








     From the given information,

L1 ~ ExponentialH1 ê100L,

L2 ~ ExponentialH1 ê500L,

L3 ~ ExponentialH1 ê1000L

     and
Pr@C = 1D = .20, Pr@C = 2D = .50, Pr@C = 3D = .30.

     Hence

Pr@L > lD = ‰-lê100 H.20L + ‰-lê500 H.50L + ‰-lê1000 H.30L for l > 0.

     Consequently, the probability that the company loses more than $500 on a randomly 
selected account is
Pr@L > 500D = ‰-5 H.20L + ‰-1 H.50L + ‰-1ê2 H.30L º .36724651 º 37 %.

     d.  From part a, the expected loss on a randomly selected account is $570 and from part 
b the standard deviation of the loss is $727.39.  Hence if the finance company wishes to 
recoup its expected loss and have a safety margin of 1 standard deviation for each 
customer, it should charge each client an administration fee of $1297.39 (= $570 + 
$727.39).  From a practical viewpoint, it is probably not possible to charge a fee of this 
size upfront since people with a poor or nonexistent credit history are unlikely to have 
that much cash lying around.  However, this fee could be recouped by increasing the 
interest rate on the loan and assessing periodic "hidden" fees that are less visible to the 
borrower.

     Comment:  As a check on our calculations in parts a and b, we can use the survival 
function determined in part c to calculate E@LD and VarHLL directly, i.e., without making 
use of the formulas for unconditional mean and variance given in section 9.3 of the 
textbook.  From part c, the survival function of L is
SL@lD = .20 ‰-lê100 + .50 ‰-lê500 + .30 ‰-lê1000 for l > 0.

     Hence L is a mixture of ExponentialH1 ê100L, ExponentialH1 ê500L, and 
ExponentialH1 ê1000L with respective mixing weights .20, .50, and .30.  It follows from 
section 9.4 that the moment generating function of L is

ML@tD = .20
1

1 - 100 t
+ .50

1

1 - 500 t
+ .30

1

1 - 1000 t
for t <

1

1000
.

     (Recall from section 6.1.1 that the moment generating function of X ~ ExponentialHlL is 
MX@tD = l ê Hl - tL for t < l.)  Consequently, using the fact that EALkE = ML

HkL@0D for 
k = 1, 2, ... (see section 4.3.1 of the textbook) we have
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     (Recall from section 6.1.1 that the moment generating function of X ~ ExponentialHlL is 
MX@tD = l ê Hl - tL for t < l.)  Consequently, using the fact that EALkE = ML

HkL@0D for 
k = 1, 2, ... (see section 4.3.1 of the textbook) we have
E@LD = ML

£ @0D = 9H.20L H1 - 100 tL -2 H100L +
H.50L H1 - 500 tL -2 H500L + H.30L H1 - 1000 tL -2 H1000L= t=0 = 570

     and

EAL2E =
ML

″@0D = 9H.20L H2L H1 - 100 tL -3 H100L2 + H.50L H2L H1 - 500 tL -3 H500L2 + H.30L H2L
H1 - 1000 tL -3 H1000L 2= t=0 = 854,000.

     Therefore
E@LD = 570

     and

Var HLL = EAL2E - E@LD2 = 854,000 - H570L2 = 529,100,

     which are identical to the values given in parts a and b, as they should be.

5.  Let L be the size of the uncertain loss and let K be the indemnified amount.

     a.  Suppose that the insurer caps the indemnified amount at m.  Then

K = min HL, mL = ;
L if L § m,
m if L > m.

     The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L § m and L > m.  Indeed, for any k we have
Pr@K § kD = Pr@K § k L § mD Pr@L § mD + Pr@K § k L > mD Pr@L > mD =

Pr@L § k L § mD Pr@L § mD + Pr@m § k L > mD Pr@L > mD =
Pr@L § k and L § mD

Pr@L § mD
Pr@L § mD +

Pr@m § k and L > mD

Pr@L > mD
Pr@L > mD =

Pr@L § min Hm, kLD + Pr@m § k and L > mD.

     Hence for k < m we have
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     Hence for k < m we have
Pr@K § kD = Pr@L § min Hm, kLD + Pr@m § k and L > mD = Pr@L § kD + 0 = Pr@L § kD

     and for k ¥ m we have
Pr@K § kD = Pr@L § min Hm, kLD + Pr@m § k and L > mD = Pr@L § mD + Pr@L > mD = 1.

     Consequently, the distribution function of K is given by

FK@kD = ;
FL@kD for k < m,
1 for k ¥ m.

     b.  Suppose that the indemnified amount is subject to a deductible d but no cap.  Then

K = ;
0 if L § d,
L - d if L > d.

     The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L § d and L > d.  Indeed, for any k we have
Pr@K § kD = Pr@K § k L § dD Pr@L § dD + Pr@K § k L > dD Pr@L > dD =

Pr@0 § k L § dD Pr@L § dD + Pr@L - d § k L > dD Pr@L > dD =
Pr@0 § k and L § dD

Pr@L § dD
Pr@L § dD +

Pr@d < L § d + kD

Pr@L > dD
Pr@L > dD =

Pr@0 § k and L § dD + Pr@d < L § d + kD.

     Hence for k ¥ 0 we have
Pr@K § kD = Pr@0 § k and L § dD + Pr@d < L § d + kD =

Pr@L § dD + Pr@d < L § d + kD = Pr@L § d + kD = FL@d + kD

     and for k < 0 we trivially have
Pr@K § kD = Pr@0 § k and L § dD + Pr@d < L § d + kD = 0.

     Consequently, the distribution function of K is given by

FK@kD = ;
FL@d + kD for k ¥ 0,
0 for k < 0.

     c.  Suppose that the indemnified amount is subject to both a deductible d and a cap m.  
Then

K = 0 if L § d,

K = L - d if d < L § d + m,

K = m if L > d + m.
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     c.  Suppose that the indemnified amount is subject to both a deductible d and a cap m.  
Then

K = 0 if L § d,

K = L - d if d < L § d + m,

K = m if L > d + m.

     The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L § d, d < L § d + m, L > d + m.  Indeed for any k we have
Pr@K § kD = Pr@K § k L § dD Pr@L § dD +

Pr@K § k d < L § d + mD Pr@d < L § d + mD + Pr@K § k L > d + mD Pr@L > d + mD =
Pr@0 § k L § dD Pr@L § dD + Pr@L - d § k d < L § d + mD Pr@d < L § d + mD +

Pr@m § k L > d + mD Pr@L > d + mD =
Pr@0 § k and L § dD + Pr@L - d § k and d < L § d + mD + Pr@m § k and L > d + mD =

Pr@0 § k and L § dD + Pr@d < L § min Hd + k, d + mLD + Pr@m § k and L > d + mD.

     Hence for 0 § k < m we have
Pr@K § kD =

Pr@0 § k and L § dD + Pr@d < L § min Hd + k, d + mLD + Pr@m § k and L > d + mD =
Pr@L § dD + Pr@d < L § d + kD + 0 = Pr@L § d + kD,

     for k ¥ m we have
Pr@K § kD =

Pr@0 § k and L § dD + Pr@d < L § min Hd + k, d + mLD + Pr@m § k and L > d + mD =
Pr@L § dD + Pr@d < L § d + mD + Pr@L > d + mD = 1,

     and for k < 0 we have
Pr@K § kD = Pr@0 § k and L § dD +

Pr@d < L § min Hd + k, d + mLD + Pr@m § k and L > d + mD = 0 + 0 + 0 = 0.

     Consequently, the distribution function of K is given by

FK@kD = 0 for k < 0,

FK@kD = FL@d + kD for 0 § k < m,

FK@kD = 1 for k ¥ m.

7.  Suppose that X = B I, where I ~ BernoulliHpL and B is a nonnegative random variable 
which is independent of I.

     a.  The distribution function of X can be determined by conditioning on I and using the 
law of total probability as follows:
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     a.  The distribution function of X can be determined by conditioning on I and using the 
law of total probability as follows:
FX@xD = Pr@X § xD = Pr@X § x I = 0D Pr@I = 0D + Pr@X § x I = 1D Pr@I = 1D =

Pr@B I § x I = 0D Pr@I = 0D + Pr@B I § x I = 1D Pr@I = 1D =
Pr@0 § xD ÿ H1 - pL + Pr@B § xD ÿ p.

     Note that Pr@B I § x I = 1D = Pr@B § xD since B is independent of I.  Hence for x ¥ 0
FX@xD = Pr@0 § xD H1 - pL + Pr@B § xD p = H1 - pL + p FB@xD,

     and for x < 0
FX@xD = Pr@0 § xD H1 - pL + Pr@B § xD p = 0 ÿ H1 - pL + 0 ÿ p = 0.

     (Note that Pr@B § xD = 0 for x < 0 since B is assumed to be nonnegative.)  Consequently, 
the distribution of X is given by

FX@xD = ;
H1 - pL + p FB@xD for x ¥ 0,
0 for x < 0,

     as required.  Since SX@xD = 1 - FX@xD for all x, it follows that the survival function of X is

SX@xD = ;
1 - HH1 - pL + p FB@xDL for x ¥ 0,
1 - 0 for x < 0;

= ;
p H1 - FB@xDL for x ¥ 0,
1 for x < 0; = ;

p SX@xD for x ¥ 0,
1 for x < 0,

     as required.

     In general, X has a mixed distribution with a probability mass at x = 0.  When B is 
continuous and p < 1, X has a probability mass at x = 0 and a continuous distribution of 
probability on the interval x > 0.  Sample graphs of FX  and SX  when B is continuous can 
be created using Mathematica or similar computer software.
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x

1- p

1

FX

x

p

1

SX

     b.  The graph of the generalized density fX  corresponding to the graphs of FX  and SX  
given in part a is as follows:
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x

1- p

fX

     Note that the area under the continuous part of the density is equal to p.  The probability 
mass at x = 0 is equal to the probability that B = 0 or I = 0.  Since B is assumed to be 
continuous, Pr@B = 0D = 0 and so Pr@X = 0D = Pr@I = 0D = 1 - p.

     c.  Applying the formula for unconditional expectation given in section 9.3 we have
E@XD = EI@E@X IDD = E@X I = 0D Pr@I = 0D + E@X I = 1D Pr@I = 1D =

E@I B I = 0D Pr@I = 0D + E@I B I = 1D Pr@I = 1D =
E@0D Pr@I = 0D + E@BD Pr@I = 1D = 0 ÿ H1 - pL + mB p = p mB

     as required.  Note that
E@I B I = 1D = E@B I = 1D = E@BD

     since B is independent of I.

     To determine the formula for VarHXL we apply the formula for unconditional variance 
which in this context has the form
Var HXL = EI@Var HX ILD + VarI HE@X IDL.

     Arguing as before we have
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EI@Var HX ILD = Var HX I = 0L Pr@I = 0D + Var HX I = 1L Pr@I = 1D =
Var HI B I = 0L Pr@I = 0D + Var HI B I = 1L Pr@I = 1D =

Var H0L Pr@I = 0D + Var HBL Pr@I = 1D = 0 ÿ H1 - pL + sB
2 p = p sB

2 .

     Since

E@X ID = ;
0 if I = 0,
mB if I = 1,

     we also have

VarI HE@X IDL = mB
2 Pr@I = 1D Pr@I = 0D = mB

2 p H1 - pL.

     Hence the unconditional variance of X is given by

Var HXL = EI@Var HX ILD + VarI HE@X IDL = p sB
2 + mB

2 p H1 - pL

     as required.

     d.  The moment generating function of X is defined by

MX@tD = EA‰t XE.

     Using the formula for unconditional expectation given in section 9.3 of the textbook we 
have
EA‰t XE = EIAEA‰t X IEE = EA‰t X I = 0E Pr@I = 0D + EA‰t X I = 1E Pr@I = 1D =

EA‰t I B I = 0E Pr@I = 0D + EA‰t I B I = 1E Pr@I = 1D =
EA‰0E Pr@I = 0D + EA‰t BE Pr@I = 1D = 1 ÿ H1 - pL + MB@tD p.

     Consequently,
MX@tD = H1 - pL + p MB@tD

     for all t where MB is defined.  Differentiating this equation k times we obtain

MX
HkL@tD = p MB

HkL@tD.

     Hence using the fact that EAXkE = MX
HkL@0D for any random variable X we have

EAXkE = p EABkE for k = 1, 2, ...

     as required.

140 Chapter Nine Solutions



     as required.

     e.  The third central moment can be calculated in terms of the moments about 0 as 
follows:
EAHX - mXL3E = EAX3E - 3 EAX2E E@XD + 2 E@XD3

     (see exercise 5 part a of section 4.3 or simply expand the trinomial HX - mXL3 and use the 
linearity property of expectation).  From part d of the current exercise,
EAXkE = p EABkE for k = 1, 2, ... .

     Hence substituting this expression for EAXkE into the preceding formula for EAHX - mXL3E 
we obtain
EAHX - mXL3E =

EAX3E - 3 EAX2E E@XD + 2 E@XD3 = p EAB3E - 3 Ip EAB2EM Hp E@BDL + 2 Hp E@BDL3 =
p EAB3E - 3 p2 EAB2E E@BD + 2 p3 E@BD3

     as required.

     A formula for EAHX - mXL3E in terms of the statistics mB, sB, and gB can also be given.  
Using the general relationships
EAHB - mBL3E = EAB3E - 3 EAB2E E@BD + 2 E@BD3,

EAHB - mBL3E = gB sB
3 ,

sB
2 = EAB2E - E@BD2,

     we have

EAB2E = sB
2 + mB

2

     and

EAB3E = EAHB - mBL3E + 3 EAB2E E@BD - 2 E@BD3 =
gB sB

3 + 3 IsB
2 + mB

2 M mB - 2 mB
3 = gB sB

3 + 3 sB
2 mB + mB

3 .

     Substituting these formulas for EAB2E and EAB3E into the formula for EAHX - mXL3E 
derived earlier we obtain
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     Substituting these formulas for EAB2E and EAB3E into the formula for EAHX - mXL3E 
derived earlier we obtain
EAHX - mXL3E = p EAB3E - 3 p2 EAB2E E@BD + 2 p3 E@BD3 =

p IgB sB
3 + 3 sB

2 mB + mB
3 M - 3 p2 IsB

2 + mB
2 M mB + 2 p3 mB

3 =

p gB sB
3 + I3 p - 3 p2MsB

2 mB + Ip - 3 p2 + 2 p3M mB
3 =

p gB sB
3 + 3 p H1 - pLsB

2 mB + p H1 - pL H1 - 2 pL mB
3

     as required.

     Comment:  The assumption that B and I are independent was inadvertently omitted in 
the statement of the question in section 9.6.  However, this assumption is necessary for 
the formulas just derived to hold in general.  To see that this is so consider the case 
B = I (perfect dependence).  Then X = I2 and so the distribution of X is BernoulliHpL,

X = ;
1 with probability p,
0 with probability 1 - p.

     Hence

FX@xD = 0 for x < 0,

FX@xD = 1 - p for 0 § x < 1,

FX@xD = 1 for x ¥ 1,

     which is clearly different from the formula one gets in part a of this exercise.  Indeed, 
substituting the distribution function FB when B = I into the formula in part a we obtain

FX@xD = 0 for x < 0,

FX@xD = 1 - p2 for 0 § x < 1,

FX@xD = 1 for x ¥ 1.

     Consequently for the formulas in parts a through e to hold in general, we require that B 
and I be independent.

12. Let X j be the payout on a randomly selected policy of type j, let I j be an indicator of a 
claim occurrence on a randomly selected policy of type j, and let L j be the claim size on 
a policy of type j for which a claim is known to have occurred.  Then from the given 
information,
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12. Let X j be the payout on a randomly selected policy of type j, let I j be an indicator of a 
claim occurrence on a randomly selected policy of type j, and let L j be the claim size on 
a policy of type j for which a claim is known to have occurred.  Then from the given 
information,

I1 = ;
1 with probability 25 %,
0 with probability 75 %,

I2 = ;
1 with probability 40 %,
0 with probability 60 %,

X1 = ;
L1 if I1 = 1,
0 if I1 = 0,

X2 = ;
L2 if I2 = 1,
0 if I2 = 0,

     and the probability mass functions of L1 and L2 are respectively
pL1 @1000D = .20, pL1 @5000D = .50, pL1 @10 000D = .30

     and
pL2 @1000D = .70, pL2 @5000D = .20, pL2 @10 000D = .10.

     Let Y  be the payout on a randomly selected policy whose type is not known and let C be 
an indicator of type defined as

C = ;
1 if policyholder is of type 1,
2 if policyholder is of type 2.

     Then from the given information,

C = ;
1 with probability 30 %,
2 with probability 70 %,

     and

Y = ;
X1 if C = 1,
X2 if C = 2.

     With this notation, the solutions to parts a through d can be presented in an organized 
way.

     a.  The desired quantities are E@X1D and VarHX1L.  Using the formulas for unconditional 
expectation and variance given in section 9.3 of the textbook we have
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     a.  The desired quantities are E@X1D and VarHX1L.  Using the formulas for unconditional 
expectation and variance given in section 9.3 of the textbook we have
E@X1D = EI1 @E@X1 I1DD = E@X1 I1 = 1D Pr@I1 = 1D + E@X1 I1 = 0D Pr@I1 = 0D =

E@L1D Pr@I1 = 1D + E@0D Pr@I1 = 0D = E@L1D H.25L + H0L H.75L = H.25L E@L1D

     and
Var HX1L = EI1 @Var HX1 I1LD + VarI1 HE@X1 I1DL =

8Var HX1 I1 = 1L Pr@I1 = 1D + Var HX1 I1 = 0L Pr@I1 = 0D< + VarI1 HE@X1 I1DL =
Var HL1L Pr@I1 = 1D + Var H0L Pr@I1 = 0D + VarI1 HE@X1 I1DL =

Var HL1L H.25L + H0L H.75L + VarI1 HE@X1 I1DL = H.25L Var HL1L + VarI1 HE@X1 I1DL.

     Now

E@X1 I1D = ;
E@L1D if I1 = 1,
E@0D if I1 = 0; = ;

E@L1D if I1 = 1,
0 if I1 = 0; = E@L1D ÿ I1.

     Hence
VarI1 HE@X1 I1DL =

E@L1D2 Var HI1L = E@L1D2 Pr@I1 = 1D Pr@I1 = 0D = E@L1D2 H.25L H.75L = .1875 E@L1D2

     and so

Var HX1L = H.25L Var HL1L + VarI1 HE@X1 I1DL = H.25L Var HL1L + H.1875L E@L1D2.

     (Note that the formula VarHI1L = Pr@I1 = 1D Pr@I1 = 0D follows directly from the formula 
for the variance of a binomial random variable with n = 1 and p = Pr@I1 = 1D.)

     From the distribution of L1 we have
E@L1D = H1000L H.20L + H5000L H.50L + H10 000L H.30L = 5700

     and

EAL12E = H1000L2 H.20L + H5000L2 H.50L + H10 000L2 H.30L = 42,700,000.

     Hence

Var HL1L = EAL12E - E@L1D2 = 42,700,000 - H5700L2 = 10,210,000.

     Consequently, the mean and variance of X1 are
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E@X1D = H.25L E@L1D = H.25L H5700L = 1425

     and
Var HX1L =
H.25L Var HL1L + H.1875L E@L1D2 = H.25L I10,210,000 M + H.1875L H5700L2 = 8,644,375.

     These are the numerical values of the desired quantities.

     b.  The desired quantities are E@X2D and VarHX2L.  Arguing as in part a we have
E@X2D = E@L2D Pr@I2 = 1D

     and
Var HX2L = Var HL2L Pr@I2 = 1D + VarI2 HE@X2 I2DL =

Var HL2L Pr@I2 = 1D + Var HE@L2D ÿ I2L = Var HL2L Pr@I2 = 1D + E@L2D2 Var HI2L =
Var HL2L Pr@I2 = 1D + E@L2D2 Pr@I2 = 1D Pr@I2 = 0D.

     Hence
E@X2D = H.40L E@L2D

     and

Var HX2L = H.40L Var HL2L + H.40L H.60L E@L2D2 = H.40L Var HL2L + H.24L E@L2D2.

     Now from the distribution of L2 we have
E@L2D = H1000L H.70L + H5000L H.20L + H10 000L H.10L = 2700,

EAL22E = H1000L2 H.70L + H5000L2 H.20L + H10 000L2 H.10L = 15,700,000,

     and

Var HL2L = EAL22E - E@L2D2 = 15,700,000 - H2700L2 = 8,410,000.

     Consequently, the mean and variance of X2 are
E@X2D = H.40L E@L2D = H.40L H2700L = 1080

     and

Var HX2L = H.40L Var HL2L + H.24L E@L2D2 = H.40L I8,410,000 M + H.24L H2700L2 = 5,113,600.

     These are the numerical values of the desired quantities.
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     These are the numerical values of the desired quantities.

     c.  The desired quantities are E@YD and VarHYL.  Using the formulas for unconditional 
expectation and variance given in section 9.3 of the textbook we have
E@YD = EC@E@Y CDD =

E@Y C = 1D Pr@C = 1D + E@Y C = 2D Pr@C = 2D = E@X1D Pr@C = 1D + E@X2D Pr@C = 2D

     and
Var HYL = EC@Var HY CLD + VarC HE@Y CDL =

Var HY C = 1L Pr@C = 1D + Var HY C = 2L Pr@C = 2D + VarC HE@Y CDL =
Var HX1L Pr@C = 1D + Var HX2L Pr@C = 2D + VarC HE@Y CDL.

     Now

E@Y CD = ;
E@X1D if C = 1,
E@X2D if C = 2.

     From parts a and b we have
E@X1D = 1425

     and
E@X2D = 1080.

     Further, from the information given in the statement of the question,
Pr@C = 1D = .30, Pr@C = 2D = .70.

     Hence

E@Y CD = ;
1425 with probability .30,
1080 with probability .70,

     and so

Var HE@Y CDL = EAE@Y CD2E - HE@E@Y CDDL2 =
9H1425L2 H.30L + H1080L2 H.70L= - 8H1425L H.30L + H1080L H.70L<2 =

1,425,667.50 - 1,400,672.25 = 24,995.25.

     It follows that
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Var HYL = Var HX1L Pr@C = 1D + Var HX2L Pr@C = 2D + Var HE@Y CDL =
Var HX1L H.30L + Var HX2L H.70L + 24,995.25.

     Now from parts a and b we also have
Var HX1L = 8,644,375

     and
Var HX2L = 5,113,600.

     Hence substituting these values and the earlier values for E@X1D, E@X2D into the formulas 
for E@YD and VarHYL we have
E@YD = E@X1D Pr@C = 1D + E@X2D Pr@C = 2D = H1425L H.30L + H1080L H.70L = 1183.50

     and
Var HYL = Var HX1L H.30L + Var HX2L H.70L + 24,995.25 =

I8,644,375 M H.30L + I5,113,600 M H.70L + 24,995.25 = 6,197,827.75.

     These are the numerical values of the desired quantities.

     d.  The desired probability is Pr@Y ¥ 5000D.  This can be determined by successive 
applications of the law of total probability.  

     To make the calculations more transparent, we will first determine a general formula for 
Pr@Y ¥ yD in the case y > 0.  Conditioning on the risk class C we have

Pr@Y ¥ yD = Pr@Y ¥ y C = 1D Pr@C = 1D + Pr@Y ¥ y C = 2D Pr@C = 2D =
Pr@X1 ¥ yD H.30L + Pr@X2 ¥ yD H.70L

     and conditioning on the event of a claim occurrence we have
PrAX j ¥ yE = PrAX j ¥ y I j = 1E PrAI j = 1E + PrAX j ¥ y I j = 0E PrAI j = 0E =

PrAL j ¥ yE PrAI j = 1E + Pr@0 ¥ yD PrAI j = 0E.

     Using the fact that Pr@0 ¥ yD = 0 for y > 0 it follows that

Pr@Y ¥ yD = Pr@X1 ¥ yD H.30L + Pr@X2 ¥ yD H.70L =
Pr@L1 ¥ yD Pr@I1 = 1D H.30L + Pr@L2 ¥ yD Pr@I2 = 1D H.70L =

Pr@L1 ¥ yD H.25L H.30L + Pr@L2 ¥ yD H.40L H.70L = Pr@L1 ¥ yD H.075L + Pr@L2 ¥ yD H.28L

     for y > 0.  Now from the distributions of L1 and L2 we have
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     for y > 0.  Now from the distributions of L1 and L2 we have

Pr@L1 ¥ 5000D = Pr@L1 = 5000D + Pr@L1 = 10 000D = .50 + .30 = .80

     and
Pr@L2 ¥ 5000D = Pr@L2 = 5000D + Pr@L2 = 10 000D = .20 + .10 = .30.

     Consequently, the probability that the payout on a randomly selected policy is at least 
$5000 is
Pr@Y ¥ 5000D =

Pr@L1 ¥ 5000D H.075L + Pr@L2 ¥ 5000D H.28L = H.80L H.075L + H.30L H.28L = .1440.

17. Let X1, …, X500 be the insurer's payouts on the 500 policies for which the claim 
incidence probability is 10%, let Y1, …, Y2000 be the insurer's payouts on the 2000 
policies for which the claim incidence probability is 5%, and let S be the insurer's total 
payout on all policies.  Suppose that the Xi, Y j and S are all measured in $100,000 lots.  
Then
S = X1 + + X500 + Y1 + + Y2000.

     Our objective is to determine the per-policy premium such that aggregate premiums 
exceed aggregate payments 95% of the time.

     Suppose that the Xi and Y j are mutually independent.  Then the distributions of the sums 
X1 + + X500 , Y1 + + Y2000 are approximately normal and so since the sum of 
independent normal random variables has a normal distribution, it follows that the 
distribution of S is approximately normal.  To use a normal approximation for S we 
need only determine E@SD and VarHSL.

     Since the Xi and Y j are mutually independent and Xi ~ X, Y j ~ Y  for X, Y  of the type 
specified in the statement of the question, it follows that
E@SD = 500 E@XD + 2000 E@YD,

Var HSL = 500 Var HXL + 2000 Var HYL.

     From the given information,
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X = I B

     where I ~ BernoulliH.10L and B is a truncated exponential random variable with parame-
ters l = 1 and m = 2.5, and
Y = I B

     where I ~ BernoulliH.05L and B is a truncated exponential random variable with parame-
ters l = 2 and m = 5.  In exercise 7 part c it is shown that if X = I B with I ~ BernoulliHpL 
and B nonnegative then
E@XD = p mB,

Var HXL = p H1 - pL mB2 + p sB
2 .

     From Example 3, section 4.2.1 and Example 2, section 4.2.2 of the textbook, the mean 
and variance of a truncated exponential random variable B with parameters l and m are

E@BD =
1

l
I1 - ‰-lmM,

Var HBL =
1

l2
I1 - 2 l m ‰-lm - ‰-2 lmM.

     Hence if X = I B with I ~ BernoulliHpL and B is a truncated exponential with parameters 
l and m, then

E@XD = p mB =
p

l
I1 - ‰-lmM,

Var HXL = p H1 - pL mB2 + p sB
2 = p H1 - pL

1

l2
I1 - ‰-lmM

2
+

p

l2
I1 - 2 l m ‰-lm - ‰-2 lmM.

     It follows that the mean and variance of the X j (i.e., the case p = .10, l = 1, m = 2.5) are

EAX jE =
.10

1
I1 - ‰-H1L H2.5LM = .10 I1 - ‰-2.5M,
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Var IX jM = H.10L H.90L
1

12
I1 - ‰-H1L H2.5LM

2
+

.10

12
I1 - H2L H1L H2.5L ‰-H1L H2.5L - ‰-H2L H1L H2.5LM =

.09 I1 - ‰-2.5M
2
+ .10 I1 - 5 ‰-2.5 - ‰-5M = .19 - .68 ‰-2.5 - .01 ‰-5

     and the mean and variance of the Y j (i.e., the case p = .05, l = 2, m = 5) are

EAY jE =
.05

2
I1 - ‰-H2L H5LM = .025 I1 - ‰-10M,

Var IY jM = H.05L H.95L
1

22
I1 - ‰-H2L H5LM

2
+

.05

22
I1 - H2L H2L H5L ‰-H2L H5L - ‰-H2L H2L H5LM =

.011875 I1 - ‰-10M
2
+ .0125 I1 - 20 ‰-10 - ‰-20M =

.024375 - .27375 ‰-10 - .000625 ‰-20.

     Consequently, the mean and variance of S are
E@SD = 500 E@XD + 2000 E@YD =

500 I.10 I1 - ‰-2.5MM + 2000 I.025 I1 - ‰-10MM = 100 - 50 ‰-2.5 - 50 ‰-10 º 95.89348

     and
Var HSL = 500 Var HXL + 2000 Var HYL =

500 I.19 - .68 ‰-2.5 - .01 ‰-5M + 2000 I.024375 - .27375 ‰-10 - .000625 ‰-20M =
143.75 - 340 ‰-2.5 - 5 ‰-5 - 547.50 ‰-10 - 1.25 ‰-20 º

115.7825543 º H10.76023L2.

     a.  Suppose that each policyholder is charged the same premium.  Let P be the per-policy 
premium in $100,000 lots.  Then we require
Pr@S < 2500 PD = .95.

     Using a normal approximation for S we have

Pr@S < 2500 PD = Pr
S - E@SD

Var HSL
<

2500 P - 95.89348

10.76023
º Pr Z <

2500 P - 95.89348

10.76023
.

     Now F@1.645D º .95.  Hence the required premium P is given by
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2500 P - 95.89348

10.76023
º 1.645,

     that is,
P º .0454376.

     Consequently, if all policyholders are charged the same amount, the required premium is 
$4543.76 per policy.

     b.  Suppose that the insurer charges a policyholder with expected loss m the premium 
P = H1 + JL m where J is the same for all policyholders.  Then the premium for the 500 
policyholders with claim incidence probability 10% is
P = H1 + JL E@XD = H1 + JL H.10L I1 - ‰-2.5M º .09179150 H1 + JL

     and the premium for the 2000 policyholders with claim incidence probability 5% is

P = H1 + JL E@YD = H1 + JL H.025L I1 - ‰-10M = .02499887 H1 + JL.

     The requirement that aggregate premiums exceed aggregate payments 95% of the time 
takes the form
Pr@S < H500L H.09179150L H1 + JL + H2000L H.02499887L H1 + JLD = .95,

     i.e.,
Pr@S < 95.89348 H1 + JLD = .95.

     Using a normal approximation for S we have
Pr@S < 95.89348 H1 + JLD =

Pr
S - E@SD

Var HSL
<

95.89348 H1 + JL - 95.89348

10.76023
º F

95.89348 H1 + JL - 95.89348

10.76023
.

     Since F@1.645D º .95, the requirement on J is
95.89348 H1 + JL - 95.89348

10.76023
º 1.645,

     i.e.,
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J º .18458584.

     Consequently, the required premium for policies with claim incidence probability 10% is 
given by
P = H1 + JL E@XD = H1.18458584L H.09179150L = .1087349,

     i.e., $10,873.49 per policy, and the required premium for policies with claim incidence 
probability 5% is given by
P = H1 + JL E@YD = H1.18458584L H.02499887L = .02961331,

     i.e., $2961.33 per policy.

     Comment:  The total premium collected under the criterion in part a is
H2500L H$4543 .76L º $11,359,400.

     The total premium collected under the criterion in part b is
H500L I$10,873.49 M + H2000L I$2,961.33 M = $11,359,405.

     Ignoring rounding error, we see that the total premium collected is the same.  The 
advantage of the criterion in part b is that it charges a premium that distinguishes 
between the risks.  This can help to avoid a problem with adverse selection.

20. Let S be the total amount of claims in hundreds of dollars.  Then
S = W1 + + WN

     where W j is the size of the j-th claim in hundreds of dollars and N is the number of 
claims.  We are given that N ~ BinomialH4, .25L and the distribution of W j is

PrAW j = 1E = .3, PrAW j = 2E = .45, PrAW j = 3E = .25.

     We are also given that the W j are mutually independent and independent of N.  We are 
asked to determine Pr@S > 5D.

     By the law of total probability,
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Pr@S > 5D =

‚
n=0

¶

Pr@S > 5 N = nD Pr@N = nD =‚
n=0

¶

Pr@W1 + + WN > 5 N = nD Pr@N = nD.

     Since the W j are independent of N,

Pr@W1 + + WN > 5 N = nD = Pr@W1 + + Wn > 5D.

     Moreover, since N ~ BinomialH4, .25L,

Pr@N = nD = K
4
n
O H.25Ln H.75L4-n for n = 0, 1, 2, 3, 4.

     Hence 

Pr@S > 5D =‚
n=0

4

Pr@W1 + + Wn > 5D K
4
n
O H.25Ln H.75L4-n.

     Now since the only possible values of W j are 1, 2, or 3, the aggregate claim S cannot 
exceed 5 if N § 1.  In particular,
PrAW*0 > 5E = 0,

Pr@W1 > 5D = 0,

     where W*0 represents W1 + + Wn when n = 0.  Hence

Pr@S > 5D = Pr@W1 + W2 > 5D
4
2 H.25L2 H.75L2 +

Pr@W1 + W2 + W3 > 5D
4
3 H.25L3 H.75L + Pr@W1 + W2 + W3 + W4 > 5D H.25L4.

     Consider Pr@W1 + W2 > 5D.  Since the possible values of W j are 1, 2, or 3, the only way 
that the aggegrate claim S can exceed 5 is if both W1 and W2 are equal to 3, i.e.,
Pr@W1 + W2 > 5D = Pr@W1 = 3 and W2 = 3D.

     Since the W j are independent, it follows that

Pr@W1 + W2 > 5D = Pr@W1 = 3D Pr@W2 = 3D = H.25L2 = .0625.

     Now consider Pr@W1 + W2 + W3 > 5D.  Put X = W1 + W2 + W3.  For simplicity we will 
determine Pr@X § 5D and then deduce the value for Pr@X > 5D.  The values of the triple 
HW1, W2, W3L for which X § 5 are as follows:
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     Now consider Pr@W1 + W2 + W3 > 5D.  Put X = W1 + W2 + W3.  For simplicity we will 
determine Pr@X § 5D and then deduce the value for Pr@X > 5D.  The values of the triple 
HW1, W2, W3L for which X § 5 are as follows:
H1, 1, 1L, H1, 1, 2L, H1, 1, 3L, H1, 2, 1L, H1, 2, 2L,
H1, 3, 1L, H2, 1, 1L, H2, 1, 2L, H2, 2, 1L, H3, 1, 1L.

     Since the W j are independent, it follows that

Pr@X § 5D = Pr@W1 = 1D Pr@W2 = 1D Pr@W3 = 1D +
Pr@W1 = 1D Pr@W2 = 1D Pr@W3 = 2D + + Pr@W1 = 3D Pr@W2 = 1D Pr@W3 = 1D =

H.3L3 + 3 H.3L2 H.45L + 3 H.3L2 H.25L + 3 H.3L H.45L2 = .39825.

     Hence
Pr@W1 + W2 + W3 > 5D = Pr@X > 5D = 1 - Pr@X § 5D = 1 - .39825 = .60175.

     Finally consider Pr@W1 + W2 + W3 + W4 > 5D.  Put Y = W1 + W2 + W3 + W4.  As in the 
previous case, it is simpler to determine Pr@Y § 5D and deduce the value of Pr@Y > 5D.  
The values of the quadruple HW1, W2, W3, W4L for which Y § 5 are as follows:
H1, 1, 1, 1L, H1, 1, 1, 2L, H1, 1, 2, 1L, H1, 2, 1, 1L, H2, 1, 1, 1L.

     Hence arguing as before,
Pr@Y § 5D = Pr@W1 = 1D Pr@W2 = 1D Pr@W3 = 1D Pr@W4 = 1D +

Pr@W1 = 1D Pr@W2 = 1D Pr@W3 = 1D Pr@W4 = 2D + +
Pr@W1 = 2D Pr@W2 = 1D Pr@W3 = 1D Pr@W4 = 1D = H.3L4 + 4 H.3L3 H.45L = .0567.

     It follows that
Pr@W1 + W2 + W3 + W4 > 5D = Pr@Y > 5D = 1 - Pr@Y § 5D = 1 - .0567 = .9433.

     Substituting these results into the earlier formula for Pr@S > 5D we obtain

Pr@S > 5D = Pr@W1 + W2 > 5D
4
2 H.25L2 H.75L2 +

Pr@W1 + W2 + W3 > 5D
4
3 H.25L3 H.75L + Pr@W1 + W2 + W3 + W4 > 5D H.25L4 =

H.0625L H6L H.25L2 H.75L2 + H.60175L H4L H.25L3 H.75L + H.9433L H.25L4 =
.04507539 º 4.5 %.

     Consequently, the probability that aggregate claims on the given policy exceed $500 is 
about 4.5%.
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     Consequently, the probability that aggregate claims on the given policy exceed $500 is 
about 4.5%.

24. Let Y1, Y2, Y3, Y4 be the aggregate claims in thousands of dollars in the seasons spring, 
summer, fall, winter respectively and let C denote the aggregate claims for the entire 
year.  By assumption, the Y j have compound Poisson distributions with intensity 
parameters
l1 = 100, l2 = 75, l3 = 90, l4 = 200

     and claim amount random variables
Exponential H1L, Exponential H2L, Exponential H1L, Exponential H.25L.

     Moreover, the Y j are assumed to be independent.  Hence from section 9.5.2 of the 
textbook or exercise 22, C has a compound Poisson distribution with intensity parame-
ter l = l1 + l2 + l3 + l4 = 100 + 75 + 90 + 200 = 465  and claim amount W  a mixture of 
ExponentialH1L, ExponentialH2L, ExponentialH1L, and ExponentialH.25L with mixing 
weights l1 êl = 100 ê465 = 20 ê93, l2 êl = 75 ê465 = 15 ê93, l3 êl = 90 ê465 = 18 ê93, 
l4 êl = 200 ê465 = 40 ê93.

     a.  From section 9.5.2 of the textbook or exercise 21 part b, the formulas for the expected 
value, variance, and skewness of a compound Poisson random variable are as follows:
E@CD = l E@WD,

Var HCL = l EAW2E,

gC =
1

l1ê2
ÿ

EAW3E

EAW2E
3ê2

.

     In this exercise, W  is a mixture of ExponentialH1L, ExponentialH2L, ExponentialH1L, 
ExponentialH0.25L with mixing weights 2093 , 1593 , 1893 , 4093  and l = 465.  Hence using the 

general formula for the moment generating function of a mixture and the formula for the 
moment generating function of an exponential random variable we have
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MW @tD =
20

93
ÿ

1

1 - t
+

15

93
ÿ

2

2 - t
+

18

93
ÿ

1

1 - t
+

40

93
ÿ

0.25

0.25 - t
=

38

93
ÿ

1

1 - t
+

15

93
ÿ

2

2 - t
+

40

93
ÿ

1

1 - 4 t
.

     It follows that

EAWkE = MW
HkL@0D =

38

93
ÿ
„k

„ tk
1

1 - t
t=0 +

15

93
ÿ
„k

„ tk
2

2 - t
t=0

+
40

93
ÿ
„k

„ tk
1

1 - 4 t
t=0 =

38

93
ÿ
k !

1
+

15

93
ÿ
k !

2k
+

40

93
ÿ4k ÿk ! .

     In particular,

E@WD =
411

186
=

137

62
,

EAW2E =
2727

186
=

909

62
,

EAW3E =
62,397

372
=

20,799

124
.

     Consequently, the mean, variance, and skewness of the aggregate claim random variable 
is

E@CD = l E@WD = 465
137

62
=

2055

2
,

Var HCL = l EAW2E = 465
909

62
=

13,635

2
,

gC =
1

l1ê2
ÿ

EAW3E

EAW2E
3ê2

=
1

465
ÿ

20,799
124

J
909
62 N

3ê2
=

2311

303 3030
º .13855940.

     b.  The desired probability is Pr@C > 1200D.  (Note that C is measured in thousands of 
dollars.)  From part a, we have
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     b.  The desired probability is Pr@C > 1200D.  (Note that C is measured in thousands of 
dollars.)  From part a, we have
E@CD = 1027.50,

Var HCL = 6817.50,

gC º .13855940.

     Hence using a normal approximation we have

Pr@C > 1200D = Pr
C - E@CD

Var HCL
>

1200 - 1027.50

6817.50
º Pr@Z > 2.0892D = 1 - F@2.0892D

     where Z ~ NormalH0, 1L and F is the standard normal distribution function.  From the 
table in Appendix E of the textbook  and using linear interpolation we have
F@2.0892D º H.08LF@2.08D + H.92LF@2.09D º H.08L H.9812L + H.92L H.9817L = .98166.

     Consequently, under a normal approximation the desired probability is
Pr@C > 1200D º 1 - F@2.0892D º 1 - .98166 = 1.834 %.

     We can also approximate the desired probability using a normal power approximation.  
From section 8.6 of the textbook we have the approximation

FC@cD º F
-3

gC
+

9

gC
2
+ 1 +

6

gC
ÿ
c - mC

sC
.

     Substituting the values of mC, sC, and gC specified earlier into this formula we have

FC@cD º F
-3

.13855940
+

9

H.13855940L2
+ 1 +

6

H.1385594L
ÿ
c - 1027.50

6817.50
º

F -21.65136 + 469.7816 + 43.3027
c - 1027.50

82.5682
.

     Hence the desired probability is
Pr@C > 1200D = 1 - FC@1200D º 1 - F@2.0182D.

     From Appendix E of the textbook we have
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     From Appendix E of the textbook we have
F@2.0182D º H.18LF@2.01D + H.82LF@2.02D º H.18L H.9778L + H.82L H.9783L = .97821.

     Consequently, under a normal power approximation the desired probability is 
Pr@C > 1200D º 1 - F@2.0182D º 1 - .97821 = 2.179 % .

     Both approximations give a numerical value of Pr@C > 1200D that is fairly small.  How-
ever, the value of 2.179% determined by the normal power approximation is probably 
closer to the true value because it incorporates the impact of the skewness of C which is 
not entirely negligible in this case.  Since the normal distribution is symmetric (and 
hence has skewness of 0), it has a tendency to underestimate probability in the right tail 
of distributions with a positive skew.

30. Let N be the number of claims received on this policy and let X be the aggregate 
amount of claims for this policy.  Then from the given information, the distribution of N 
is given by
pN@0D = .50, pN@1D = .30, pN@2D = .20

     and

     X = 0 if N = 0,

X = W1 if N = 1,

X = W1 + W2 if N = 2,

     where W j ~ ExponentialH1 ê2L and the W j are independent.  From section 6.1.2 of the 
textbook, we know that the sum of independent exponential random variables with 
common parameter l has a gamma distribution.  Hence W1 + W2 ~ GammaI2, 12 M.  

Consequently, X is a mixture of a certain point mass at 0, the distribution 

ExponentialI 12 M, and the distribution GammaI2, 12 M with respective mixing weights .50, 
.30, .20.

     a.  From the observation that X is a mixture of the type just described it follows that the 
distribution function of X is given by
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FX@xD = .50 FX1 @xD + .30 FX2 @xD + .20 FX3 @xD

     where

FX1 @xD = ;
1 for x ¥ 0,
0 for x < 0,

FX2 @xD =
1 - ‰-xê2 for x ¥ 0,
0 for x < 0,

     and
FX3 @xD = 1 - SX3 @xD =

1 -⁄n=0
1 Hxê2Ln ‰-xê2

n!
for x ¥ 0,

0 for x < 0;
=

1 - ‰-xê2 I1 + x
2 M for x ¥ 0,

0 for x < 0.

     (See section 6.1.2 of the textbook for the formula for the survival function of a gamma 
distribution whose parameter r is a positive integer.)  Simplifying we obtain

FX@xD =
1 - ‰-xê2 I.50 + .20 x

2 M for x ¥ 0,
0 for x < 0;

=
1 - .50 ‰-xê2 J1 + x

5 N for x ¥ 0,

0 for x < 0.

     b.  To determine the unconditional mean and variance of X we condition on N and use 
the formulas
E@XD = EN@E@X NDD,

Var HXL = EN@Var HX NLD + VarN HE@X NDL.

     From the earlier observations, we have

E@X ND = E@0D if N = 0,

E@X ND = E@W1D if N = 1,

E@X ND = E@W1 + W2D if N = 2,

     and

VarHX NL = VarH0L if N = 0,

VarHX NL = VarHW1L if N = 1,

VarHX NL = VarHW1 + W2L if N = 2.
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VarHX NL = VarH0L if N = 0,

VarHX NL = VarHW1L if N = 1,

VarHX NL = VarHW1 + W2L if N = 2.

     Since W j ~ ExponentialH1 ê2L and the W j are independent, it follows from the formulas 
for the mean and variance of an exponential distribution (section 6.1.1 of the textbook) 
and the distribution of N specified earlier that

E@X ND = 0 with probability .50,

E@X ND = 2 with probability .30,

E@X ND = 4 with probability .20,

     and

VarHX NL = 0 with probability .50,

VarHX NL = 4 with probability .30,

VarHX NL = 8 with probability .20.

     Consequently,
EN@E@X NDD = H0L H.50L + H2L H.30L + H4L H.20L = 1.4,

EN@Var HX NLD = H0L H.50L + H4L H.30L + H8L H.20L = 2.8,

     and
VarN HE@X NDL =

ENA E@X ND2E - HEN@ E@X ND DL2 = 9H0L2 H.50L + H2L2 H.30L + H4L2 H.20L= -
8H0L H.50L + H2L H.30L + H4L H.20L<2 = 4.4 - 1.96 = 2.44.

     Therefore, the unconditional mean and variance of X are
E@XD = EN@ E@X ND D = 1.4,

Var HXL = EN@Var HX NLD + VarN HE@X NDL = 2.8 + 2.44 = 5.24.

     c.  From the solution to part a, we have
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SX@xD = .50 ‰-xê2 1 +
x

5
for x ¥ 0.

     Hence the probability that aggregate claims exceed three is

SX@3D = .50 ‰-3ê2 1 +
3

5
= .80 ‰-3ê2 º .1785.
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Chapter Ten Solutions

1.   Let mS, sS, mB, sB be the expected return and standard deviation of return for the stock 
and bond funds respectively, and let r be the correlation of the returns for the two funds.  
We are given that mS = 15 %, sS = 20 %, mB = 5 %, sB = 10 %, r = 0.25.

     a.  From section 10.1 of the textbook, the equation of the curve in the risk-reward plane 
representing the possible portfolios is
s2 = A Hm - m0L2 + s0

2

     where

A =
HsS - sBL

2 + 2 H1 - rLsS sB

HmS - mBL2
,

m0 =
mS sB

2 - HmS + mBL r sS sB + mB sS
2

HsS - sBL
2 + 2 H1 - rLsS sB

,

s0
2 =

sS
2 sB

2 I1 - r2M

HsS - sBL
2 + 2 H1 - rLsS sB

.

     Substituting the given values of mS, sS, mB, sB, r into these expressions we have

A =
H20 %- 10 %L2 + 2 H1 - .25L H20 %L H10 %L

H15 %- 5 %L2
= 4,



m0 =
H15 %L H10 %L2 - H15 %+ 5 %L H0.25L H20 %L H10 %L + H5 %L H20 %L2

H20 %- 10 %L2 + 2 H1 - .25L H20 %L H10 %L
= 6.25 %,

s0
2 =

H20 %L2 H10 %L2 I1 - H.25L2M

H20 %- 10 %L2 + 2 H1 - .25L H20 %L H10 %L
= 93.75 I%2M º H9.68 %L2.

     Consequently, the equation in the risk-reward plane is

s2 = 4 Hm - 6.25 %L2 + H9.68 %L2.

     b.  From part a, the portfolio with the least risk has risk-reward coordinates
s0 = 9.68 %,

m0 = 6.25 %.

     c.  The graph is straightforward to create using Mathematica or similar computer 
software.

     d.  For an investor with utility functional U = m - k s2, the optimal allocation in the 
stock fund is
m* - mB

mS - mB

     where m* is the return on the optimal portfolio and given by

m* = m0 +
1

2 k A

     (see section 10.1 of the textbook).  In this exercise, k = 1 ê100.  Hence the return on the 
optimal portfolio is

m* = m0 +
1

2 k A
= 6.25 %+

1

2 J
1

100% N H4L
= 18.75 %

     and the fraction invested in the stock fund is
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m* - mB

mS - mB
=

18.75 %- 5 %

15 %- 5 %
= 1.375.

     The interpretation of this is as follows:  For every $1000 of investable assets, one should 
sell short $375 of bonds and invest $1375 in stocks.  If it is not possible to sell short the 
bond fund, then the next best thing for this particular investor is to invest 100% of the 
portfolio in the stock fund.

3.  Let x1, x2, x3 be the weights of S1, S2, S3 in the optimal risky portfolio and l be the 
reward-to-variability ratio for the optimal risky portfolio when the risk-free rate is r f .  
From section 10.3 of the textbook, x1, x2, x3, and l satisfy the following system:

s1
2 Hl x1L + s12 Hl x2L + s13 Hl x3L = m1 - r f ,

s21 Hl x1L + s2
2 Hl x2L + s23 Hl x3L = m2 - r f ,

s31 Hl x1L + s32 Hl x2L + s3
2 Hl x3L = m3 - r f .

     This system has a unique soltuion in l x1, l x2, l x3 provided that the variance-
covariance matrix is nondegenerate, which we will assume.  Hence
l x1 = c11 + c12 r f ,

l x2 = c21 + c22 r f ,

l x3 = c31 + c32 r f ,

     where the ci j are independent of r f .  We are given that when r f = 5 %,

x1 =
74

93
, x2 =

-60

93
, x3 =

79

93
, l = 46.5.

     Substituting these values into the preceding system we obtain

H46.5L
74

93
= c11 + c12 H5L,

H46.5L
-60

93
= c21 + c22 H5L,
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H46.5L
79

93
= c31 + c32 H5L,

     where the units of ci 1 and ci 2 are as appropriate.  We are also given that when r f = 10 %,

x1 =
12

19
, x2 =

-20

19
, x3 =

27

19
, l = 19.

     Hence arguing as before we obtain

H19L
12

19
= c11 + c12 H10L,

H19L
-20

19
= c21 + c22 H10L,

H19L
27

19
= c31 + c32 H10L.

     The six equations in the ci j are most easily solved by considering them as three sets of 
two equations:
37 = c11 + 5 c12,
12 = c11 + 10 c12;

-30 = c21 + 5 c22,
-20 = c21 + 10 c22;

39.5 = c31 + 5 c32,
27 = c31 + 10 c32.

     Solving these equations we obtain
c11 = 62, c12 = -5,

c21 = -40, c22 = 2,

c31 = 52, c32 = -2.5.

     Hence the coordinates of the optimal risky portfolio are given by
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l x1 = 62 - 5 r f ,

l x2 = -40 + 2 r f ,

l x3 = 52 - 2.5 r f .

     In particular, for r f = 15 % we have

l x1 = -13, l x2 = -10, l x3 = 14.5

     and so

x1 =
26

17
, x2 =

20

17
, x3 =

-29

17
.

8.  We are given that the expected return and standard deviation on the market portfolio are 
mM = 15 and sM = 15 and the expected return and standard deviation on the global 
minimum variance portfolio are m0 = 5 and s0 = 5.  Note that in this context the global 
minimum variance portfolio refers to the portfolio among those with no position in the 
risk-free asset whose variance is the smallest.  Since both the market portfolio and the 
global minimum variance portfolio must lie on the minimum variance set of risky 
portfolios ("risky" meaning that there is no position in the risk-free asset), we can 
determine the equation in the risk-reward plane for the minimum variance set.  Indeed, 
from sections 10.1, 10.2, and 10.3 of the textbook, the minimum variance set has 
equation 
s2 = A Hm - m0L2 + s0

2

     where Hs0, m0L are the risk-reward coordinates for the global minimum variance portfo-
lio.  Substituting the values of Hs, mL for the market portfolio into this equation and 
solving for A, we find that A = 2.  Hence the minimum variance set for the risky portfo-
lios is defined by
s2 = 2 Hm - 5L2 + 25.

     We are given that the rate of return on risk-free investments is 3% and short positions in 
the risk-free asset are not allowed.  Consequently, the set of efficient portfolios consists 
of two separate pieces:

i.   The line segment between the points H0, 3 %L and T where T is the point of 
tangency for the curve s2 = 2 Hm - 5L2 + 25 and the tangent line through H0, 3 %L.

ii.  The portion of the curve s2 = 2 Hm - 5L2 + 25 to the right of the point T. 
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     We are given that the rate of return on risk-free investments is 3% and short positions in 
the risk-free asset are not allowed.  Consequently, the set of efficient portfolios consists 
of two separate pieces:

i.   The line segment between the points H0, 3 %L and T where T is the point of 
tangency for the curve s2 = 2 Hm - 5L2 + 25 and the tangent line through H0, 3 %L.

ii.  The portion of the curve s2 = 2 Hm - 5L2 + 25 to the right of the point T. 

     Note that by the definition of a zero-beta companion portfolio, T is the efficient portfolio 
whose zero beta companion has expected return 3%. 

     Because short positions are not allowed in the risk-free asset, the market portfolio will 
lie on the portion of the curve s2 = 2 Hm - 5L2 + 25 that is to the right of T.  We don't 
actually need to make this observation to determine the answers to parts a through d.  It 
will be a consequence of our calculations.  However, it is helpful to keep this fact in 
mind as we proceed through the rest of the solution.  

     a.  Let HsZHML, mZHMLL be the risk-reward coordinates for the zero beta companion of the 
market portfolio M .  From the definition of a zero beta companion, mZHML is the m-
intercept of the tangent line to the hyperbola s2 = 2 Hm - 5L2 + 25 through the point 
HsM , mM L.  The value of mZHML can be determined from the equation
„ m

„s
Hs, mL=HsM , mM L =

mM - mZ HML

sM - 0
.

     Note that the left side of this equation is the slope of the hyperbola at the point HsM , mM L 
and the right side of this equation is the slope of the line through the points H0, mZHMLL 
and HsM , mM L.  A formula for the derivative „ m ê„s can be determined by implicitly 
differentiating the equation s2 = 2 Hm - 5L2 + 25:
„ m

„s
=

s

2 Hm - 5L
.

     Substituting HsM , mM L = H15, 15L into the equation for mZHML and solving we obtain

mZ HML = 3.75.

     Since the zero beta companion of M  must lie on the minimum variance set, we can 
determine the standard deviation of the zero beta companion by substituting this value 
for mZHML into the equation s2 = 2 Hm - 5L2 + 25.  When we do this, we find that
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sZ HML
2 = 2 HmZ HPL - 5L2 + 25 = 2 H3.75 - 5L2 + 25 = 28.125.

     Hence the expected return and standard deviation for the zero beta companion of the 
market portfolio are
mZ HML = 3.75,

sZ HML = 28.125 º 5.30.

     b.  From section 10.3 of the textbook, we know that every portfolio on the minimum 
variance set can be constructed using only the market portfolio and its zero beta compan-
ion.  Indeed, for any portfolio Q on the minimum variance set, the weights x1, x2 in M , 
ZHML are given by

x1 =
z1

z1 + z2
, x2 =

z2
z1 + z2

     where
sM
2 0
0 sZ HML

2 K
z1
z2
O =

mM - r
mZ HML - r

     and where r is the expected return on the zero beta companion of Q.  Since T is a 
portfolio on the minimum variance set, it follows that T can be constructed using only 
M  and ZHML.  Since the expected return on the zero beta companion of T is 3% and 
HsZHML, mZHMLL = H5.30, 3.75L from part a, it follows that the weights x1, x2 in M , ZHML 
can be determined by solving 
152 0
0 28.125

K
z1
z2
O =

15 - 3
3.75 - 3 .

     When we do this, we find that 

z1 =
12

225
, z2 =

0.75

28.125

     and so
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x1 =
z1

z1 + z2
=

2

3
, x2 =

z2
z1 + z2

=
1

3
.

     Consequently, we can replicate portfolio T by investing 23  of our assets in the market 

portfolio and the remaining 13  in the zero beta companion of the market portfolio.

     c.  Let RT , RM , RZHML denote the returns on the portfolio T, the market portfolio M , and 
the zero beta companion of the market portfolio respectively.  Then from part b,

RT = x1 RM + x2 RZ HML =
2

3
RM +

1

3
RZ HML.

     Hence using the fact that mZHML = 3.75 from part a,

E@RT D =
2

3
E@RM D +

1

3
E@RZ HMLD =

2

3
H15L +

1

3
H3.75L = 11.25.

     Now the CAPM for the efficient portfolios lying to the right of the tangency portfolio  T 
(i.e., the efficient portfolios with expected return greater than E@RT D) is given by
E@RD = E@RZ HMLD + b HE@RM D - E@RZ HMLDL,

     with the restriction on b to be determined shortly.  (See section 10.4 of the textbook.)  
This version of the CAPM is used since the efficient portfolios with expected return 
greater than E@RT D do not have a position (either long or short) in the risk-free asset. 
Since T does not have a position (either long or short) in the risk-free asset, it follows 
that E@RT D and bT  satisfy the preceding CAPM equation, i.e.,

E@RT D = E@RZ HMLD + bT HE@RM D - E@RZ HMLDL.

     Substituting the given and calculated values into this equation, we have
11.25 = 3.75 + bT H15 - 3.75L

     from which it follows that

bT =
2

3
.

     Since the CAPM equation is increasing in b and since all efficient portfolios with 
expected return less than E@RT D lie on the straight line through H0, 3 %L, HsT , mT L (and 
hence contain a long position in the risk-free asset), it follows that the preceding CAPM 
equation only holds for b ¥ bT , i.e., for b ¥ 2

3 .
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     Since the CAPM equation is increasing in b and since all efficient portfolios with 
expected return less than E@RT D lie on the straight line through H0, 3 %L, HsT , mT L (and 
hence contain a long position in the risk-free asset), it follows that the preceding CAPM 
equation only holds for b ¥ bT , i.e., for b ¥ 2

3 .

     d.  From part c, the security market line for efficient portfolios with expected return 
greater than E@RT D is
E@RD = E@RZ HMLD + b HE@RM D - E@RZ HMLDL.

     As noted in part c, this equation holds for b ¥ bT .  Substituting the given and calculated 
values into this equation, we see that the security market line for b ¥ 2

3  is given by

E@RD = 3.75 + 11.25 b.

     The security market line for efficient portfolios with b < 2
3  is simply the straight line in 

the b-m plane through the points representing T and the risk-free asset.  The reason for 
this is that all of the efficient portfolios with expected return less than E@RT D lie on the 
straight line in the s-m plane through the points H0, 3 %L, HsT , mT L, and so T plays the 
role of the market portfolio in this case.  The equation of the line in the b-m plane 
through the points representing T and the risk-free asset is in general

E@RD = r f + b
E@RT D - r f

bT
.

     Substituting the values of E@RT D and bT  determined in part c and the given value of the 
risk-free rate we have
E@RD = 3 + 12.375 b

     for b § 2
3 .

     Consequently, the security market line for efficient portfolios is given by

E@RD =
3 + 12.375 b for b § 2

3 ,

3.75 + 11.25 b for b ¥ 2
3 .

     The security market line for individual risky assets is given by the general form of the 
CAPM for all values of b:
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     The security market line for individual risky assets is given by the general form of the 
CAPM for all values of b:

E@RD = E@RZ HMLD + b HE@RM D - E@RZ HMLDL.

     Substituting the values of E@RM D and E@RZHMLD into this equation we obtain

E@RD = 3.75 + 11.25 b for all values of b.

     This equation provides information on the "required return" for a risky asset to be a 
candidate for investment.  Note that the "required return" is higher for an individual 
risky asset of risk level b (with b < 2

3 ) than it is for an efficient portfolio of risk level b.  

This makes perfect sense since an efficient portfolio with b < 2
3  has a return component 

(the risk-free component) that is completely certain. 
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