shortest (a, e)-path).

8. (a) The shortest (d,v)-paths found by the implementation of Dijkstra’s algorithm
below are dcba, dcb, de, d, dgfe, dgf, dg.

9. (c) The shortest (f,v)-paths found by the implementation of Dijkstra’s algorithm
below are fa, fb, fgc, fgd, fbe, f, fg fgch.

v| a b c d e f g h
4f 2f O f o f 5f Of 2f X f

4f 2f 10b X f 41, Of 2f o0
4y 2f Tq 8y 4y Of 2.f 11,
4f 2f Tg 8g 4y Of 2f 11,
4f 2f Tq 8y 4 Of 2.f 11,
4f 2f Tg 8y 4 Of 2f 10,
4f 2,f 7g 8g 4 Of 2]0 10,
4f 2f g 8g 4 Of 2f 10¢
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The shortest (a,v)-paths found by the implementation of Dijkstra’s algorithm
below are a, ab, ac, aefd, ae, aef.

v| a b c d e f

Oa 4a 8a Xq 6a XCd
Oa 4a 8@ XQq 60, oQd
Oa 4(1 8a XQfq Ga 126

Oa 4a Sa Qfq 6a 12e
Oq 4a 8a 175 6 12¢
Oa 4a 8a 17f 64 12¢

The shortest (¢, v)-paths found by the implementation of Dijkstra’s algorithm
below are ca, cab, ¢, cd, cgfe, cgf, cg, cdh.

v| a b c d e f g h
2. 8 0c 6. 00, 0 He 0
2¢ 5, O0¢ 6, 00, 00. He 0O
26 5(1 Oc 60 19b 15b 50 (o op)
2¢ 5a 0¢ 6, 19 99 5¢ 9y
2¢ 95ag 0c 6. 19 99 5¢ Ta
2¢ 5g 0Oc 6¢ 19y 9 5c Tgq
2¢c 5@ Oc 6¢c 12y 9g 5¢ 74
2¢ b5ag O0¢ 6¢ 12f 99 5¢ T4

7.4 'Trees

7. (a)

Each of the first five spanning trees shown below can be rotated 60° or 120°
to obtain other spanning trees. These 5 x 3 = 15 spanning trees and the sixth
spanning tree shown below give 16 spanning trees.

NP RS

100%. Classify the edges as “spokes” (the edges of the sixth spanning tree shown
above) and “rim edges”. By the Plgeonhole principle, three edges selected at
random must contain at least two spokes or at least two rim edges. In either case,
these two edges form a connected subgraph which contains 3 of the 4 vertices of
G. The third edge has two endpoints, and one of them must be already among
the three vertices incident on the first two edges. It follows that any three edges
selected at random form a connected subgraph.

10. Using the Pythagorean theorem to find the lengths BE and AFE, we find the lengths
of the edges, in increasing order, are as shown:

BD3, CE3, DE4, BC 4, BE5, ACunknown, AB 12, AE 13,
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12.

14.

Applying Kruskal’s algorithm, we select edges BD, CE, either DE or BC, and AC.
Since the side AC' of unknown length does appear in the minimal spanning tree, we
must compute its length to find the length of the minimal spanning tree. Since angles
BEC and ABC' are both complements of angle C BE, they have the same measure 6.
From the 3-4-5 triangle, we see that cos = % Applying the law of cosines to triangle
ABC, we have AC? = 42+412%—2(4)(12)2 = 102.4, so AC = v/102.4 ~ 10.1193. Thus,
the length of the minimal spanning tree is approximately 3+3+4+10.1193 = 20.1193.

The weights of the edges of graph @ are given below in increasing order.

FG5 BD6 EH7 FH7 ABS8 EFS DE9 CF9

CG9 AD10 CD10 GH10 BE11 DH11 BC12 CH 12
We go through the list and select the following edges to form a minimal spanning tree
for Q: FG, BD, EH, FH, AB, DE, and CF. The only other edges forming a minimal
spanning tree for G are FG, BD, EH, FH, AB, DE, and CG. The weight of the minimal
spanning trees is 51.

(a) The algorithm for maximal spanning trees is this: Start with any edge of maximal

weight. From the remaining edges, add any edge of maximal weight which does
not create a cycle. Repeat until all vertices are used. The result is a maximal
spanning tree.
We now prove that the algorithm works. Given a connected weighted graph
G(V, E) with weight function w : E' — [0,00). Let m — 1 = max{w(e)|e € E} be
the maximum weight in G, and define G’ to be the graph G’(V, E) having the same
vertices and edges, but with the new weight function w’(e) = m—w(e). Note that
a list of the edges of G in increasing order of weights gives a list of the edges of G’
in decreasing order of weights. Let S be the set of all spanning trees for G(V, E).
Then S is also the set of all spanning trees for G'(V, E). Each T € S has v—1 edges
where v = |V|. f T = {ey,...,ep—1} €S, then w(T) = w(e1)+- - +w(ey—1) and
w'(T) = (m—wle))+- -+ (m—wey—1)) = (v—1)m—w(T). Thus, for T € S,
w(T) is maximum when w'(7T') is minimum, and conversely. This shows that a
minimal spanning tree for G’ is a maximal spanning tree for GG, and conversely.

(b) As in the solution to Exercise 11, we list the edges of the graph of Exercise 11 in
order.
AF 315 HK 320 CD 330 AB332 BF 340 GK 345 FJ 350 BC 360
CF 360 JK 365 DG370 FH375 EI375 1J378 AE 380 EF 380

Since we want a maximal spanning tree, we proceed greedily through the edges
from the heaviest backwards through the list to the lightest, including edges as
long as they do not create a cycle. The edges required are: EF, AE, 1J, EI, FH,
DG, JK, CF, BC, GK. These edges form a maximal spanning tree, and the weight
of this tree is 380 + 380 + 378 + 375 + 375 + 370 4 365 + 360 + 360 + 345 = 3688.






Chapter 8

Sequences

8.1 Sequences

5. (151, 144,137,130,123,116, 109, 102, 95, 88,81, 74,67, 60, 53, 46, 39, 32, 25,18,11,4).
There are 22 nonnegative terms in this sequence, indicating that 22 is the largest
number of sevens which can be subtracted from 158 so that the remaining difference
(namely, 4) is nonnegative. This tells us that 158 = 7 gives a quotient of 22 with a
remainder of 4.

6.

11.

12.

16.

()

(bn)s2y = (|13n — 4| — 5)22, is a subsequence of (a,)22;. (f : R — R is not

n=1 n=1
increasing, but f : N — N is.)
Suppose b, = b+ ns and a,, = ar™ forn = 0,1,2,.... Then a;, = ar®™ =
ar® - ™ = ar®(r*)", so (ap, )22, is geometric with first term ar® and ratio r*.

No. For example, if (a,)22; = (2,4,6,8,10,...) and (b,)52; = (1,2,4,8,...),
then (ap, )52, = (a1, a2,a4,as,...) = (2,4,8,16,...) which is not arithmetic.

If D is a nonempty countable set, then either D = {d,ds,...,d,} is finite or D
is countably infinite. If D is finite, then

(dlad27 oo 7dn717dn»dnadn7dn7dnv ce )

is a sequence whose set of terms is D. If D is countably infinite, then there exists

a bijection f from N to D, and (f(n))52, is a sequence whose set of terms is D.

If D ={dy,ds,...,d,}, then any sequence in D is a subsequence of
(d17d2a"'7d’n7d17d2a"'7dn7d1ad27"'7dn7"')'

If D = {dy,ds,ds,...) is countably infinite, then any sequence in D is a subse-
quence of

(dh d17d27 d17d27d3; d17d27d33d47 d17d23d37d47d5a d17d27' . )

45
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8.2 Finite Differences

1.

5.

(a) The sequence of second differences is constantly 4. This tells us that the sequence
is generated by a second degree polynomial p(n) = an®+bn+c. Since the second
differences of the sequence determined by p(n) are constantly 2la = 4, we find
that a = 2. Since the first term 4 is p(0) = ¢, we have p(n) = 2n? + bn + 4. Now
p(1) =3 =2(12) + b(1) + 4 implies b = —3, so p(n) = 2n? — 3n + 4.

(¢) The sequence of third differences is constantly 18. This tells us that the sequence
is generated by a third degree polynomial p(n) = an®+bn?+cn+d. Since the third
differences of the sequence determined by p(n) are constantly 3la = 18, we find
that a = 3. Since the first term —1 is p(0) = d, we have p(n) = 3n3 +bn?+cn—1.
The equations p(1) = 2 and p(2) = 23 yield, respectively, b+c¢ = 0 and 2b+c = 0,
and the only simultaneous solution to these equations is b = ¢ = 0. Thus,
p(n) = 3n3 — 1.

(e) The sequence of third differences is constantly 30 = 5-3! and the initial term is 9,
so the sequence is generated by a third degree polynomial of form 5n3+4bn2+cn+9.
The equations p(1) = 11 and p(2) = 43 yield b+ ¢ = —3 and 2b+ ¢ = —3, giving
b=0 and ¢ = —3. Thus, p(n) = 5n% — 3n + 9.

(g) The sequence of fourth differences is constantly 48 = 2 - 4! and the initial term is
38, so the sequence is generated by a polynomial of form p(n) = 2n* + bn3 +
en? 4+ dn + 38. The equations p(1) = 40,p(2) = 70, and p(3) = 200 yield
b+c+d=0=4b+2c+d=9+3c+d Clearly b = c=d =01is a
solution, so p(n) = 2n* + 38.

(¢) an = f(n) = n?+2". Observe that the 37 differences (and all m*" differences for
m > 3) are 1,2,4,8,.... The sequence (2")%° , has 1,2, 4,8, ... as m'" differences
for all natural numbers m. The fact that the first and second differences of our
sequence are not 1,2,4, 8, ... suggests that the terms of our sequence are 2" +p(n)
where p(n) is a second degree polynomial. (The addition of such a polynomial
will alter only the first and second differences, since all subsequent differences of
p(n) would be zero.) Subtracting 2" from the n'* term of the original sequence
leaves the sequence n2, so the original sequence is given by a, = n? + 2".

If a, = f(n) = Y1 4%, then the sequence of first differences is (0%,12, 22,32,...)
and thus the sequence of third differences is constantly 2! = 2. Thus, a, = f(n) =
an® + bn? + cn + d, and since the third differences of this sequence are 3la = 2, we

have a = 2 = 1. Since f(0) = 0 = d, we now have f(n) = n® + bn* + cn. From
f()=12=3+b+cand f(2) =12+22 =5= 5§ + 4b+ 2c, we find that b = % and
c=1,50

6

3 n? D©n+1
f(n)=12+---+nz:%Jr%Jr%zg(2n2+:’m+1)=n(THr )6(n+ ),

If the k*" differences of (a;)$2, are generated by an nt" degree polynomial, then the

nt* differences of the k' differences of of (a;)$2, are a nonzero constant. Thus, the
(n+ k)t differences of (a;)$2, are constant and nonzero, so (a;)$2; is generated by an
(n + k)t degree polynomial.
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12. (b) The first differences of —5,—2,4,16,40,... agree with those of (3 -2")%, =
(3,6,12,24,48,...), so these two sequences differ by a constant. The original
sequence is (3-2° — 8)%2.
8.3 Limits of Sequences of Real Numbers

3. Given € > 0, we wish to find N € N such that

1—n? -1
>N=|l— — —|<e
= 3m2+1 3 |°°

But
1—-n2 -1 3 — 3n? 3n?+1

4 4
3n2+1 3‘ - ‘3(3712-1-1) +3(3n2—|—1)‘ B ‘3(3112—1—1)‘ T o243
Choose N € N such that % < €.

n>N = 9n?+3>4N

1-n?

Thus, n > N = 3241

— _71‘ < €, as needed.

[Or, choose N € N such that ﬁ < ¢, if you believe such an N exists.]

5. Given M < 0, we we wish to find N € N such that n > N = % < M. Choose
N = max{4, —M} and suppose n > N. Now n > N = n > 4, which implies

202 +1 207 1
3-n 3—n+3—n
2n?  —n(—2n) 2n \ n+mn
S 3-n 3-n __n<n——3>__n(n—3>
. n+n
< —-n (since > 1).

Now because —n < —N < M, we have n > N now implies 2;{721 < M, as needed.
8. The functions that preserve all limits are known as continuous functions. Our example
will necessarily be discontinuous. Let f(x) =1if x # 0 and f(0) = 0. Let (a,)32, =
(1)oe ). Now f(an) = f(1) =1 for any n € N, so limy oo f(ay) = limyoo 1 =1,

n

but f(lim,— oo an) = f(limy,— e %) = f(0) =0#1=1lim,—c f(an).
12. (b) The following statements are equivalent:

i. lim,, o a, = 00
ii. VM >0 dN € N, N > 100 such that n > N = a,, > M
iii. VM >0 3dN € N, N > 100 such that n 4+ 100 > N = ayn4100 > M



48 CHAPTER 8. SEQUENCES

iv. VM >0 3IN'= N — 100 € N such that n > N’ = b, > M

v. lim,,_, o b, = 00

14. Suppose lim,, ., a, = A and lim,, ., b, = B. Suppose € > 0 is given. Then there
exist Ng, N € N such that n > N, = |a, — A| < § and n > Ny = |b, — B| < §. Now
for n > max{N,, Ny}, we have

|A, +b, — (A+B)| = |a,—A+b,— B
< ‘an_A‘+|bn_B|
< 6+€7

2 T3~

Thus, lim, oo (an, +by) = A+ B = limy, 00 @y + limy, 00 by

8.4 Some Convergence Properties

1bn:1

1. (a) False. Consider a, = -, T

(b) True. If lim, o0t = A < B = limy_,o0 by, take € = BT’A. Now there exists
M, My € N such that
A—e<a,<A4+e<B—-e<b;<B+e

for any n > M, and any j > M. Now for M = max{M,, M}, we have a, <
b, Yn > M.

6. Any decreasing sequence (a,)%2; which is not bounded below by any M must diverge
to —oo, for given M < 0, 3N € N such that ay < M, and therefore a,, < M Vn > N.

If (a,)22; is a decreasing sequence of real numbers which is bounded below, then
(—an)22, is an increasing sequence of real numbers bounded above, and therefore
(—an)S2, converges to a limit —L by the proof of Theorem 8.4.1. It follows that
(an)S, converges to L.

Thus, any decreasing sequence of real numbers either converges or diverges to —oo.
9. (a) Dividing the numerator and denominator of the expression for a,, by n? gives

a6
T+ a(3)

ap, = where p(z) =1 — 100z and q(z) = 1+ 222

Similarly, we find 7(z) = 1+ 100z and s(z) = 1 + 2z
) limnoo p(5 1
lim a, = lim p(TlL) = Tm p(’f) :@:_:1)
n—eo T m=oog(y)  limpoosog(y)  9(0) 1

(b)

and similarly, lim,,_, . b, = 1.

(¢) Since a,, < ¢, < b, Vn € N and the outer two sequences converge to 1 as n — oo,
it follows that lim,,_, ¢, = 1.
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8.5 Infinite Arithmetic

2.1—14+1—141—--- diverges. The odd partial sums are all 1 and the even partial
sums are all 0, so the sequence (1,0,1,0,1,0,...) of partial sums does not converge.

4. d, = 0.111---1 and lim, s d,, = 0.111 = 1. (Just as 0.999 = 1.0 in base 10, in
—_—
n digits
base 2 we have 0.111 = 1.0.)

9. (c) Let P, =T[;2o (1 + ;@my) and s, = Y272 7. Note that

n=0
1
PO = 1+*:51
r
1 1 1 1 1
P = (1+—>(1+—2>:1+—+—2+ 3 = 83
T T
1
P, = P1<1+—4>:S7
T
Py = s15

and in general, P, = Sgn+1_1.
Now if r € (0,1), then Z?io rJ converges, and this implies the convergence of
(8n)pzo and thus (sgni1_1)p2g = (Pu)pZe. If 7 > 1, then 3777, r") diverges
since lim;_, r2") # 0, and by Theorem 8.5.4, lim,,_,», P, also diverges. Thus,
0o 1 0o 1
forr >0, > 2o =112 (1 + m)
10. Let pi be the k** partial product.

() (prook);L, = (0.6667326,0.6666832,0.6666740,0.6666708, 0.6666693,0.6666685,

0.6666680, 0.6666677,0.6666674,0.6666673). This suggests that the partial prod-
ucts decrease to %

11. (b) As n — oo, the graphs of f,(z) converge to the graph of y = cos(x).

13. (a) Let py, = \/3+ V2T ag where ()2, = (3,2,3,2,3,2,...). Now ppis =
v/ 3+ /2 + pi. Observe that p; :\/§<3andp2: V3+vV2<V3¥2</9=
3. Now suppose p1,...,pk+1 < 3. Then prio = \/3+\/2 + e < \/3+ v2+3
since g(x) = v/3 + /2 + z is an increasing function. Since /3 +v5 < /3 +5 <

V9 = 3, we have pryo < 3. By mathematical induction, (pr)72, is bounded
above by 3.

17. Any periodic sequence of nonnegative real numbers is bounded above, and thus the
sequence of partial expressions for the associated infinite additive nested radical is
increasing and bounded above, and hence is convergent.

18. (a) If\/n+ n+\/n+---=3,thenn—|—\/n+ n++yn+---=9orn+3=09,

son = 6.
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8.6 Recurrence Relations

2.

6.

Given a k'"-order recurrence relation and k initial conditions ay, ..., a, this uniquely
determines ay11. Now suppose a;_x1,@j—k+2,- - ., a; have been uniquely determined.
The recurrence relation then gives a;41. By mathematical induction, we see that a,
is uniquely determined for any n € N, and thus f(n) = a, is the unique solution to
the recurrence relation.

The Fibonacci sequence is given by Fy = 0,F; = 1, and F,42 = F11 + F,, Vn €

NU{0}. The characteristic equation 2 = r+1 has roots r = H[Q\/g, which provide the

basic solutions ((1*'2—\/5)")2":0 and ((1_7\/5)")2‘):0 to the recurrence relation. We wish

to find a linear combination c(lg—ﬁ)" —i—d(%)" which satisfies the initial conditions:

0=Fy = c+d (sod=—c)

14+5 1-+5
14+5 1-5
“\ 2 B

= Vbc

It follows that ¢ = % and d =

F, =2 2 Vn € NU {0}.

(a) The recurrence relation a,.2 = 3a,4+1 + 10a, has characteristic equation 72 —

3r—10=0= (r — 5)(r 4+ 2), so the general solution to the recurrence relation is
an, = b5" +¢(—2)". The initial condition ag = —2 gives —2 = b+ ¢ and the initial
condition a; = 11 gives 11 = 5b — 2¢. These two linear equations in b and ¢ have
a unique solution b = 1,¢ = —3. Thus, a,, = 1-5" — 3(=2)" = 5" — 3(=2)".

(c) The recurrence relation a, 4 = 13a,2 — 36a, has characteristic equation r* —

1372 +36 = 0 = (r2 — 9)(r? — 4), which has roots £3, £2, so the general solution
to the recurrence relation is a, = 03" + ¢(—3)" + d2" + e(—2)". The initial

conditions ag = 14,a1 = —5, a2 = 101 and a3 = —35 give
b+ ¢+ d+ e = 14
3b —3c+2d—2e¢ = -5
9% 4+ 9c+4d+4e = 101
27b —27¢+8d —8 = —35

This system may be solved using standard linear algebra techniques, or we may
reduce this system of 4 equations in 4 unknowns to two systems of 2 equations
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in 2 unknowns: The first and third equations form a system in unknowns (b + c)
and (d + e)

(b+c)+ (d+e) = 14
9b+c)+4(d+e) = 101

with solutions b+ ¢ = 9,d + e = 5. The second and fourth equations form a
system in unknowns (b — ¢) and (d — e)

3b—c)+2(d—e) = -5
21b—c)+8(d—e) = —-35

with solutions b—c= —1,d — e = —1. Now combining b+c=9 and b —c = —1,
we find b = 4, ¢ = 5, and combining d+e =5and d—e = —1, wefindd = 2,e = 3.
Thus, the solution to the recurrence relation with the given initial conditions is
anp =4-3"+5(=3)" +2-2" 4 3(-2)".

The characteristic equation is 72 = 4r — 4 or (r — 2)? =0, so r = 2 is a repeated
root of multiplicity 2.

Substituting a,, = 2" into the recurrence relation, we get 2"+2 = 4.2n+1 _4.97,
or upon dividing by 27, 22 = 4 -2 — 4, which is true. Substituting a, = n2"
into the recurrence relation, we get (n + 2)2"*2 = 4(n + 1)2"*+! — 4n2", or upon
dividing by 4 - 2™, (n +2) = (n + 1)2 — n, which is true. Now by Theorem 8.6.2,
a, = c2™ + dn2" is a solution to the recurrence relation.

The initial conditions give 5 = ag = ¢+ 0d and —4 = a; = 2c+ 2d, so ¢ = 5 and
d = —7, and thus a, = 5(2") — Tn(2") = 2"(5 — Tn) VYn > 0.






Chapter 9

Fibonacci Numbers and Pascal’s
Triangle

9.1 Pascal’s Triangle

3.

(a)  Ways to write 4 as an ordered sum of natural numbers

using one term 4 1 way
using two terms 143 = 341 =242 3 ways
using three terms | 1+142 = 14+2+1 = 24141 | 3 ways
using four terms 14+141+1 1 way

3
There are 8 = 3 75_, j
natural number solutions to x1 +- - -+ x; = 4 is the same as the number of whole

number solutions to z} + .-z}, = 4 — k, which will be (4_2—'—]]:_ 1) =

solutions. By the results of Section 4.4, the number of

4§k . Summing from k£ = 1 to 4 gives the number we wish, namely

s (40) =Sk (1) =2 =

(b) The number of natural number solutions to x1 + - - - + x = m is the same as the
number of whole number solutions to z} + ---z) = m — k, and this number is

(m 777]?1”@ B 1) = (m é) Summing from k = 1 to m gives the number
we wish, namely
< m—1 fls m—1 m—1
> (moh) -2 ()
k=1 =0

The last equality holds from the result of Example 9.1.1.

5. Of the 22 = 14+4+6+4+1 = 16 subsets of {a,b, ¢, d}, half of them (2> =14+6+1 =

53
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(g) + ( ) (i) = 8 of them) have an even number of elements. These subsets
re 0, {a,b},{a,c},{a,d},{b,c},{b,d},{c,d}, and {a,b,c,d}.

ar

10. The seven entries around (Z) are
(F=1) ()
(e"1) (%)

("th) (1t

a b
_T‘L_ 1 ) which welabelas ¢ d e

f g

Let h = <Zi%>.Wewishtoshowthata+b+c+d+e+f+g:2h. Now
at+btctd+et+f+g = [([a+b)+c+(d+e)+(f+g)
[d+ ] + (9) + (h)
= f+g+h

2h, as needed.

13. (a) ((8 ’
0

@ ((8) (1) (3
(1) 52 (8)+3 (B) a0 (o) o0 1)
n! n! n!
L Y L ey [ TR Ve TR

- ofie (7 (7 ) ()

= n-2""! (by the result of Example 9.1.1).

17. (a) Observe that row k contains only odd entries if and only if row k + 1 contains
only even entries except for the initial and final 1’s. Thus, by Theorem 9.1.8, the
rows which contain only odd entries are rows 2™ — 1 for m € NU {0}.

(b) The entries of row m alternate odd, even, odd, even, ... if and only if the entries
of row m + 1 are all odd, and by part (a), this occurs if and only if m + 1 =
2" —1 (n € N), if and only if m = 2" — 2 for some n € N.

9.2 The Fibonacci Numbers

1. (a) F; = 13. See Example 9.2.2, and interpret 1” high blocks as $5 payments and
2" high blocks as $10 payments.

(b) Fip = 144.
(C) Fn+1.
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2 (d) Fn+1 + Fh 2 = 2F,

—
3
- —
o
L
A [—
3
- —
7
[

FnJrl FnJrl

Or, consider the following rectangle with area 2F,,. The shaded region has area
F, 41 (since F,,_1 + F,, = F,,41) but also has area 2F,, — F,,_o.

Fy
1
N 1
Fn—2 Fn—l
6. Fp =0 = (—1)1F0 and F.y = 1 = (-1)2F,. Now suppose F_;, = (=1)*1F, for
k=0,1,...,7. Now
F_(g+1) Fo(jo) = -
= (Y E - (-1)77TE
= (-1F ( i-1+ )
= ( 1)J J+1

By mathematical induction, F_,, = (—1)"*1F, for any integer n > 0, and dividing by
(—1)"*! shows that the result holds for all negative integers, as well.

8. F2 + F2 | = Fy,_1. Apply Theorem 9.2.4 with n =2m — 1 and j = m — 1.
10. After trying a few values of n, the formula is easily recognized to be
FoFpi1 — Fy 1 Fypo = (—1)"1,
Dividing by (—1)"*! gives
(—1)" " FFo + (—1)"F, 1 Fpyn = 1.

Observing that (—1)7T1F; = F_;, we have

F oo P+ FinFhe=1=F=F=F_,.
This formula looks very similar to one proved in Theorem 9.2.4:

Fj+1Fm—j + Fij—j—l = Fm
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We would hope to find appropriate values of m and j which transform the result of
Theorem 9.2.4 into the formula we wish to prove. Taking m = 2 and j = —n gives the
result.

12. (b) (F2,, — F2_))_, = (3,8,21,55,144,377). The formula is F2,; — F2_| = F,.
Applying Theorem 9.2.4 with m = j gives

ng = Fj+1Fj “!‘Fij,l
= Fj(Fjy1+ Fjo)
= (Fjip1 — Fi)(Fjp + Fjoa)

_ o2 2
= I - Iy

9.3 The Golden Ratio

4. The sequence of partial expressions is

(VI,\/1=v1,\/1-/1-V1,...)=(1,0,1,0,1,0,...),

which diverges. [Were one not to notice this divergence, one would be tempted to say

the value of the nested radical is © where z = /1 — x, so that z = %‘/5 All this
shows, however, is that if the nested radical converged, its value would be one of those

given.]
6. Let ABCD, M, E, and F be as described and take AB = 1. Then BC =1 and MB =
1 so CM = /124 (1)2=¥5. Now AE = AM + ME = AM + MC = 1 + 3 — ¢,

so ﬁ—g = %2 =, and AEFD is a golden rectangle.

7. The restrictions lwh =1, VI2 + w2+ h2 =2, and h=1give 2+ w? =3 and | = %
Substituting the latter equation into the former and multiplying through by w? gives
14+ w* = 3w?, a quadratic in w? with solutions

3 5
w2: +\/_:1+()0:s[)2
2
and
s 3—45 2 1
w- = = :—2'
2 3+Vh o
Sincewmustbepositive,Wehavew:gaandl:%zé,orwzéandlz%zgp.

9.4 Fibonacci Numbers and the Golden Ratio

1. These problems use the fact that ¢? = ¢ + 1, and (multiplying by ¢") "2 =

(anrl + SDn
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(b) 201 — 302 — 8

6. (a) Yes. If (an)52; and (b,)22,

Cn+2

so0 (¢,)52 4 is additive as well.

(b)
( n— 1+Ln+1)n 2*(5 10
Lo(e"+ (e

(FZ:)n L =(1,3,4,7,11,..

iv.

7. (a) From Exercise 4 (a), we have

. an+1
lim

n—oo (O

11. T
1+2— 22

20° — 30t +1

L (Fuey + Fop1)22, = (1,3,4,7,11,..) =

Ny =(1,3,4,7,11,...) =
)= (Ln)its

=1z — 12% + 223

= 2(p+1)2-3(p+1)-8

= 2(p*+2p+1)—3p—3-38

= 2p+1)+4p+2-3p—11
3p—17

2(p* + %) — 3" +1
—1* + 203 +1

= (P +¢*)+2° +1
<p3—g02+1

@ +e)—p*+1

= o+1

additive sequences and ¢, = a,, + by, then

Apt2 + bnyo
(an+1+ an) + (bpy1 + by)
(an+1 + bn+1) + (an + bn)

Cn+1 + Cn,s

(Ln)ny
15,25,40,...) = (5F,)>,
(Ln)3

n=1

F,_1a1 + Fhas
n—2a1 + Fp,_1as
Foo1(a1 + #2—ag)

= lim —
Sl 4 2(a1+ “=as)
(a1+<pa2>
= o| —+
a1 + paz
= Sp.
— 3zt 4525 — o 4 (—D)" P E 2" £ -

o7
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9.5 Pascal’s Triangle and the Fibonacci Numbers

2. (¢)  Number of Number of Number of ways
$50 calculators  $100 calculators to distribute
8 0 (185) — 6435

15) (9) _
6 1 ( i ) (1 = 45045

15\ (11

4 2 (1) (%) = 75075

159 (139 _
2 3 (%) (%) = 30030
0 4 (15) — 1365

157,950

The total number of outcomes is 157,950, which is not a Fibonacci number. It
falls between Fyg = 121,393 and Fy7 = 196,418.

4. The formula follows immediately from Theorem 9.5.2 and the fact that (T) =

(mﬂz j ) This new formula would have been suggested by Example 9.5.1 if the right
column of the tables there had listed the number of ways to distribute $50 calculators

(rather than the $100 ones) among those receiving new calculators.



Chapter 10

Continued Fractions

10.1 Finite Continued Fractions

2. (a) [4]
(c) [4;10]
()  _o3 5 1 1
= 3s =44 =4 =44+ —— =4
7 7 +7 * * 2 * 1
— 14+ = 1+ ——
5 5 5
2
1
:_4+f:[_4;1’2’2}
]_ -
+2+1
2
1 _ 1 1 1
() ?7:_2_;'_(7):_24_ . :_2+f:[—2;171,2]
3 14+ =~ 1+ —
(3) 1+}
2
3. (b) [0;]=0,[0;2] = 3, [0;2,5] = 3, [0;2,5,4] = 2.
(d) [_47] = _47 [_47 1] = —3, [_47171] = _777 [_4717171] = _Tlo7 [_4;17171a2] =
—27

6. The expressions in (a) both equal 2%; those in (b) both equal 2%. The expressions on
the left are not regular continued fractions (see the —2 in (a) and the second 2 in (b)),
so Theorem 10.1.6 does not apply.

59
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10.

CHAPTER 10. CONTINUED FRACTIONS

k4 -1 ="5"

1 [014]  [0;1,13]

2 [057] [0;1,6]

3 [0:4,1,2] [0:1,3,1,2]

4 (032 [0:1,2,2]

5 [0:2,14] (011,14

6 [0:2,3  [0;1,1,3]

7 [0:2] 0:2] = [0;1,1]
For 0 < k < 7, the continued fraction for 1-— ﬁ is of form [0;a1,az,...,a,] where
n > 1, and the continued fraction for £ = is [0;a1 + ag,...,a,]. Furthermore, in this
notation, a; = 1. For n = 7, the two representations [0;2] = [0;1,1] = [0;1 + 1] for [

allow us to apply the pattern in this case as well. The pattern is described in general
in Exercise 11.

10.2 Convergents of a Continued Fraction

1.

2.

3.

7.

No. aq is the integral part of [ag;aq,...,a,]. If © &€ Z, the integral part of —z is
not the negative of the integral part of z. For example, [2;3] = I, so —[2;3] = 3.
The integral part of = is —3, so the continued fraction for —[2 3] is not of form
[~2;a1,...,a,]. In fact, —[2;3] = [-3;1,2] and [-2;3] = 3

(a) 0020701:1702:%703 % CV4 1270 :17aCG 23707_4712708:%

(b) Co=2,01=3,Co=4,C5=1,Cy =520 =55, Cs = 122, C7r = 352

24 ’ 29 ’ 169 198

Since qx = arpqr—1 + qx—2, the gi’s will increase most slowly if every ay = 1.

2 13 21
(11,015 1,1), ..., 1,1, 1,1, 1,1) = | = 358 —3
1°2°3°5" 813

Each expression is of form F"if where F), is the n** Fibonacci number.
n

(a) 22 =20 =1[1;2,3,4,5); [1;2,3,4] = 5§ = 22, [1;2,3] = P = 22, [1;2] = § = 24
[1;]=1.

(b) 5f =[54,3,2]=%. D =[432 =L 7 =[3;2) =2 2=[2]=12.

(c) Each is of form L.
9k —1

10.3 Infinite Continued Fractions

3.

1+v2  1+v2 1442

Putting this expression for v/2 in place of the v/2 appearing on the left gives
1

1 (1+V2)+1  24+V2 [1-v2) V2
1+ ( \f>_ - =V2.

1
V2=l ——o =1+

1
1+14+ —— 2+
1++2 14+v2




10.4. APPLICATIONS OF CONTINUED FRACTIONS 61

Repeating this gives v2 = [1;2,2,2,2,...] = [1;2].

5. (a)
(b)

104
1. (a)
2. (a)
(d)

If r # 0 is a oot of p(z) = az? + bx + ¢ (a,b,c € Z) and k € Z, then translating
p(z) by k units to the right gives a parabola with zero at r + k. That is, r + k is
a root of the polynomial p(x — k). Furthermore, if ar? 4+ br +c¢ = 0 and r # 0,
dividing by 72 gives a +b(2) 4+ ¢(£)? =0, so L is a root of g(z) = ca® + bz + a.

Given a periodic continued fraction [ag;a1,...,ar—1,a%, ..., Gry; |, Exercise 4
shows that m1 = [0;@x,.--,Gr1; ] is a root of a quadratic equation with inte-
ger coefficients. Now ro = [ag—1;a%k, -, 0kt ] = k-1 + % is also a root of a

quadratic equation with integer coefficients by an application of part (a). Simi-
larly,
13 = [Qp—2} Qp—1, Tk, -, Akyj | = g2 + -
2
is also a root of a quadratic equation with integer coefficients. Continuing this
iterative process, we find that the original continued fraction [ag;aq,. .., ak—1,
ak,-- >0kt ) = k41 1S a root of a quadratic equation with integer coefficients.

Applications of Continued Fractions

Since 17 and 13 are relatively prime, Theorem 10.4.1 tells us that all solutions
of the Diophantine equation 17z 4+ 13y = 981 have form (21 + 134,48 — 17j) for
j € Z. Four other solutions may be found by taking 7 = 1, —1,2, and 10, giving
solutions (34, 31), (8,65), (47,14), and (151, —122).

262 + 53y = 3938: Since 26 and 53 are relatively prime, we find % = [0;2,26],
a continued fraction of order n = 2 with convergent C,,_ 1 = C; = % By
Theorem 10.4.2, the solutions (z,y) have form

((—1)'3938(2) + 53k, (—1)?3938(1) — 26k) = (53k — 7876, 3938 — 26k).

As we want positive solutions, x = 53k — 7876 > 0 implies k > % ~ 148.6,
and y = 3938 — 26k > 0 implies k < % ~ 151.5. Thus, k = 149,150, or 151,
yielding solutions (z,y) = (21,64), (74,38), and (127,12).

213x + 121y = 6714: Since 213 and 121 are relatively prime, we find % =
[1;1,3,5,1,4], a continued fraction of order n = 5 with convergent C,,_1 = Cy =
%. By Theorem 10.4.2, the solutions have form

(z,y) = ((—1)'6714(25) + 121k, (—1)°6714(44) — 213k)
= (167850 + 121k, —295416 — 213k).
As we want positive solutions, x = 167850 + 121k > 0 implies k > % R

—1387.2, and y = —295416 — 213k > 0 implies k < #5;16 ~ —1386.9. Thus,
k = —1387 and the only solution is (z,y) = (23, 15).

5. Each congruence given has form ax = ¢ (mod b) where a and b are relatively prime,
so by Theorem 10.4.4, the solution is of form = = (—=1)""cq,_; + bk where k € Z,

5 = lao;ay, ..., an], and [ag; a1, ...an_1] =

__ Pn—1
gn—1"
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(a) For 25z = 18 (mod 26), we find 32 = [0;1,25], a continued fraction of order n =
2 and with C,,_; = C; = 1, s0 ¢; = 1 and all solutions are of form (—1)*18(1) +
26k = —18 + 26k = 8 4+ 26k’ (k,k’ € Z). Thus, all solutions are congruent to 8
modulo 26.

7. Let « be the number of minutes the press ran. Then 28z newspapers were printed.

11.

Because enough newsprint for 65 newspapers remained on the last spool, the press
had printed 235 — 65 = 170 newspapers from its last spool. Thus, the number of
newspapers printed is congruent to 170 modulo 235. That is, 28z = 170 (mod 235).
Since 28 = 22 -7 and 235 = 5 - 47 are relatively prime, Theorem 10.4.4 applies. We
find that % = [0;8,2,1,1,5], a continued fraction of order n = 5. The first two
convergents of this continued fraction are Cy = % and C1 = %, so go = 1 and ¢; = 8.
From the recurrence relation g, = apqr—1 + qr—2, we find that ¢o = 2(8) + 1 = 17,
g3 = 1(17) +8 = 25, and q4 = ¢,—1 = 1(25) + 17 = 42. Since the solutions are
congruent modulo 235 to (—1)""leq,_1 = (—1)*(170)(42) = 7140 = 90 + 235(30) and
only positive answers are possible, the solution set is {90+ 235j|7 € N}. The operator
should not have spent 90 + 235 minutes at lunch, so the only possible answer in the

appropriate range is 90 minutes.

We find that Cy = % and C5 = %. Since all even convergents of a are below «,

Cy is an underestimate and |a — Cy4| = a — Cy. Now Lemma 10.4.6 gives

1 1 134 1 1
= <a——< = ~ 0.000089.
12,460  35(35+ 321) @ 35 35(321) 11,235
It follows that
47,705 1 . 134 o< 134 n 1 1229
= [ 167 _ _
12,460  35(35 + 321) 35 35 35(321) 3217

SO ar € (411;:4712(5)3 132%) - (%a %) = (C4>C5>'

(b) 37 =109;2,2,1,4,1,1,1,97,4,...] has convergent C5 = %, and this must be the
best approximation to 37 by a rational number with denominator < 40.



