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L, ~ Exponential(1/500),
L3 ~ Exponential(1/1000)

and
Pr[C=1]= .20, Pr[C=2]= .50, Pr[C=3]=.30.

Hence
Pr[L > 1] = ¢ 1% (20) + 7% (50) + 77190 (30) forl>0.

Consequently, the probability that the company loses more than $500 on a randomly
selected account is

Pr[L > 500] = e (.20) + €' (.50) + ¢~ "/? (30) ~ 36724651 ~ 37 %.

d. From part a, the expected loss on a randomly selected account is $570 and from part
b the standard deviation of the loss is $727.39. Hence if the finance company wishes to
recoup its expected loss and have a safety margin of 1 standard deviation for each
customer, it should charge each client an administration fee of $1297.39 (= $570 +
$727.39). From a practical viewpoint, it is probably not possible to charge a fee of this
size upfront since people with a poor or nonexistent credit history are unlikely to have
that much cash lying around. However, this fee could be recouped by increasing the
interest rate on the loan and assessing periodic "hidden" fees that are less visible to the

borrower.

Comment: As a check on our calculations in parts a and b, we can use the survival
function determined in part ¢ to calculate E[L] and Var(L) directly, i.e., without making
use of the formulas for unconditional mean and variance given in section 9.3 of the
textbook. From part c, the survival function of L is

Sl = 20190 4 50 71300 1 30 7100 for 1> 0.

Hence L is a mixture of Exponential(1/100), Exponential(1/500), and
Exponential(1/1000) with respective mixing weights .20, .50, and .30. It follows from

section 9.4 that the moment generating function of L is

1 1 1

1
M, [t] =20 + .50 +30 ——— fort< ——.
1-100¢ 1-5001¢ 1 -1000¢ 1000
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(Recall from section 6.1.1 that the moment generating function of X ~ Exponential(Q) is
Mx[t] =A/(A —1) for < A.) Consequently, using the fact that E[Lk] =M 2’0 [0] for
k=1,2, ... (see section 4.3.1 of the textbook) we have

E[L] = M;[0] ={(:20) (1 - 100 ) ~* (100) +

(.50) (1 — 500 1) =2 (500) + (.30) (1 — 1000 ¢) 2 (1000)} li=0 =570
and
E[L*]=
M7[0]={(:20) (2) (1 = 100 #) 7 (100)* + (.50) (2) (1 — 500 1) ~* (500)* + (.30) (2)
(1= 1000 1) = (1000) ?} |,z = 854.000.

Therefore
E[L] =570

and

Var (L) = E[L*| - E[L]* = 854,000 — (570)* = 529,100,

which are identical to the values given in parts a and b, as they should be.

5. Let L be the size of the uncertain loss and let K be the indemnified amount.
a. Suppose that the insurer caps the indemnified amount at m. Then

) L if L<m,
K:mln(L,m):{m ifL>m

The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L < m and L > m. Indeed, for any k we have

Pr[K <k]=Pr[K <k |L<m]Pr[L<m]+Pr[K <k|L>m]Pr[L>m]=

PrlL<k|L<=m]Pr[L=m] +Pr[m<k|L>m]Pr[L>m]=
Pr[L<kand L <m] Prim<kand L > m]

Pr[L<m] +

Pr[L>m] =
Pr[L < m] Pr[L > m]

Pr[L < min (m, k)] + Pr[m <k and L > m].
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Hence for k < m we have
Pr[K <k]=Pr[L<min(m, k)] + Prflm<kand L>m] =Pr[L <k] +0=Pr[L <k]

and for k = m we have
Pr[K < k] =Pr[L <min (m, k)] + Prlm<kand L>m] =Pr[L<m]| + Pr[L>m]=1.

Consequently, the distribution function of K is given by
F; k] fork <m,
1 fork = m.

Filk = {

b. Suppose that the indemnified amount is subject to a deductible d but no cap. Then
0 if L=d,
K= .
{ L-d ifL>d.

The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L <d and L > d. Indeed, for any k we have

Pr(K <k]=Pr[K <k|L<d]|Pr[L<d]+Pr[K <k|L>d]Pr[L>d] =
Pr0<k|L<d]Pr[L<d]+Pr[L-d<k|L>d]Pr[L>d]=
Pr[0 <kand L <d] Prld <L=<d+k]
Pr[L<d]|+ ——————— Pr[L>d] =
Pr[L < d] Pr[L > d]
Prl0<kandL<d]+Prl[d<L=<d+k].

Hence for k = 0 we have

PrlK <k]=Pr[0<kand L<d]+Pr[d<L<d+k]=
PrlL<d]+Prl[d<L<d+kl=Pr[L<d+k]l=F.|d+k]

and for k£ < 0 we trivially have
Pr[K <k]=Pr[0<kandL=<d]+Pr[d<L=d+k]=0.

Consequently, the distribution function of K is given by
Folk Frld+ k] fork =0,
K[]_{O fork <O0.

c. Suppose that the indemnified amount is subject to both a deductible d and a cap m.
Then
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K=0 ifL=<d,
K=L-d ifd<L<d+m,
K=m if L>d+m.

The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L <d,d <L <d + m, L > d + m. Indeed for any k we have
Pr[K <k]=Pr[K <k|L=<d]Pr[L=<d] +
PriIK<k|d<Lsd+m]Pr[d<L<d+m]+Pr[K<k|L>d+m]Pr[L>d+m]=
Prl0<k|L=<d]Pt[L<d]+Pr[L-d<k|d<L=<d+m]Prl[d<L<d+m]+
Prim<k|L>d+m]Pr[L>d+m] =
Prl0<kandL<d] +Pr[L-d<kandd<L<d+m]+Prlm<kandL>d+m] =
Prl0<kand L<d]|+Pr[d<L<min(d+k, d+m)|+Prm<kand L>d + m].

Hence for 0 < k < m we have

Pr[K <k] =
Prl0<kandL<d]|+Prl[d<L<min(d+k, d+m)]|+Prlm<kand L>d + m] =
Pr[L<d]+Prl[d<L<d+k]+0=Pr[L=<d+k],

for k = m we have

Pr[K <k] =
Prl0<kand L<d]+Pr[d<L<min(d+k, d+m)]|+Prlm<kandL>d + m] =
Pr[L<d]+Prld<L<d+m]+Pr[L>d+m]=1,

and for k <0 we have

Pr[K <k]=Pr[0<kand L <d] +
Prld<L<min(d+k, d+m)]+Prim<kandL>d+m]=0+0+0=0.

Consequently, the distribution function of K is given by

Fglk]=0 for k <0,
Fglkl=Fp[d + k] forO<k<m,
Fglk]=1 for k = m.

7. Suppose that X = B I, where I ~ Bernoulli(p) and B is a nonnegative random variable
which is independent of /.



Chapter Nine Solutions 137

a. The distribution function of X can be determined by conditioning on / and using the
law of total probability as follows:
Fx[x] =Pr[X <x] =Pr[X <x|I=0]Pr[/=0]+Pr[X <x|[=1]Pr[/=1] =
Pr[BI<x|I1=0]Pr[/=0]+Pr[BI<x|I=1]Pr[I=1]=
Pr[0 < x]-(1 — p) + Pr[B < x]- p.

Note that Pr[B/ < x| = 1] = Pr[B < x] since B is independent of /. Hence for x = 0
Fx[x]=Pr[0=x](1 - p)+ Pr[B=x] p=(1 - p) + p Fplx],

and for x <0
Fx[x]=Pr[0=x](1-p)+Pr[B=x]p=0-(1-p)+0-p=0.

(Note that Pr[B < x] =0 for x <0 since B is assumed to be nonnegative.) Consequently,
the distribution of X is given by

(1-p)+ pFplx] forx =0,
Fxlxl = { 0 forx <O,
as required. Since Sx[x] =1 — Fx[x] for all x, it follows that the survival function of X is
1-((1—-p)+ pFplx]) forx=0,
SX[X]z{l—O forx<0;}
p (1 —Fglx]) forx=0, p Sx[x] forx=0,
- {1 forx<0;}: {1 forx <0,

as required.

In general, X has a mixed distribution with a probability mass at x =0. When B is
continuous and p < 1, X has a probability mass at x = 0 and a continuous distribution of
probability on the interval x > 0. Sample graphs of Fx and Sy when B is continuous can
be created using Mathematica or similar computer software.
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~
\

b. The graph of the generalized density fx corresponding to the graphs of Fx and Sx
given in part a is as follows:
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Ix

Note that the area under the continuous part of the density is equal to p. The probability
mass at x = 0 is equal to the probability that B=0 or I =0. Since B is assumed to be
continuous, Pr[B=0] =0 and so Pr[X =0]=Pr[/=0]=1 - p.

c. Applying the formula for unconditional expectation given in section 9.3 we have

E[X]=E/[E[X |I1]=E[X|I=0]Pr{I=0]+E[X|I=1]Pr[I=1] =
E[IB |I=0]Pt[I=0]+E[IB|I=1]P[l=1]=
E[0] Pe[I = 0] + E[BI Pr{l = 11=0-(1 - p) + s p = p i

as required. Note that
E[IB|I=1]=E[B|I=1]=E[B]
since B is independent of 1.

To determine the formula for Var(X) we apply the formula for unconditional variance
which in this context has the form

Var (X) = E;[Var (X | I)] + Var; (E[X | I]).

Arguing as before we have
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Ejf[Var(X|D]=Var(X |[=0)Pr[/=0]+Var(X | I=1)Pr[I=1] =
Var(IB|I=0)Pr[I=0]+Var(IB|I=1)Pr[I=1] =
Var (0)Pr{/ =0] + Var (B)Pr[I=1]=0-(1-p)+ 03 p=p 3.

Since
if =0,

0
A=, i,

we also have

Var; (E[X |11) = pi Pr[I = 1] Pt[I = 0] = pj p (1 - p).

Hence the unconditional variance of X is given by

Var (X) = E;[Var (X | )] + Var; (E[X | I]) = pos + uz p(1 = p)

as required.

d. The moment generating function of X is defined by
Mxlt] = E[e'X].

Using the formula for unconditional expectation given in section 9.3 of the textbook we
have

E|le'X| = E|E[e'* |1]| = E[¢'* | 1=0]Pr[I =0] + E[&'* | I = 1] Pr[I = 1] =
E[e'"®|1=0|Pr[I=0]+E[e''®|I=1]Pr{I=1]=
E[¢®| Pr[I=0] + E[e'?| Pr[I = 1] = 1-(1 - p) + Mj]t] p.

Consequently,
Mx[t] = (1 = p) + p Mpl1]

for all + where M is defined. Differentiating this equation k times we obtain

MPt] = p MP[1].

Hence using the fact that £ [Xk] =M )((k [0] for any random variable X we have
E[X*|=pE[B*| fork=1,2, ..
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as required.

e. The third central moment can be calculated in terms of the moments about O as
follows:

E[(X - ux)’] = E[X°]| - 3 E[X*]| E[X] + 2 E[X]’

(see exercise 5 part a of section 4.3 or simply expand the trinomial (X — yx)* and use the
linearity property of expectation). From part d of the current exercise,

E[X*|=pE[B"] fork=1,2, ...

Hence substituting this expression for £ [Xk] into the preceding formula for £ [(X - ux)? ]

we obtain
E[(X - ux)*] =
E[X*] - 3E[X?| E[X] + 2 EIX) = p E[B*] - 3 (p E[B*]) (p E[B]) + 2 (p EB])’ =
pE|B*| -3 p* E[B*| E[B] + 2 p’ E[B]’
as required.

A formula for E[(X - yx)3] in terms of the statistics g, 05, and yg can also be given.
Using the general relationships
E|(B - up)’| = E|B’| - 3 E|B*| E[B] + 2 E[B]’,

E[B - up)’| =v5 03
op =E|B*| - E[B),

we have

E[Bz] = 0'% + #%

and
E[B}| =E[(B - up)’| + 3 E[B*| E[B] - 2 E[B]® =

YpOp+3(0h+ 13 up — 2 1y = yp O + 3 0% pp + K.

Substituting these formulas for E [Bz] and E [B3] into the formula for E [(X —-u <)’ ]
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derived earlier we obtain
E|[(X - ux)’| = pE|B*| - 3 p* E[B*| E[B] + 2 p* E[B] =
3 3 2 3 _3 2 2 2 2 3 3:
p(vs oy +30% up + pip) =3 p* (05 + 1) up +2 p° 1z
pysoy+(3p-3p ) ogus+(p-3p*+2p°) =
pysoy+3p(l=p)ogus+p(l-p)(1-2p)u;

as required.

Comment: The assumption that B and I are independent was inadvertently omitted in
the statement of the question in section 9.6. However, this assumption is necessary for
the formulas just derived to hold in general. To see that this is so consider the case
B = I (perfect dependence). Then X = I? and so the distribution of X is Bernoulli(p),

P 1 with probability p,
B { 0  with probability 1 — p.

Hence
Fx[x]=0 for x <0,
Fxlx]=1-p forO<x<1,
Fxlx]=1 forx=1,

which is clearly different from the formula one gets in part a of this exercise. Indeed,
substituting the distribution function Fz when B = I into the formula in part a we obtain

Fx[x]=0 for x <0,
Fxlx]=1-p? forO<x<1,
Fx[x]=1 forx=1.

Consequently for the formulas in parts a through e to hold in general, we require that B
and / be independent.

12. Let X; be the payout on a randomly selected policy of type j, let I; be an indicator of a

claim occurrence on a randomly selected policy of type j, and let L; be the claim size on
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a policy of type j for which a claim is known to have occurred. Then from the given
information,

1 with probability 25 %,
Iv= { 0  with probability 75 %,

P { 1 with probability 40 %,
2 =

0 with probability 60 %,

Ly ifl =1,
xi={

0 ifl, =0,
L, ifh=1,

X, =
2 {0 if,=0,

and the probability mass functions of L; and L, are respectively
pr,[1000] = .20, pg, [5000]=.50, p;, [10000] = .30

and
pr,[1000] = .70, p;,[5000] = .20, p;,[10000] =.10.

Let Y be the payout on a randomly selected policy whose type is not known and let C be
an indicator of type defined as

{ 1 if policyholder is of type 1,
12 if policyholder is of type 2.

Then from the given information,
c { 1 with probability 30 %,
“ 12  withprobability 70 %,

and

v X ifC=1,
‘{x2 ifC=2.

With this notation, the solutions to parts a through d can be presented in an organized
way.

a. The desired quantities are E[X;] and Var(X;). Using the formulas for unconditional
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expectation and variance given in section 9.3 of the textbook we have
E[X1]=EL[E[X: | h]11=E[Xy | [ = 1] Pr[{; = 1] + E[X; | I; =0] Pr[/; =0] =
E[Ly]Pr[I; = 1] + E[0] Pr[I; =0] = E[L;] (.25) + (0) (.75) = (.25) E[L,]

and
Var (X) = Ey, [Var (X, | )] + Vary, (E[X1 | L1]) =
{Var (X, |1, = 1) Pr[l; = 1]+ Var (X, | 1, =0) Pr[/; =01} + Var;, (E[X; |];]) =
Var (L) Pr[l; = 1] + Var (0) Pr[/; =0] + Var;, (E[X; |;]) =
Var (Ly) (:25) + (0) (.75) + Vary, (E[X, | I1]) = (:25) Var (L;) + Var, (E[X; | ]).

Now

E[L,] ifL =1, E[L,] ifl =1,
E[X"I‘]‘{E[O] if11=0;}_ {0 if11=0;}_ ElL1-4-
Hence

Vary, (E[X, |L])=
E[L,1?> Var (I,) = E[L,]* Pr[I; = 1] Pt[I; = 0] = E[L,]? (:25) (.75) = .1875 E[L,]*

and so

Var (X;) = (.25) Var (L) + Vary, (E[X; |I;]) = (.25) Var (L) + (.1875) E[L,T*.

(Note that the formula Var(/,) = Pr[/; = 1] Pr[/; = 0] follows directly from the formula
for the variance of a binomial random variable with n =1 and p = Pr[l; = 1].)

From the distribution of L; we have
E[L,]=(1000) (.20) + (5000) (.50) + (10000) (.30) = 5700

and

E[L}] = (1000)* (.20) + (5000)* (.50) + (10000)* (.30) = 42,700,000.

Hence
Var (Ly) = E[L}] - E[L{]* = 42,700,000 — (5700)* = 10,210,000

Consequently, the mean and variance of X are
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E[X1]1=(25)E[L;] =(.25) (5700) = 1425

and
Var (X)) =
(25) Var (L) + (.1875) E[L;]* = (:25) (10,210,000 + (.1875) (5700)* = 8,644,375
These are the numerical values of the desired quantities.
b. The desired quantities are E[X;] and Var(X;). Arguing as in part a we have

E[X3] = E[Ly] Pr[l; = 1]

and

Var (X;) = Var (I,) Pr[l, = 1] + VEIIIZ (E[X, |12]) =
Var (Ly) Pr[l, = 1] + Var (E[L,]-1I,) = Var (L,) Pr[l, = 1] + E[L,]* Var (I) =
Var (Ly) Pr{l, = 1] + E[L,]? Pt[l> = 1] Pr[1, = 0].

Hence
E[X5] = (40) E[L,]
and

Var (X») = (40) Var (L) + (.40) (.60) E[L,]? = (.40) Var (L,) + (.24) E[L,]>.

Now from the distribution of L, we have
E[L,] = (1000) (.70) + (5000) (.20) + (10 000) (.10) = 2700,

E[L3] = (1000 (.70) + (5000)* (.20) + (10 000)* (.10) = 15,700,000,

and

Var (L,) = E|L5] - E[L,]* = 15,700,000 — (2700) = 8,410,000.

Consequently, the mean and variance of X, are
E[X,] = (40) E[L,] = (:40) (2700) = 1080

and

Var (X,) = (40) Var (L) + (:24) E[L,]* = (40) (8,410,000 ) + (:24) (2700)* = 5,113,600 .
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These are the numerical values of the desired quantities.

c. The desired quantities are E[Y] and Var(Y). Using the formulas for unconditional
expectation and variance given in section 9.3 of the textbook we have
E[Y]=Ec[E[Y |C]]l=

E[Y|C=1]Pr[C=1]+E[Y | C=2]Pr[C =2] = E[X,] Pt[C = 1] + E[X,] Pr[C = 2]

and
Var (Y) = Ec[Var (Y | C)] + Varc (E[Y | C]) =
Var(Y|C=1)Pr[C=1]+ Var (Y | C =2)Pr[C =2] + Varc (E[Y | C]) =
Var (X)) Pr[C = 1] + Var (X,) Pr[C = 2] + Varc (E[Y | C]).

Now

EY1Cl = E[X] ifC=1,
¥ ]_{E[Xz] if C=2.

From parts a and b we have

E[X;]=1425

and

E[X,] =1080.

Further, from the information given in the statement of the question,
Pr[C=1]=.30, Pr[C=2]=.70.

Hence

1425 with probability .30,
E[Y|C]= { . .

1080 with probability .70,
and so

Var (E[Y | C]) = E[E[Y | CI| - (E[E[Y | C]1)* =
{(1425)% (:30) + (1080)* (.70)} — {(1425) (.30) + (1080) (.70)}* =
1,425,667.50 — 1,400,672.25 = 24,995.25.

It follows that
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Var (Y) = Var (X;) Pr[C = 1] + Var (X,) Pr[C =2] + Var (E[Y | C]) =
Var (X;) (.30) + Var (X;) (.70) + 24,995.25.

Now from parts a and b we also have
Var (X;) = 8,644 375

and
Var (X;) =5,113,600.

Hence substituting these values and the earlier values for E[X;], E[X;] into the formulas
for E[Y] and Var(Y) we have

E[Y]=E[X]Pr[C = 1] + E[X,] Pr[C =2] = (1425) (.30) + (1080) (.70) = 1183.50

and

Var (Y) = Var (X;) (.30) + Var (X,) (.70) + 24,995 25 =
(8,644,375 (.30) + (5,113,600 (.70) + 24,995.25 = 6,197,827.75.

These are the numerical values of the desired quantities.

d. The desired probability is Pr[Y = 5000]. This can be determined by successive
applications of the law of total probability.

To make the calculations more transparent, we will first determine a general formula for
Pr[Y = y] in the case y > 0. Conditioning on the risk class C we have
Pr[Y =yl =Pr[Y =y|C=1]Pr[C=1]+Pr[Y = y|C=2]Pr[C=2] =

Pr[X; = y] (.30) + Pr[X, = y] (.70)

and conditioning on the event of a claim occurrence we have
Pr[X;=y|=Pt|X; = y|I;=1|Pr|l;= 1] + Pr|X; = y|I;=0| Pr[[;= 0] =
Pr[L; > y| Pr[1; = 1| + Pr[0 = y] Pr[1; = 0].

Using the fact that Pr[0 = y] =0 for y > 0 it follows that
Pr[Y = y] = Pr[X; = y] (.30) + Pr[X; = ] (.70) =
Pr[L, = y] Pr[I; = 1] (.30) + Pr[L, = y] Pr[l, = 1] (.70) =
Pr[L; = y] (.25) (.30) + Pr[L, = y] (.40) (.70) = Pr[L; = y] (.075) + Pr[L, = y] (.28)
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for y > 0. Now from the distributions of L; and L, we have

Pr[L; = 5000] = Pr[L; = 5000] + Pr[L; = 10000] = .50 + .30 = .80

and
Pr[L, = 5000] = Pr[L, = 5000] + Pr[L, = 10000] = .20 + .10 = .30.

Consequently, the probability that the payout on a randomly selected policy is at least
$5000 is

Pr[Y = 5000] =
Pr{L; = 5000] (.075) + Pr[L, = 5000] (.28) = (.80) (.075) + (.30) (.28) = .1440.

17.Let X1, ..., X500 be the insurer's payouts on the 500 policies for which the claim
incidence probability is 10%, let Yy, ..., Y2000 be the insurer's payouts on the 2000

policies for which the claim incidence probability is 5%, and let S be the insurer's total
payout on all policies. Suppose that the X;, Y; and S are all measured in $100,000 lots.

Then
S=X1 + .- +X500+ Yl + .- +Y2000.

Our objective is to determine the per-policy premium such that aggregate premiums
exceed aggregate payments 95% of the time.
Suppose that the X; and Y; are mutually independent. Then the distributions of the sums

X1+ -+ X500 , Y1 + -+ + Yoo00 are approximately normal and so since the sum of

independent normal random variables has a normal distribution, it follows that the
distribution of § is approximately normal. To use a normal approximation for S we
need only determine E[S] and Var(S).

Since the X; and Y; are mutually independent and X; ~ X, Y; ~ Y for X, Y of the type
specified in the statement of the question, it follows that
E[S] =500 E[X] + 2000 E[Y],

Var (S) = 500 Var (X) + 2000 Var (Y).

From the given information,
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X=IB

where I ~ Bernoulli(.10) and B is a truncated exponential random variable with parame-
tersA=1and m=2.5,and

Y=IB

where I ~ Bernoulli(.05) and B is a truncated exponential random variable with parame-
ters A =2 and m = 5. In exercise 7 part c it is shown that if X =/ B with I ~ Bernoulli(p)

and B nonnegative then
E[X]=p us,

Var (X) = p (1 - p) i} + p 5.

From Example 3, section 4.2.1 and Example 2, section 4.2.2 of the textbook, the mean
and variance of a truncated exponential random variable B with parameters A and m are

1
E[B]=—(1-e™™),
[B] A( e )

1
Var (B) = — (1 —2Ame " — e—2)tm).
/12
Hence if X = I B with I ~ Bernoulli(p) and B is a truncated exponential with parameters

A and m, then

p
EIX1=pus =~ (1-e?m),

p
+ —

2 (l —2Ame " — e_“m).

1 2
Var(X)=p(1 - p)up+pog=p(1-p) )Tz(l —e7tm)

It follows that the mean and variance of the X; (i.e., the case p=.10,A=1,m=2.5) are
.10

Blx] = — (1= e9) = 10 (1 - ),
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1 10
= -(1)(2.5))? -(1)2.5) -2 (1) 2.5)) =
Var (X;) = (.10) (.90) 1—2(1 -e ) + 1—2(1 - ERSe -e )=

09(1-e ) +.10(1-5¢25—¢7%)=.19- 68725 - 01 ¢

and the mean and variance of the Y; (i.e., the case p= .05, =2,m =35) are

05
E|Y;]= - (1-e@9)=025(1-¢717),

1 05
_ -2)(5))2 —@Q6) _ ~@QO) _
Var(Y,)—(.OS)(.95)2—2(1—e @) +2—2(1_(2)(2)(5)@ @O _ - ) =
011875 (1 -0 + 0125 (1 =20 €710 — &) =
024375 — 27375710 — 000625 ¢~ .

Consequently, the mean and variance of S are

E[S] =500 E[X] + 2000 E[Y] =
500 (.10 (1 = €72%)) +2000 (025 (1 = ¢7'%)) = 100 - 50 €2 - 50 ™' ~ 95.89348

and

Var (S) = 500 Var (X) + 2000 Var (Y) =
500 (.19 — .68 €™ — 01 ) +2000 (024375 — 27375 ¢~ - 000625 ¢~ ") =

1437534027 =57 - 54750 " - 125 »
115.7825543 ~ (10.76023)?.

a. Suppose that each policyholder is charged the same premium. Let P be the per-policy
premium in $100,000 lots. Then we require

Pr[S <2500 P] = .95.

Using a normal approximation for S we have
S—E[S] 2500 P —95.89348

<
v Var (S) 10.76023

Now @[1.645] ~ .95. Hence the required premium P is given by

2500 P — 95.89348
10.76023 '

Pr[S < 2500 P] = Pr

= Pr[Z <



Chapter Nine Solutions 151

2500 P — 95.89348
10.76023

~1.645,

that is,
P ~ 0454376.

Consequently, if all policyholders are charged the same amount, the required premium is
$4543.76 per policy.

b. Suppose that the insurer charges a policyholder with expected loss u the premium
P = (1 +¢) p where ¢ is the same for all policyholders. Then the premium for the 500
policyholders with claim incidence probability 10% is

P=(1+&E[X]=(1+0(10)(1 - %)~ 09179150 (1 + &)

and the premium for the 2000 policyholders with claim incidence probability 5% is
P=(1+&)E[Y]=(1+08) (025 (1-e'")=.02499887 (1 + &).

The requirement that aggregate premiums exceed aggregate payments 95% of the time
takes the form

Pr[S < (500) (.09179150) (1 + &) + (2000) (.02499887) (1 + ¢)] = .95,

ie.,

Pr[S <95.89348 (1 + )] = .95.

Using a normal approximation for S we have
Pr[§ <95.89348 (1 + 9] =

S — E[S] 95.89348 (1 + ¢) — 95.89348 [95.89348 (1+¢)—95.89348
Pr < ~®
V Var (S) 10.76023 10.76023

Since ®[1.645] =~ .95, the requirement on ¢ is
95.89348 (1 + ) — 95.89348

10.76023

~ 1.645,

ie.,
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¢~ .18458584.

Consequently, the required premium for policies with claim incidence probability 10% is
given by
P=(1+09) E[X]=(1.18458584) (.09179150) = .1087349,

i.e., $10,873.49 per policy, and the required premium for policies with claim incidence
probability 5% is given by
P=(1+08& E[Y]=(1.18458584) (.02499887) = .02961331,

i.e., $2961.33 per policy.

Comment: The total premium collected under the criterion in part a is

(2500) ($4543 .76) ~ $11,359,400.

The total premium collected under the criterion in part b is
(500) ($10,873.49) + (2000) ($2,961 .33) =$11,359,405.

Ignoring rounding error, we see that the total premium collected is the same. The
advantage of the criterion in part b is that it charges a premium that distinguishes
between the risks. This can help to avoid a problem with adverse selection.

20. Let S be the total amount of claims in hundreds of dollars. Then

S=W;+ -+ Wy

where W; is the size of the j-th claim in hundreds of dollars and N is the number of
claims. We are given that N ~ Binomial(4, .25) and the distribution of W is
Pr[W;=1]= 3, Pr[W;=2|= 45, Pi[W;=3]=25.

We are also given that the W; are mutually independent and independent of N. We are
asked to determine Pr[S > 5].

By the law of total probability,
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Pr[S>5]=
ZPr[S>5 | N:n]Pr[N:n]zZPr[Wl +-+Wy>5| N=n]Pr[N =n].
n=0 n=0

Since the W; are independent of N,
Pr[Wy + -+ Wy>5 | N=n]=Pr[W, +--- + W, >5].

Moreover, since N ~ Binomial(4, .25),
4 "
Pr[N = n] =(n) (25" (15" forn=0, 1, 2, 3, 4.
Hence
: 4
Pr[S>5]= Z Pr[W; + - + W, > 5] ( )(.25)" (.75)4—11.
n=0 n

Now since the only possible values of W; are 1, 2, or 3, the aggregate claim S cannot

exceed 5 if N < 1. In particular,
P[W* > 5] =0,

Pr{W, > 5] =0,

where W0 represents Wy + --- + W, when n=0. Hence
4
Pr[S > 5] =Pr[W, + W, > 5] ( 2) (25)* (75 +
4
Pr[W; + W, + W3 > 5] (3) (25)% (75) + Pr[W; + Wa + W5 + Wy > 5] (25)*.

Consider Pr[W; + W, > 5]. Since the possible values of W; are 1, 2, or 3, the only way
that the aggegrate claim S can exceed 5 is if both W; and W, are equal to 3, i.e.,
Pr[W; + W, >5]=Pr[W; =3 and W, =3].

Since the W; are independent, it follows that

Pr[W, + W, > 5] = Pr[W, = 3] Pr[W, = 3] = (.25)? = .0625.
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Now consider Pr[W; + W, + W3 > 5]. Put X = W; + W, + Wj3. For simplicity we will
determine Pr[X < 5] and then deduce the value for Pr[X > 5]. The values of the triple
(W, W,, W3) for which X <5 are as follows:

1,1, 1), (1,1,2), (1,1,3), (1,2, 1), (1,2,2),
(1,3, 1), 2,1,1), (2,1,2), 2,2,1), 3,1, 1).

Since the W; are independent, it follows that
Pr[X < 5] =Pr[W; = 1] Pr[W, = 1] Pr[W5 = 1] +
Pr[W, = 1] Pr[W, = 1] Pr[W3 =2] + --- + Pr[W, =3] Pr[W, = 1] Pr[W5 = 1] =
(3)* +3(3)*(45) +3(:3)° (:25) + 3(3) (45)* = 39825.

Hence
Pr[W; + Wy + W3 >5]=Pr[X>5]=1-Pr[X=<5]=1-.39825=.60175.

Finally consider Pr[W| + W, + W3 + W, > 5]. Put Y =W, + W, + W5 + W,. As in the
previous case, it is simpler to determine Pr[Y < 5] and deduce the value of Pr[Y > 5].
The values of the quadruple (W;, W,, W3, W,) for which Y <5 are as follows:

1,1,1,1), (1,1,1,2), (1,1,2, 1), (1,2,1,1), (2,1,1,1).

Hence arguing as before,

Pr[Y < 5] =Pr[W; = 1] Pr[W, = 1] Pr[W5 = 1] Pr[Wy = 1] +
Pr{W, = 1] Pr[W, = 1] Pr[W; = 1] Pr[W, = 2] + -+ +
Pr{W, = 2] Pr[W> = 1] Pr[W; = 1] Pr[W, = 1] = (3)* + 4 (3)® (45) = .0567.

It follows that
Pr[W + Wy + W3+ Wy >5]=Pr[Y>5]=1-Pr[Y =5]=1-.0567 = .9433.

Substituting these results into the earlier formula for Pr[S > 5] we obtain
4
Pr[S > 5] =Pr[W; + W, > 5] (2) (25)%(75)% +
4
Pr[W, + W, + W3 > 5] (3) (25)3 (75) + Pr[W; + Wo + W5 + Wy > 5] (25)* =

(0625) (6) (.25)> (.75)% + (.60175) (4) (25)> (.75) + (.9433) (25)* =
04507539 ~ 4.5 %.
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Consequently, the probability that aggregate claims on the given policy exceed $500 is
about 4.5%.

24.Let Y1, Y,, Y3, Y4 be the aggregate claims in thousands of dollars in the seasons spring,
summer, fall, winter respectively and let C denote the aggregate claims for the entire
year. By assumption, the ¥; have compound Poisson distributions with intensity
parameters
A =100, A, =75, A3=90, A4 =200

and claim amount random variables

Exponential (1), Exponential (2), Exponential (1), Exponential (.25).

Moreover, the Y; are assumed to be independent. Hence from section 9.5.2 of the

textbook or exercise 22, C has a compound Poisson distribution with intensity parame-
terA=A; + A, + A3 + A4, = 100 + 75 + 90 + 200 = 465 and claim amount W a mixture of

Exponential(1), Exponential(2), Exponential(1), and Exponential(.25) with mixing
weights 1, /A =100/465=20/93,1,/A=75/465=15/93,13/1=90/465=18/93,
Ay /A =200/465=40/93.

a. From section 9.5.2 of the textbook or exercise 21 part b, the formulas for the expected
value, variance, and skewness of a compound Poisson random variable are as follows:

E[C]=XE[W],
Var (C) = A E[W?|,

1 E[W?]
Yc = 117 . E—[W2]3/2 .

In this exercise, W is a mixture of Exponential(1), Exponential(2), Exponential(1),

20 15 18 40 .
537937937 03 and A = 465. Hence using the

general formula for the moment generating function of a mixture and the formula for the
moment generating function of an exponential random variable we have

Exponential(0.25) with mixing weights
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20 1 15 2 18 1 40 025

= . . . 4+ — =
93 1-¢t 93 2—¢t 93 1-¢t 93 025-¢
38 1 15 2 40 1

—_— 4 — e —

+ —- .
93 1—-¢t 93 2—-t 93 1-4¢

38 dk 1 15 dk 2
E[Wk]:M$)[O]— . ( )|,:0+ (—)|,=0

_E % 1—1¢ E % 2—t
40 d* 1 38 k! 15 k! 40
_— o= — —+ —-—+ —-45k) .
93 dif\1-41¢ 93 1 93 2k 93
In particular,
411 137
E[W] ==
186 62
2727 909
E|W?|= —=—,
186 62
62,397 20,799
E[W?] = =

372 124

Consequently, the mean, variance, and skewness of the aggregate claim random variable
is

2

i

137\ 2055
E[C] = L E[W] = 465 (6—2) =

909\ 13,635
Var(C):?LE[WZ]=465(6—2]= .

3 20,799
1 E[W? 1 o 2311
Yc=—-

NPE[w PR Vaes (%)” 3033030

~ .13855940.

b. The desired probability is Pr[C > 1200]. (Note that C is measured in thousands of
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dollars.) Fromipart a, we have
E[C] =1027.50,

Var (C) = 6817.50,
ve ~ .13855940.

Hence using a normal approximation we have
C—-E[C] 1200 -1027.50

>
V Var (C) vV 6817.50

where Z ~ Normal(0, 1) and ® is the standard normal distribution function. From the
table in Appendix E of the textbook and using linear interpolation we have

®[2.0892] ~ (.08) ®[2.08] + (.92) P[2.09] ~ (.08) (.9812) + (.92) (.9817) = .98166.

Pr[C > 1200] = Pr ~Pr{Z>2.0892] = | — [2.0892]

Consequently, under a normal approximation the desired probability is
Pr[C > 1200] = 1 — ®[2.0892] ~ 1 — 98166 = 1.834 %.

We can also approximate the desired probability using a normal power approximation.
From section 8.6 of the textbook we have the approximation

-3 9 6 c—uc
Fele]=®| —+ | —+14+ —-
Yc )% Yc Oc

Substituting the values of ¢, o¢, and y¢ specified earlier into this formula we have

-3 9 6 c—1027.50
Fcle]~® + +1+ . ~
13855940 (.13855940)? (.1385594) /681750
¢ —1027.50
®|-21.65136 + 469.7816+43.3027(7] .
82.5682

Hence the desired probability is
Pr[C > 1200] =1 — F¢[1200] ~ 1 — ®[2.0182].
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30.

From Appendix E of the textbook we have
®[2.0182] ~ (.18) ®[2.01] + (.82) D[2.02] ~ (.18) (.9778) + (.82) (.9783) = 97821.

Consequently, under a normal power approximation the desired probability is
Pr[C > 1200] ~ 1 - ®[2.0182] ~ 1 — 97821 =2.179% .

Both approximations give a numerical value of Pr[C > 1200] that is fairly small. How-
ever, the value of 2.179% determined by the normal power approximation is probably
closer to the true value because it incorporates the impact of the skewness of C which is
not entirely negligible in this case. Since the normal distribution is symmetric (and
hence has skewness of 0), it has a tendency to underestimate probability in the right tail
of distributions with a positive skew.

Let N be the number of claims received on this policy and let X be the aggregate
amount of claims for this policy. Then from the given information, the distribution of N
is given by

pn[0] = .50, py[1]=.30, py[2]= .20

and
X=0 if N=0,
X=W ifN=1,
X=W+W, if N=2,

where W; ~ Exponential(1/2) and the W; are independent. From section 6.1.2 of the
textbook, we know that the sum of independent exponential random variables with

o 1
common parameter A has a gamma distribution. Hence Wy + W, ~ Gamma(Z, 5).
Consequently, X is a mixture of a certain point mass at 0, the distribution

Exponential(%), and the distribution Gamma(Z, %) with respective mixing weights .50,
.30, .20.

a. From the observation that X is a mixture of the type just described it follows that the
distribution function of X is given by
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Fxlx] = 50 Fx, [x] + 30 Fy,[x] + 20 Fy, [x]

where

P 3 1 forx=0,
x [x] = { 0 forx <0,

1 — e 2 forx=0
F = ’
%14 {O forx <0,
and
Fx,[x]=1-S8x,[x] =
n ,—x/2 X
1- 1:0% forx=0, | _ {l—ex/2(1+5) forx=0,
0 forx <0; 0 forx <0.

(See section 6.1.2 of the textbook for the formula for the survival function of a gamma
distribution whose parameter r is a positive integer.) Simplifying we obtain

1-e™?(50+ .20 %) for x>0,
Fx[x] = 2
for x <O0;
_ { 1 - .50 e ¥? (1 + )5—() forx=0,
0 for x < 0.

b. To determine the unconditional mean and variance of X we condition on N and use
the formulas

E[X] = E[EIX | N1,
Var (X) = Ey[Var (X | N)] + Vary (E[X | N]).
From the earlier observations, we have

E[X | N]=E|0] iftN=0,

E[X |N]=E[W;] ifN=1,

E[X|N]=E[W, + W,]if N =2,

and
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Var(X | N) = Var(0) if N=0,
Var(X | N) = Var(W,) ifN=1,
Var(X | N) = Var(W; + W,) if N=2.

Since W; ~ Exponential(1/2) and the W; are independent, it follows from the formulas

for the mean and variance of an exponential distribution (section 6.1.1 of the textbook)
and the distribution of N specified earlier that

E[X|N]=0 with probability .50,

E[X|N]=2 with probability .30,

E[X|N]=4 with probability .20,
and

Var(X|N)=0 with probability .50,

Var(X |N)=4 with probability .30,

Var(X|N)=8 with probability .20.
Consequently,

EN[E[X | N]] = (0) (.50) + (2) (.30) + (4) (20) = 1 4,
Ey[Var (X | N)] = (0) (.50) + (4) (.30) + (8) (:20) = 2.8,

and
Vary (E[X | N]) =
Ey| EIX | NT| = (ExLELX | N11)* = {(0)* (:50) + (2)* (30) + (4)* (20)} —
{(0) (.50) + (2) (30) + (4) (20)}> = 4.4 — 1.96 = 2.44.

Therefore, the unconditional mean and variance of X are
E[X]=EN[E[X|N]]=14,

Var (X) = Ey[Var (X | N)] + Vary (E[X | N]) =2.8 + 244 =524,

c. From the solution to part a, we have
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X
Sx[x] = .50 e (1 + g) forx = 0.

Hence the probability that aggregate claims exceed three is

3
Sx[3]= 5073 (1 + g] = 80e %~ .1785.
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1. Let ug, o5, up, op be the expected return and standard deviation of return for the stock
and bond funds respectively, and let p be the correlation of the returns for the two funds.
We are given that yg =15 %, 05 =20 %, ug=5%,05=10 %, p =0.25.

a. From section 10.1 of the textbook, the equation of the curve in the risk-reward plane
representing the possible portfolios is

0% = A(u— o) + 5

where

~ (cs—0op)’+2(1-p)osos

- ’

(s — pp)*

Us 0% — (Us + 4B) P Ts O + g 0%

Mo = > >
(cs—op)+2(1-p)osop

) o3y (1-p%)
0-02

(os—0opP+2(1-p)osaoy

Substituting the given values of us, o, g, 0p, p into these expressions we have

(20 % — 10 %)? + 2 (1 — 25) (20 %) (10 %)

>

(15% - 5 %)?
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(15 %) (10 %)% — (15 % + 5 %) (0.25) (20 %) (10 %) + (5 %) (20 %)?
Lo = =6.25%,
(20 % — 10 %)* + 2 (1 — 25) (20 %) (10 %)

(20 %)? (10 %)* (1 — (:25)?
05 = ( ) =93.75 (%) ~ (9.68 %)*.
(20 % — 10 %)% + 2 (1 — 25) (20 %) (10 %)

Consequently, the equation in the risk-reward plane is

0% =4 (1~ 6.25 %) +(9.68 %)>.

b. From part a, the portfolio with the least risk has risk-reward coordinates

00 =9.68 %,

Ho=6.25%.

c. The graph is straightforward to create using Mathematica or similar computer
software.

d. For an investor with utility functional U = u — k 0%, the optimal allocation in the

stock fund is
M = up
Ms — UB

where p* is the return on the optimal portfolio and given by

1

W=po+ —
* kA

(see section 10.1 of the textbook). In this exercise, k = 1/100. Hence the return on the
optimal portfolio is
1 1
W=py+—=625%+———=1875%
2kA 2 ( )
100 %

and the fraction invested in the stock fund is
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w—pug 1875%-5%
= =1.375.
Ms — UB 15%—-5%

The interpretation of this is as follows: For every $1000 of investable assets, one should
sell short $375 of bonds and invest $1375 in stocks. If it is not possible to sell short the
bond fund, then the next best thing for this particular investor is to invest 100% of the
portfolio in the stock fund.

3. Let xy, x, x3 be the weights of S}, 5>, S3 in the optimal risky portfolio and A be the
reward-to-variability ratio for the optimal risky portfolio when the risk-free rate is .
From section 10.3 of the textbook, x;, x5, x3, and A satisfy the following system:

o (Ax)) + 012 (Ax) + 013 A x3) = g — 7y,
021 (Ax1) + 05 (A xp) + 093 (A X3) = pip — 1,
031 A X)) + 030 A x2) + 05 (A x3) = iz — 1.

This system has a unique soltuion in A xj, A x5, A x3 provided that the variance-
covariance matrix is nondegenerate, which we will assume. Hence

)L)Cl =C11 +012rf,
AXQ=C21 + C2o rs,
AX3 =C31tC3Ty,

where the ¢; ; are independent of ry. We are given that when ry =5 %,

74 -60 79
Xj=—, Xp=——, x3=—, A=465.
93 93 93

Substituting these values into the preceding system we obtain
74

(46.5) (—] =cn + e (5),
93

-60
(46.5) (—] =y + ¢ (9),
93
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79
(46.5) (—] =c31 +¢32(5),
93

where the units of ¢;; and ¢;, are as appropriate. We are also given that when ry =10 %,

12 =20 27
X1=—, Xp=—, X3=—, A=19.
19 19

Hence arguing as before we obtain

12
(19) —] = ¢y + 2 (10),
19

=20
(19) —] =1 + ¢ (10),
19

27
(19) —] =c31 + ¢33 (10).
19

The six equations in the ¢; ; are most easily solved by considering them as three sets of
two equations:

37=cy1 +5cq,
12=C11 + 106‘12;

=30=cy + 522,
=20 =51 + 10 ¢99;

39.5=C31 +5C32,
27 =c31 +10c3;.

Solving these equations we obtain
C11 262, C]2=_57
c21=-40, ¢ =2,

C31 = 52, C3p = -2.5.

Hence the coordinates of the optimal risky portfolio are given by
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Ax; =62 - 57y,
Axy=-40+2ry,
Ax3=52-257r;.

In particular, for r = 15 % we have

Ax;=-13, Ax,=-10, Ax3=14.5

and so
26 20 -29
X1= " 2= —, X3= ——.
17 17 17

8. We are given that the expected return and standard deviation on the market portfolio are
Uy =15 and oy = 15 and the expected return and standard deviation on the global

minimum variance portfolio are uy =5 and oy = 5. Note that in this context the global

minimum variance portfolio refers to the portfolio among those with no position in the
risk-free asset whose variance is the smallest. Since both the market portfolio and the
global minimum variance portfolio must lie on the minimum variance set of risky
portfolios ("risky" meaning that there is no position in the risk-free asset), we can
determine the equation in the risk-reward plane for the minimum variance set. Indeed,
from sections 10.1, 10.2, and 10.3 of the textbook, the minimum variance set has
equation

o? = A - o) + 03

where (0, o) are the risk-reward coordinates for the global minimum variance portfo-
lio. Substituting the values of (o, w) for the market portfolio into this equation and
solving for A, we find that A = 2. Hence the minimum variance set for the risky portfo-
lios is defined by

o?=2(u->5)+25.

We are given that the rate of return on risk-free investments is 3% and short positions in
the risk-free asset are not allowed. Consequently, the set of efficient portfolios consists
of two separate pieces:
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i. The line segment between the points (0, 3 %) and T where T is the point of
tangency for the curve 02 = 2 (u — 5)* + 25 and the tangent line through (0, 3 %).

ii. The portion of the curve 0> = 2 (u — 5)> + 25 to the right of the point 7.

Note that by the definition of a zero-beta companion portfolio, 7 is the efficient portfolio
whose zero beta companion has expected return 3%.

Because short positions are not allowed in the risk-free asset, the market portfolio will
lie on the portion of the curve o2 = 2 (u — 5)* + 25 that is to the right of 7. We don't
actually need to make this observation to determine the answers to parts a through d. It
will be a consequence of our calculations. However, it is helpful to keep this fact in
mind as we proceed through the rest of the solution.

a. Let (ozar), Mzan) be the risk-reward coordinates for the zero beta companion of the
market portfolio M. From the definition of a zero beta companion, pzay) is the pu-
intercept of the tangent line to the hyperbola 0 = 2 (i — 5)* + 25 through the point
(oam, ). The value of pzay) can be determined from the equation

du | _ My~ Bz
do (0, 1W)=(0m 5 Hpr) o — 0 :

Note that the left side of this equation is the slope of the hyperbola at the point (s, tr)
and the right side of this equation is the slope of the line through the points (0, uzas))
and (0, ). A formula for the derivative d u/d o can be determined by implicitly

differentiating the equation 0> = 2 (u — 5)* + 25:
du o
do 2u-5)

Substituting (o, pm) = (15, 15) into the equation for pzs) and solving we obtain
Hz M) = 3.75.
Since the zero beta companion of M must lie on the minimum variance set, we can

determine the standard deviation of the zero beta companion by substituting this value
for pizy) into the equation or=2 (u— 5)2 +25. When we do this, we find that
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0Zan =2z = 5)* +25=2(3.75 - 5)* + 25 =28.125.

Hence the expected return and standard deviation for the zero beta companion of the
market portfolio are

Hz M) = 375,

Ozwm =V 28.125 ~5.30.

b. From section 10.3 of the textbook, we know that every portfolio on the minimum
variance set can be constructed using only the market portfolio and its zero beta compan-
ion. Indeed, for any portfolio Q on the minimum variance set, the weights x;, x, in M,
Z(M) are given by

21 22
X1 = s X =
1t 21t

where
W @)
0 oZu)\22 Hzan =T

and where r is the expected return on the zero beta companion of Q. Since T is a

portfolio on the minimum variance set, it follows that T can be constructed using only
M and Z(M). Since the expected return on the zero beta companion of T is 3% and

(O zamys Mzon) =(5.30, 3.75) from part a, it follows that the weights x;, x, in M, Z(M)
can be determined by solving

(5 2] C)= (52
0 28.125)\z) \375-3)
When we do this, we find that

12 0.75

= - 22 =
225 28.125

<1

and so
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21 2 2 1
X1 = =—, X2 = =—.
2+ 3 z+z 3

. . . .2 .
Consequently, we can replicate portfolio T by investing 3 of our assets in the market

portfolio and the remaining % in the zero beta companion of the market portfolio.

c. Let Ry, Ry, Rz denote the returns on the portfolio T, the market portfolio M, and
the zero beta companion of the market portfolio respectively. Then from part b,

2 1
RT =X RM + X2 RZ(M) = ERM + ERZ(M).

Hence using the fact that iz = 3.75 from part a,

2 1 2 1
E[Rr] = gE[RM] + gE[RZ(M)] = §(15) + §(3'75) =11.25.

Now the CAPM for the efficient portfolios lying to the right of the tangency portfolio 7'
(i.e., the efficient portfolios with expected return greater than E[R7]) is given by

E[R] = E[Rz un)] + B(E[Rm] = E[Rz wp))),

with the restriction on 3 to be determined shortly. (See section 10.4 of the textbook.)

This version of the CAPM is used since the efficient portfolios with expected return
greater than E[R7] do not have a position (either long or short) in the risk-free asset.
Since T does not have a position (either long or short) in the risk-free asset, it follows
that E[Ry] and Sr satisfy the preceding CAPM equation, i.e.,

E[Rr] = E[Rz )] + Br (E[Rm] — E[Rz o).

Substituting the given and calculated values into this equation, we have

11.25=3.75+ Br (15 -3.75)

from which it follows that

ﬁT=§~
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Since the CAPM equation is increasing in § and since all efficient portfolios with
expected return less than E[R7] lie on the straight line through (0, 3 %), (o7, ur) (and
hence contain a long position in the risk-free asset), it follows that the preceding CAPM

equation only holds for § = Br,i.e., for = %

d. From part c, the security market line for efficient portfolios with expected return
greater than E[Rr] is

E[R] = E[R7 )] + B(E[Ru] — E[Rz ).

As noted in part c, this equation holds for § = Br. Substituting the given and calculated

values into this equation, we see that the security market line for § = 5 1s given by

E[R1=3.75+11258.

The security market line for efficient portfolios with 8 < % is simply the straight line in

the -y plane through the points representing 7" and the risk-free asset. The reason for

this is that all of the efficient portfolios with expected return less than E[R7] lie on the
straight line in the o-u plane through the points (0, 3 %), (o7, ur),and so T plays the

role of the market portfolio in this case. The equation of the line in the 8-u plane
through the points representing 7" and the risk-free asset is in general
E[Rr] —7f

E[R]=r+ 8
! Br

Substituting the values of E[R7] and S determined in part ¢ and the given value of the
risk-free rate we have
E[R]=3+12375p8

forﬁs%.

Consequently, the security market line for efficient portfolios is given by
3+123758  forfs<13,

E[R] = ;
375+1125B8  forf=3
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The security market line for individual risky assets is given by the general form of the
CAPM for all values of S:

E[R] = E[Rz )] + B(E[RyM] — E[Rz an)])-

Substituting the values of E[Ry/] and E[Rzy)] into this equation we obtain

E[R]=3.75+11258 forallvaluesof .

This equation provides information on the "required return" for a risky asset to be a
candidate for investment. Note that the "required return" is higher for an individual

risky asset of risk level 8 (with 8 < %) than it is for an efficient portfolio of risk level (.

. . - S 2
This makes perfect sense since an efficient portfolio with 8 < 3 has a return component

(the risk-free component) that is completely certain.





