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Note that in this graph the more lightly shaded regions are the regions on which the
value of Fy, x, is greater. Note further that this graph only displays the portion of Fy, x,

inside the square [-1, 3] x [~1, 3]. However, from the given graph, the nature of FY, y,
outside this square should be readily apparent.

b. The two-dimensional graph created in part a suggests that a three-dimensional represen
tation of the given F, x, will consist of several blocks with rectangular faces. The

required three-dimensional graph can be created using Mathematica or similar computer
software.
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Note that the view point for this picture is in the third octant (i.e., the octant with x; <0,
Xy <0, and z > 0) rather than the more customary first octant (i.e., the octant with
x1>0,x, >0, and z> 0). Since Fy, x, is increasing in both x; and x,, we get a better

visual representation for the graph of F, x, by doing this. Choosing a view point in the

third octant also facilitates comparisons with the two-dimensional graph generated in
part a and makes the determination of a formula for py, x, in part ¢ simpler.

c. It is relatively straightforward to determine the probability mass function for a discrete
univariate random variable from its distribution function. Indeed, the locations and sizes
of the probability masses are simply the locations and sizes of the jumps in the graph of
the distribution function. However, determining the probability mass function for a
discrete bivariate random variable from its distribution function is not quite so simple.

It is still true that the presence of a probability mass results in a jump on the graph of
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Fx, x, at the location of the probability mass. The demonstration of this fact in the

bivariate case is similar to its demonstration in the univariate case (see Example 1,
section 4.1.2 of the textbook). However, it is no longer true that every jump on the graph
of Fy, x, arises in this way: Looking at the graph generated in part b, we can see that

this graph has jumps along each of the lines x| = a for a > 0. If each of these jumps
corresponded to a different probability mass, the set of points with non-zero probability
mass would be infinite. But then the function F, x,itself would have an infinite number

of values rather than the five that it actually does.

If we think a little bit harder about what actually happens to the distribution function at a
point where a probability mass is located, we soon realize that at such points a new
"block" is created. (Consider the graph in part b.) From this realization, it follows that
for the specifed F, x, the only possible locations for probability masses are the points

0,0,), (0, 1), (1,0), (1, 1) (see the graph in part b). After a little reflection, it becomes
apparent that there are non-zero probability masses at each of these points.

The size of the probability mass at (0, 0) is relatively straightforward to determine. From
the graph of Fy, x,, it is é. The size of the probability mass at (0, 1) can be determined

by moving along the line x; = 0 and calculating the size of the jump that occurs when

the point (0, 1) is reached. Following this procedure, we find that

Px, x, 0, 1)= % - é = i. Using a similar approach, we get px, x,(1,0) = jT - % = % The
size of the probability mass at (1, 1) is then determined by the requirement that the
probability masses must sum to 1. Hence, px, x,(1, 1) = %

To summarize, the probability mass function for the specified distribution is

1 1 1 1
Px, x,[0,0]= 3’ Px, x,[0,1]1= 2 Px, x,[1,0]= 3’ Px, x[1,1]1= 5

It is straightforward to check that the distribution function corresponding to this probabil-
ity mass function has the form specified. Hence, by the uniqueness of probability mass
functions, this must be the correct definition for py, x,.

d. The graph of the probability mass function specified in part ¢ can be created using
Mathematica or similar computer software.
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Note that the view point for this graph is in the third octant to facilitate comparisons with
part b.

e. The distribution functions of bivariate and univariate distributions have the following
similarities:

i. Both are non-decreasing.

ii. Both have values between O and 1.

iii. Both having limiting values of 0 and 1 at "extreme" locations.
However, they also have some important differences:

i. Not every jump on the graph of a bivariate distribution function corresponds to a
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probability mass (see the discussion in the answer to part c).

ii. The function F, x, need not tend to 1 along every line to infinity. Consider, for

. 1 . 1 .
example the line x| = 5 or the line x, = 5 on the graph constructed in part b.

iii. It is not generally possible to determine the value of py, x, by looking at the

differences in height between two neighboring planes. Instead, one must consider the
relationships among the heights of all neighboring planes at the point where a
probability mass is located. As an illustration, consider the point (1, 1) for the Fx, x, of

this problem (see the answer to part c for details).

9. a. A graph of the region of nonzero probability can be created using Mathematica or
similar computer software.
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A graph of the density function in three-dimensional space can be created using Mathe-
matica or similar computer software.
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b. Recall that from a graphical perspective, conditional densities are scaled cross-
sections (see section 4.1.9). From the graph of the bivariate density fy, x, created in

part a, the cross-sections parallel to the respective axes define rectangular regions. We
can see this more clearly from graphs that highlight the cross-sections:
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From these two graphs, we can make the following observations:

i. The cross-section defined by X; = x; outlines a rectangle with base length 2 — x;

and height % Hence for each x;, the distribution of X, | X| = x; is uniform on
(0,2 —xp), that is,

Sxoix=x [X2] = forx, € (0,2 — xy).

- X

ii. The cross-section defined by X, = x; outlines a rectangle with base length 2 — x;

and height % Hence for each x;, the distribution of X | X, = x, is uniform on
(0,2 — xy), that is,
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1

Sxx=x[X1]1= forx; € (0,2 — x3).

- X

From the formulas for fx,x,=x, and fx,x,=x, just determined, it is clear that knowledge of

the value assumed by one of the random variables affects the distribution of probability
for the other. Consequently, X; and X, are not independent.

c. Recall that from a graphical perspective, marginal densities are projections. From the
graphs created in part b, we can make the following observations:

i. The cross-section defined by X = x| outlines a rectangle with base length 2 — x;
and height % Hence the amount of probability projected onto the x;-axis at the point x;

is % (2 — x1) (the area of this rectangle). Consequently, the marginal density of X; is
given by fy, [x1] = 3 2 - x) for x; € (0, 2).

ii. The cross-section defined by X, = x; outlines a rectangle with base length 2 — x,
and height % Hence the amount of probability projected onto the x,-axis at the point x,
is % (2 — x») (the area of this rectangle). Consequently, the marginal density of X, is

given by fx,[x2] = % (2 — xp) for x, € (0, 2).

It is straightforward to verify that these formulas are correct using the algebraic defini-
tions given in section 4.1.8. Indeed,

fxxl= | fxxlx,xldx =

R B |
fOclx2+f —clx2+f O0dxy=—-2-x;) forx; €(0,2)
—00 0 2 2—)(1 2

and similarly,

1
fx,[x2]= 5 2-x,) forx, €(0,2).

d. The formulas for the conditional densities determined in part b can be verified using
the algebraic definition of conditional density given in section 4.1.9 and the formulas
for the marginal densities determined in part c. Indeed,
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1
fx x,[x1, x] 5 1
fX]|X2:x2[x1] = = ! = forx1 E(O,Z—XQ) andxze(0,2).
Sx, [x2] 3 Q2-x)) 2-x

Note that for fixed x, € (0, 2), fx, x,[*1, x2] =0 for x; <0 or x; > 2 — x,. Similarly,
1
Ix x[x1, x2] 3 1
= = for x, € (0, 2 — x;) and x; € (0, 2).
Jx, [x1] %(2_)(1) 2-x

Sxox,=x, [X2] =

Note that these formulas only hold for the specified values of x; and x;.

e. Graphs of the marginal and conditional densities are as follows:

Ix,
1

0.8}
0.6}
04}

02}

X]
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fX2|X/

. — X,
2—x bi 2

These graphs are consistent with the graphical interpretations of f, , fx,, fx,x,,and
Jfx,1x, considered in part b and part c.

f. Recall that probabilities associated with bivariate distributions can be interpreted as
volumes of particular regions under the two-dimensional surface defined by the density
function. Since the density function in this exercise assumes the constant value % on the
region of nonzero probability, it follows that the probability Pr[X; > 2 X,] is equal to %

times the area of the region of nonzero probability defined by X; > 2 X,. The latter
region is illustrated in the following graph:
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From basic geometry, the shaded region in this graph has area
1\(4)(2 1 4\(2y 4 2 2
—M=-"=1+]=[2-=1=-|==-+-=-.
2J\3)\3 2 3)\3) 9 9 3

Consequently, the desired probability is

1 2 1
PriX; >2Xp]= —x—=—.
2 3 3

11. a. By the distributional form of the law of total probability,
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Sfxlx] =

—00 0

Using integration by parts twice, we have
e~ 0+2)

f4/12 e g =422 1%, —fsa
0 —(x+2) 0

fxamalx] falAldA = fm (e (42e?Y)dA= F 422 102 g,

0

A6+

dA=
—(x+2)

e—/\ (x+2)

0+

So

forx > 0.

fxlx] =

(x+2)3
Using this formula, we have

Pr[X >2] = fwg (x+2) 7 dx=-4(x+2)72[F
2

b. If a claim of size two is received, then the insurer's belief about the true value of A

8 8 e—)t(x+2)
fA @) g = A 2, _flx dA|=
x+2 Jo x+2 —(x+2) 0 —(x+2)

8 1 8
[o + f e M) cﬂ/\) = .
x+2 x+2Jo (x+2)°

going forward is captured by the distribution of A | X = 2. Using the distributional form

of Bayes' theorem we have
Jxia=a[2] falA]

FaalA] =
e A2l

From the given information,

frpal2l=2e™ | =2 e,

faldl=4 2720
Further from part a,

1
fR1=8(x+2)7 g = .
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Consequently, the density of A | X =2 is given by

(e (42e2Y)
s =322 e**  ford>0.

Sax=2[A]=

This density encapsulates the insurer's belief about A going forward

m Section 4.2.4 Exercises

3. The expectation of a function of a mixed random variable can be calculated by consider-

ing sums over the discrete part and integrals over the continuous part (see section 4.2.1
for details). Hence

1 1
|X+1|]_(|x+1|)|x__2>< +(|x+1|)|x_2>< +

l+x l—x
f(|x+]|)( )a?x+f(|x+l|)[ ]dx—

3
—+—+—f0(x+1)zdx+—f(l— )alx_1+—+——
4 4 2 6

3 —

Note that |x+1|=x+1forx=-1.
m Section 4.3.3 Exercises

3. One of the important properties of the moment generating function for a random variable
X is that it characterizes the distribution of X, i.e., there is one and only one moment
generating function associated with each probability distribution (see section 4.3.1).
Hence, if we can construct a probability distribution whose moment generating function
is the one given in this exercise, then that distribution must be the distribution of X
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. 1 o . . .
The presence in My of s which is the moment generating function for an exponential

distribution with parameter A = 1 (see Example 6 of section 4.3.1 and Example 2 of
section 4.2.1), suggests that the distribution of X contains an "exponential component".

. 1 . .
At the same time, the presence of the term ; suggests that there is a probability mass of

. 1 . . . .
size 7 atx=0. Taken together, these observations suggest that X has a mixed distribu-

tion with a discrete probability mass at x =0 and a continuous exponential part on the
interval x > 0. As an initial guess, consider the distribution for a random variable Y

with probability mass i at y =0 and continuous distribution on y > 0 given by
3 —_
frlyl= ¢ Y. y>0.

From the definition of moment generating function and the formula for calculating the
expectation of a mixed random variable (see sections 4.3.1 and 4.2.1), we have

1 3 1 3 1
My[t]zEy[e’Y]=eo-—+fety-—e_ydy=—+—-—, t>1
4 S 4 4 4 1-t

which is identical to the moment generating function given. Hence, by the uniqueness of
moment generating functions, it follows that the mass-density function for X is given by

1 3
px[0]=—, fxlx]l=—e€*, x>0.
4 4

From this, it follows that the distribution function of X is

13

rid-e” forx =0,
Fx[x]=Pr[sz]={ sty -e™) or x

0 otherwise.
Hence

3
1—-=-e* i >0,
FX[X] = { 4 e orx
0 otherwise.

The graphs of fx and Fx can be created using Mathematica or similar computer software.
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6. From the formulas given in section 4.3.1 (and derived in exercise 5), the mean, variance,
and skewness can be determined from either the moment generating function or the
cumulant generating function. For the distributions of this question, we will use
whichever approach is simpler from a computational viewpoint. This means consider-
ing the cumulant generating function for parts a, d, and e, and the moment generating
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function for parts b and c. Note however, that in each part, the mean, variance, and

skewness can be determined using both approaches.

a. Since Mx[f] = (1 —1)~", we have
Yxlt] = —log[1 —1].

Differentiating Yy successively, we have
Yl =1 -0,
Yxll =1 -0,
Dl1=201-n73.
Hence
px =yx[0] =1,
ok =yxl0l=1,
yPor 2

3/2
p 1o 1

Yx
. 1 1
b. Since Mx[t] = 3 e+ 3 e~ %!, we have

M'[t]:—et—e_”,
o

1
Ml =~ e+2e7,

1
Ml = Eet—4e*2t.

Hence

-1
E[X] = M[0] = 5
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5
E|x*] = Mito1= .,

-7
E[X*] = M{[0] = -

Consequently,
-1

Hx = —,
2

5 (=1y* 9

and
E[X?] - 3E[X?] E[X] + 2 E[X] (‘2—7)—3(2)(‘71)+2(‘2—‘)3
Yx = i = Yo =0.
X (z)

Note that it would be much more complicated to use the camulant generating function
here since the expression for wgﬁ) cannot be simplified to any great extent.

9. Recall that for non-negative random variables X, the expected value can be calculated

using the following formula:

E[X] = fmSX[x] d x
0

(see section 4.3.2). Hence for the random variable X with survival function

Sx[x] =1 +x)7%, x= 0 we have
E[X]=r(1+x)_zdx=—(l+x)_l I =1.
0

The variance of this particular Pareto distribution is actually infinite. To see this, note

that
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fxlxl==Sk[x]=2(1 +x) 3

and
E[X2]=fofX[x]dxszxz(l+x)’3cﬂx.
0 0

However, from the relationship 2 x> > % (1 + x)*> which holds for x = 1, we have

1 1
f2x2(1+x)’3dx2Eﬁ(1+x)’laf)c=Elog[1+x]|‘1’°=oo.
1 1

Consequently E[Xz] = oo and so Var(X) = co as well.
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1. Recall that the probability mass function of the binomial distribution is given by

n —X
Px[x]=(x)px(l—p)" , x=0,1, ..,n

and the mean and variance are

Hx =np,

ox=np(-p).

Using the general formulas

E[(X - ux)’| = E[X’]| - 3E[X?| E[X] + 2E[X],

MP[0] = E[X*]

and the formula for the moment generating function of a binomal random variable, one

can show that the skewnesss of a binomial random variable is given by
1-2p

Yx=—T—"".
(np(1-p)'”

From these formulas, one can give the qualitative descriptions requested in part a.

a. Suppose first that n is fixed. Then as p increases from O to 1, the distribution of
probability moves from being concentrated around the point x = 0 to being concentrated
around the point x = n. In the limiting cases p =0 and p = 1, the distribution reduces to
a point mass. From the formula for yy, it follows that the distribution is positively



Chapter Five Solutions 45

skewed when p < %, negatively skewed when p > %, and has zero skew when p = %
From the formula for py, it follows that the distribution obtained by replacing p with
1 — p is the reflection of the given binomial distribution in the line x = g and is itself a

binomial distribution. Indeed,

n n!

PX[— -k

— n/2 —k n/2+k
|- e
2 (5-K)! (5 +k)!

Hence a binomial distribution is symmetric if and only if p = %

From the formula for 0'%, it follows that the binomial distribution with the greatest
variance for a given n is the one with p = % and the variance equals O when p =0 or

p =1 (the cases in which the distribution reduces to a point mass). It also follows that
the variance of a binomial distribution is invariant with respect to interchanging p and
1 — p, which makes sense since the distributions with p and 1 — p interchanged are
mirror images of one another, as noted earlier. From the formula for uy, it is clear that
the mean of a binomial distribution is directly proportional to p.

Now suppose that p is fixed and is not equal to O or 1. Then as n increases, yx

approaches 0. Indeed,
1-2p

yX:—lz—>O asn — oo.
(np(1-py"

Hence for any fixed p, the distribution becomes more symmetric as n — co. Moreover
by considering graphs of px with the same p and various 7 it is apparent that the

distribution becomes more "bell-shaped" as n — co. (This can be proved directly from
the formula for py, but students are not expected to furnish such a proof at this point in

the book.) For fixed p, the mean and variance are both directly proportional to 7.

Hence although the distribution becomes more bell-shaped as n — oo, it is also true that
the distribution's variance increases without bound as n — co.

b. From the formula for py, it follows that

pxlx+1] (n—x) p n+1 . p
pxlxl \x+1 [l—p)_(xﬂ ) )[1—19]
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forx=0, 1, ..., n— 1. Hence, the ratio px[x + 1]/ px[x] is decreasing for all x.
Consequently to show that py first increases and then decreases it suffices to show that
px[11/px[0] > 1 and px[n]/px[n—1] <1. Now

px(1] _np
px[0] 1-p
and
pxln] _[1]( P ]
pxln-11 \nJ\1-p)
Hence
px(1] 1
>l © np>1l-p & p>
px[0] n+1
and
pxl(n] 1
— =<1 o p<1- .
pxln—1] n+1

Therefore, if n and p are such that 1/(n+1) < p < 1 — 1/(n+ 1), then the graph of py
first increases and then decreases. On the other hand, if p < 1/(n + 1) then
px[1]/px[0] =1 in which case px[x+ 1]/px[x] <1 forallx=0, 1, ...,n— 1 and the
graph of py is always decreasing, whereas if p = n/(n + 1) then px[n]/px[n—1]=1in
which case px[x + 1]/ px[x] =1 forallx=0, 1, ..., n— 1 and the graph of py is always
increasing.

c. From the answer to part b, the ratio px[x + 1]/ px[x] is decreasing. Hence to deter-
mine the modes we need only determine the integers m for which

px[m+1] px[m]
—=<land ——— >
px[m] px[m—1]

Now
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pxlx+1] n—x p
—=1 o ( )[ )sl o xz(n+l)p -1
pxlx] x+1/\1-p
and
pxlx] n—x+1 p
—=>1 & (—)( ]zl & xs(n+1)p.
pxlx—1] x l1-p

Consequently the modes are the integers m such that

m+H)p-l=m=<m+1)p.

Therefore when (n + 1) p is an integer there are two modes, one at (n + 1) p and one at
(n+ 1) p— 1. Otherwise, the distribution has only one mode.

Comment on Exercises 7 and 8: The objective of exercises 7 and 8 is to introduce students
to the important topic of distribution fitting. In many practical problems, one is given a
set of data rather than an explicit formula for a distribution function and one must make
inferences on the basis of this data alone. One approach to take in such situations is to
fit the data to a distribution with known characteristics and use the fitted distribution as
the probability model. This approach is known as parametric modeling and is illus-
trated in its simplest form in exercises 7 and 8. There are two questions that arise
naturally in parametric modeling:

i. Which family of distributions (e.g., Poisson, binomial, negative binomial, etc)
models the data best?

ii. Which distribution in the selected family (i.e., which values of the parameters in
the selected family) models the data best?

Students will not yet have the background to answer either of these questions adequately
(unless they have already taken a course in statistical estimation, which usually follows
a course in probability). Exercises 7 and 8 provide an introduction to these important
statistical questions in a relatively simple setting.

7. Let N be the number of claims associated with a randomly chosen policy.

a. Let p, denote the relative frequency function for the given data set. (In statistics, this
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A
is also referred to as the frequency function for the empirical distribution.) Then p,, is

given by
pyl01=122, p,[1]1= 188, p,[2] =188, p,[3]1=.156, p,[4]=.117, p,[5]= 082,
pyl61= 055, p,[7] =035, p,[8]= 022, p,[9]= 013, p,[10] = .022.

A
b. A bar chart for p, can be created using Mathematica or similar computer software.

IA7N Empirical Distribution
02
015}
0.1}

0.05

o 1 2 3 4 5 6 7 8 9 10

Note that the distribution is discrete and positively skewed. Based on the distributions
studied in chapter 5, this suggests that possible models include the Poisson, negative
binomial, or binomial with parameter p small.

c. From part a, the implied mean is

0)(.122) + (1) (.188) + (2) (.188) + ... + (9) (013) + (10) (.022) = 2.998

and the implied second moment is

(0%) (.122) + (17) (.188) + (2%) (.188) + ... + (9°) (013) + (10%) (.022) = 14.622.

Hence the implied variance is

14.622 — (2.998)% = 5.633996.
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To one decimal place, the implied mean and variance are 3.0 and 5.6 respectively. From
these calculations it appears that E[N] < Var(N). Since negative binomial distributions
have this property (i.e., mean less than variance) but Poisson and binomial distributions
do not, a negative binomial model would appear to be the best among these three
choices.

d. The simplest way to fit a distribution to data is to match moments. Since the negative
binomial distribution has two parameters, this means equating the first and second
moments. We are instructed to fit the distribution by equating means and variances.
Since the mean, variance and second moment are related by the general formula
Var(X) = E[Xz] — E[X]?, this approach will give us the same result, ignoring rounding
errors. Note that moment matching is the simplest but by no means the only way to fit a
distribution to data. Students will encounter other techniques when they take a course
in statistical estimation.

From section 5.3, we know that the mean and variance of a negative binomial distribu-
tion with parameters r and p are

r(1-p)
N]l=—
p
and
r(l-p)
Var(N)= ——
»

respectively. In part ¢ we determined the implied mean and variance for the given data
set to be 3.0 and 5.6 to one decimal place respectively. Equating these respective values

we have

r(l=p)

— =30
p

and

r(l-p)

72 = 56
p

This system is solved most easily by dividing the first equation by the second and then
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substituting the resulting value of p into the first equatién to determine . When we do
this, we obtain

45 15
r=—, p=—.

13 28
Let py denote the probability mass function for the negative binomial distribution with
parameters r =45/13 and p = 15/28. Then

45

I ]

N = — —_— =V, 1,4, ....
r| 5 rin+ 1128 28

Note that the more general form of the negative binomial probability mass function must
be used here since the estimated value of r is not an integer. Approximate numerical
values of py[n] forn=0, 1, 2, ..., 10 can be easily determined using Mathematica or

similar computer software.

n pnln]
0 0.115264
1 0.185245
2 0.191861
3 0.162168
4 0.121626
5 0.0842695
6 0.0551765
7 0.034626
8 0.021023
9 0.0124302
10 0.00719178

Comparing these numbers to the relative frequency function determined in part a, it
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appf;ars that the negative binomial distribution with r = 45 /13 and p=15 /28 isa
reasonable fit.

e. We computed the implied mean and variance in part ¢ by assuming that all
probability at values greater than or equal to 10 is concentrated at the value 10. The
effect of this assumption is to underestimate the true mean and variance of the
distribution. To compensate for this, we could round up the implied mean and variance
before equating them to the negative binomial distribution mean and variance formulas.
For example, if we estimate the implied mean and variance as 3 and 6 respectively, then
the parameter values for the corresponding negative binomial distribution are r = 3 and
p = .5 and the probability mass function for this distribution is

n+2y (1)
pN[n]:( ’ )(5) forn=0, 1, 2, ....

Approximate numerical values for this particular set of py[n] forn=0, 1,2, ..., 10 can
be determined using Mathematica or similar software.

n pnIn]
0 0.125
1 0.1875
2 0.1875
3 0.15625
4 0.117188
5 0.0820313
6 0.0546875
7 0.0351563
8 0.0219727
9 0.0134277
10 0.00805664

Comparing these values to the corresponding values for the negative binomial

51
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distribution with = 45/13 and p = 15/28, we see that the fit when 7 =3 and p = .5
appears to be slightly better.

f. The desired probability is Pr[N >2] = 1 — Pr[N=0] — Prf[N=1] — Pr[N =2].
According to the model constructed in part d, i.e.,
N ~ NegativeBinomial(45/13, 15/28),

Pr[N = 0] ~ .115264, Pr[N = 1]~ .185245, Pr[N = 2] ~ .191861.

Hence
Pr[N >2]~1 - .115264 — .185245 — .191861 = .50763.

If a negative binomial model with parameters r = 3 and p = .5 is used instead (see the
answer to part e), then

1n+3
n+2
Pr[N:n]:( " )(EJ forn=0,1,2, ..

and the required probability is
1y’ IR 1y 1
Pr[N>2]=1—-|—| =3|—-| -6]—| =-.
2 2 2 2

12. In each part of this question, one must first recognize the given moment generating
function as the moment generating function of a particular special distribution. Then
using the uniqueness property of the moment generating function and properties of the
identified special distribution, it is straightforward to determine E[X], Var(X), Pr[X > 1]
and Pr[X =2].

a. X ~ Binomial(10, .25). Hence
E[X]=(10)(25)=2.5,

Var (X) = (10) (.25) (.75) = 1.875,
Pr{X>1]=1-Pr[X=0]-Pr[X=1] =
10 o (10 . .
1—( 0)(.75) —( : )(.25)(.75) =1-(3.25)(.75)° ~ 75597477,
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10 ) g
Pr[X =2] =( ’ )(.25) (.75)° ~ .28156757.

b. X ~ NegativeBinomial(3, .25). Hence

3(.75)
E[X]= —— =9,
25
3(.75)
Var (X) = =36,
(25)%

Pr[X>1]=1-Pr[X=0]-Pr[X=1]=
- @ (25)° ~ (;) (25)° (75) = 1 - (3.25) (25)° = 94921875,

4 3y
Pr[X =2] =( )(.25)3 (75)% = (—) )
2 8

c. X ~Poisson(2). Hence
E[X]=2,
Var (X)=2,
202 212

0! 1!

PriX>1]=1-Pr[X=0]-Pr[X=1]=1- =1-3e?~.59399415,

22 €_2
Pr[X =2] = o =2¢7 %~ .27067057.

16. Let X be the number of deliquencies in the first month and let A be the expected number
of deliquencies per month. Then from the given information, a reasonable model for X
is (X | A = A) ~ Poisson(A) where A has the density

FalAl = (0.02)2 1 e79924 forA > 0.

By the law of total probability,
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- e—/\ Ax-%—l 6_1'02 A

Pr[X =x] = f falAldA = f 002> —— da.
0 x! 0 x!

Using integration by parts we have

f)tx-#l e—l.OZ)LdA:
0

e~1021 1021 ot 1 .
lo —r(x+1)/v‘ dA = f” 1020 g
~1.02 0 ~1.02 1.02 Jo

By repeated application of this formula we obtain

flﬁ—l e—l.O2)l dx = (X+ 1)’ fe—l.OZ)t d = (x+ 1)' .
0 (1.02y*1 Jo (1.02)**2

Hence

A)H- 1

AX'H e—l.OZ/I

Pr[X:x]:f(0.02)27d?L=
0

x!
(0.02)2] (x+1)! 002V 1 \ 1\ (50
e i) () e (5 (5 )
x! (1.02)"+2 1.02) \1.02 51) \51

Therefore, the probability that there are fewer than 50 deliquencies in the first month is

49 1 2 50\*
Pr[X <50] = nDI—11—1.
r[X < 50] Z(x+ )[51) [51)

x=0

We could evaluate this sum using a computer. However there is a more elegant way,
which we now describe.

Consider the quantity defined by
n
glrl = Zr’.

Jj=0

Note that from the formula for the sum of a finite geometric series,
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1-— rn+1

glrl=

—-r

Hence
n
glrl=jr""
Jj=1

and also
(-n+ D A=-n=-(1-rND)  Fu+1) 1-7

+ .
1-r)2 (I-7) 1-r?2

g'lrl=

Equating these two expressions for g’[r] we obtain

-+ D

n ) 1
Dir -
i (-rn> 1-r

. 5 . . .
Putting r = g and n = 50 into this equation we have

o oyt 1-(F)] en(E)
j=1J[5_1) B (51_1)2

that is,

50 50 j-1 50 51 50 50
Yil=| =s?1i-|=| -|=

— (51 51 51

=

By changing the index of summation we also have

50 50 j-1 49 50\*
=] = nl=|.
Z1[51) 2t )(51]

j=1 x=0

Consequently,
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49 50\* 50 51 50 50
Sl -3
51 51 51

x=0

It follows that the desired probability is

49 1 2 50 X 50 51 50 50
Pr[X<50]=Z(x+l)[—) [—) =1—(—] —(—) ~ 26422909,
o 51) |51 51 51

Comment: The alert reader may have noticed that A ~ Gamma(2, 0.02). Using the fact
that
(X| A =2) ~Poisson (1) and A ~Gamma (r, @) =

X ~ NegativeBinomial (r, a/(a + 1)),

it then follows that X ~ NegativeBinomial(Z, %) Hence the probability mass function

of X is

x+ 100 1 V(50
px[x]z( )[—] [—] forx=0,1, ..
1 51) \51

which is precisely the formula derived earlier.

20. Let X; be the number of claims submitted in a month for a group known to be a low
utilizer, let X, be the number of claims submitted in a month for a group known to be a
high utilizer, and let N be the number of claims submitted in a month for the group
under consideration. Let C be defined as follows:

1 if given group is low utilizer,
{ 2 if given group is high utilizer.

Then from the given information, Pr[C = 1] = .70, Pr[C = 2] = .30, X; ~ Poisson(20) and
X, ~ Poisson(50). We are interested in the probability that the given group submits
fewer than 20 claims in the first month. By the law of total probability, this is

Pr[N<20]=Pr[N<20 | C=1]Pr[C=1] + P{N<20 | C=2]Pr[C=2]=
Pr[X; <20]Pr[C = 1] + Pr[X, <20] Pr[C=2] =
(.70) Pr[X; < 20] + (.30) Pr[X, < 20].
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Since X; ~ Poisson(20) and X, ~ Poisson(50), we have

19 20)6 6_20
PrX; <20] = Z
s x!
and
19 50x e—SO
Pr[X, < 20] = Z
pours x!

These sums can be evaluated numerically using Mathematica or similar computer
software. We find that

19 20" 6_20
~ 0470257

|
x=0 X

and

19 SOx e—SO
~4.79136 x 1077,

!
=0 X!

Consequently, the desired probability is

Pr[N <20] = (.70) Pr[X; < 20] + (:30) Pr[X, < 20] ~
(.70) (:470257) + (.30) (4.79136 x 1077) ~ 32918 ~ 33 %.

24. Let X be the number of policyholders that file at least one claim during the first year and
let P be the probability that a given policyholder files at least one claim. Then assuming
claims are independent, (X | P = p) ~ Binomial(100, p). We are given that the density

of Pis
felpl=30-p?, O0<p<l.

Hence by Bayes' theorem,
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100\ .
Ixip=plx] frlp] B ( X )p (1-p)'° 31 -p)?

Sfx[x] Sfxlx]

OCpx (1 _p)1027x

Srix=x[P1=

where the terms not containing p have been omitted from the proportionality. The
proportionality constant can be determined in principle from the condition

Efmx:x[P] dp=1.

Since there are no claims filed in the first year, the event of interest is X = 0. In this
case, the proportionality constant is relatively simple to determine. From the formula
for fpx=x we have

a-p* a-p* 0

Jrix=0lpl = = =103(1-p)™~.
fa-p2ap Loy
103 lo

Therefore the desired probability is
Pr[P>.10|X=0]=

1 1
f frix=olpldp= f 103 (1= p)!Pdp=—(1-p)'P |}, =(90)'" ~ 1.9363x 107"
.10 10

Note that (.90)!% is extremely small. Hence it is very unlikely that P will exceed 10% if
no claims are observed during the first year.
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1. Recall that the probability density function of the gamma distribution is given by

X xr—l e—)tx
]z —, x>0
Ix —

and the mean, variance, and skewness are

r
NX-X,
, T
0'X=/\—2,
2

7X=r17~

From these formulas, one can give the qualitative descriptions requested in part a.

a. The distribution is positively skewed for all r and A. The distributions with the
greatest skew are the ones for which r is small. As r increases with A held fixed, the
distribution of probability moves to the right, becomes more spread out, and becomes
more symmetric. On the other hand, as A increases with r held fixed, the distribution of
probability moves to the left and becomes less spread out, but the skewness does not
change. These characteristics are clear from the formulas for the mean, variance, and
skewness.

Now consider what happens when r - 0 or A - 0. As r — 0 with A held fixed, the
distribution becomes more concentrated around x = 0. In the limiting case r =0, the
distribution reduces to a point mass at 0. Indeed, for any x +0 and any A = 0,
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u xr—l e—}tx
fxlx]==———>0 asr—-0
]

and for r < 1, fx[x] » co as x » 0*. As A — 0 with r held fixed, the distribution of

probability moves to the right. From the interpretation of a gamma random variable as a
waiting time, the limiting distribution in the case A = 0 could be considered a point mass
at infinity. However, strictly speaking, the distribution is not defined at A = 0.

b. Different values of the parameter r result in density curves of a different shape. For
example, when r < 1 the density function is unbounded and becomes infinite at x =0,
when r = 1 the density function is strictly decreasing with a maximum at x = 0, and
when r > 1 the density function increases and then decreases and attains its maximum at
a point x > 0. (See figures 6.1 and 6.2b in the textbook.) From these descriptions, it is
clear that the "shape" of the graph is not the same for all values of . Hence it is appropri
ate to consider r to be a "shape parameter".

The easiest way to see why A can be considered a scale parameter is to plot a few graphs
of gamma densities with different A values and the same r value. Consider for example
plots of the densities for Gamma(2, 1) and Gamma(2, 2). This can be done using
Mathematica or similar computer software.

fx Gamma(2, 1)
035}
03¢
025}
02t
0.15}
0.1t
0.05
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fx Gamma(2, 2)
-
07t ;7>
06t / \
05-/ \
04}t \
0.3 | AN
I

02t N
0.1} ~

0.5 1 1.5 2 25 3
Without refering to the axis scale, the two graphs appear to be the same. However, if the
graphs are plotted using the same scale, we see that they are in fact quite different:

fx
0.7}, \\
06F ]
0.5t \
04}
03H \
02 f \
0.1} N

1 2 3 4 5 6
This suggests that changes in A amount to changes in scale.

We can also see this by looking directly at the formula for the density function:
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A (A x)r—l @—/\x

Sxlx] 0]
Consider the change of scale given by the substitution # = A x. Since probability densi-
ties measure probability per unit length, they are affected by the choice of unit length.
This means that the substitution u = A x will also effect the scale of the graph in the
vertical direction. Indeed, the change in vertical scale will be given by v = y/A, where
(x, y) represents two-dimensional coordinates before the change of scale and (i, v)
represents two-dimensional coordinates after the change of scale. Hence applying this
substitution to the formula for fy we obtain

where f is the density function in the new coordinate system (i.e., after the change of

scale). Note that the value of r has not changed. This shows that changes in A are
related to changes in scale. For this reason, it is appropriate to consider A a "scale
parameter".

c. The derivative of the density function is

’ A’ 1 r—2 _—Ax r—1 A -Ax Arxr_z @_/\X 1 A
fX[x]—ﬁ{(r— X e+ AT () e }—T{(r— )—Ax}.

Hence fx is increasing forr — 1 —A x>0, i.e.,for x < (r—1)/A and fx is decreasing for
r—1-Ax <0,ie., for x> (r—1)/A. Consequently, fx is decreasing for all x > 0 if and
onlyif (r—1)/A<0,ie.ifandonlyifr<1.

. a. Exponential(100) (time measured in hours) or Exponential(%) (time measured in
minutes).

b. Beta(6, 96). If a sample of size n is drawn from a population with replacement and
the sample contains x defectives, then the fraction of defectives in the entire population
is Beta(x + 1, n —x+ 1) (see section 6.3.3). Note that the sampling was probably done
without replacement, but if the population is large relative to the sample size, the
difference between sampling with and without replacement is small.
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c. Lognormal(u, o). There is insufficient information in the statement of the question
to specify p and 0. Note that this is an approximate model. The precise value of the
security after one year is X; X, - - -X,, where X; is the accumulation of a $1 investment
in the j-th day and 7 is the number of trading days. By assumption, the X; are indepen-

dent, identically distributed, and positive random variables. Since 7 is reasonably large,
the multiplicative form of the central limit theorem applies. Hence
X, X;- - - X, ~ Lognormal(u, o) where u, o are the mean and standard deviation of

IOg[XI X2' . Xn]

d. Exponential(3), time measured in months. Since the failure rate is constant, there is
no aging. Consequently, the distribution is exponential.

9. Let T}, T, be the total service times for the left and right machines respectively and let
T, T} be the corresponding remaining service times. Let 7' be the waiting time until the
first machine becomes available when both machines are in use. Suppose that 7}, 7, T,
T},and T are all measured in seconds. Then T = min(T,* , Tr )

We are not explicitly told what models to use for 7; and T.. In the interest of simplicity,
let's assume that both 7; and 7, have exponential distributions. Since the exponential
distribution has the memoryless property it follows from this assumption that 7} and T
are exponentially distributed with 7} ~ T; and 7 ~ T,. Note that in this context the
memoryless property means that knowledge of the time that a machine has already
spent servicing a customer has no effect on the distribution of the remaining service
time. This is not an unreasonable assumption to make in this context as anyone who has
stood behind a customer performing multiple transactions can attest! Since the average
service times are 30 seconds and 20 seconds for the left and right machines respectively,

it follows that 7; ~ Exponential(%), T, ~ Exponential(%) and also
T/ ~ Exponential( %), T: ~ Exponential(%).

In section 6.1.1, it was shown that if 7} ~ Exponential(1,), 7> ~ Exponential(A;) and 77,
T, are independent then min(7;, 7,) ~ Exponential(1; + A;). Since T = min(T,* . T*), it

r
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e e . . 1 1 1.
follows that 7" has an exponential distribution with parameter A = ot o= e

T~ Exponential( %) This fact will be used to answer parts a through e.

a. Since T ~ Exponential(l]—z), we have E[T] = 12. Hence the person at the front of the

line should expect to wait 12 seconds.

b. The desired probability is
Pr[T > 15] = & '¥12 = ¢ » 2865.

c. From part a, the expected waiting time for a person at the front of the line is 12
seconds. Hence we should expect the line to move every 12 seconds. It follows that the
person who is currently third in line should expect to wait 36 seconds. This result can
also be derived more formally using the approach outlined in part d.

d. Let T; be the time that the j-th person in line must wait for service after making it to
the front of the line and let 7’7 be the amount of time that the j-th person must wait in
total. Then
T;-FZTl +T2+"'+Tj.

From earlier comments, T ~ Exponentlal( ) for all j. Moreover, since machine service
times are independent and exponentially distributed (i.e., "memoryless"), the T are also

independent. Hence from section 6.1.2 we have

1
T}‘~Gamma j, —
12

Consequently the expected waiting time for the person currently third in line is

3
E[Tg“] = m =36 seconds

(the answer obtained in part c) and the probability that this person must wait more than
30 seconds is

2 (30)} —30/12 5 (1\(5\) 53
Pr[T5 > 30] =Z =" 1+—+(—](—) = — e %~ 5438.

pr 2 \2)(2 8
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14.

e. To answer the question of this part, we need only consider the machine on the left.
The desired probability is

Pr[T; > 60] = e 7% = ¢72 ~ .1353.

Let X; be the dollar increase on the j-th trading day. By assumption the X; are indepen-
dent and identically distributed with probability distribution given by

2 with probability .50,
X = { —1 with probability .50.

Since the current price of the stock is $100, its price n trading days hence is

Sp=100+X; + Xp + -+ + X,,.

We are interested in determining Pr[Sso > 145].

Let I; be an indicator of a price increase on the j-th trading day. Then
I; ~ Binomial[1, .50] and

Hence
S,=100+3U;+--+1,)—-n=100—-n+3Y

where Y =1} + --- + I, ~Binomial[n, .50]. Consequently,
n

- (Z) (50"

n
Pr[S, > 145] = Pr[100 — n+ 3 Y > 145] =Pr[Y> 15+ n
k=k*

where k* =15 + [%] +1=16+ [g] Here [x] denotes the integer part of x, i.e., the

greatest integer less than or equal to x. For n =50 we have k* = 32. Hence
50

Pr[Sso > 145] = Z (51? ) (.50)%°.

k=32

The latter sum can be determined numerically using Mathematica or similar computer
software. When we do this we find that
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Pr[Sso > 145] ~ .0324543.

An alternative approach to determining Pr[Ssy > 145] is to use a normal approximation
for S,. From the definition of X; we have

E[X;] = (2) (.50) + (-1) (.50) = 0.50,
Var (X)) = E[X3] - E[X;]” = {2)* (50) + (~1)? (:50)} - (0.50)* = 2.25.

Hence
n
)

E[S,1=100+ > E[X;] =100 + .

J=1

Var (S,) = ZVar (x;)=225n,
j=1

where the formula for the variance follows from the independence of the X;. It follows
that for n sufficiently large,

n
S, zNormal(100+ E’ 1.5 \/7)

Using this approximation and correcting for continuity we have

Pr[Sso > 145] =

Sso— 125 1455-125
>

1.5V 50 B 1.5V 50

where Z ~ Normal(0, 1) and ® is the distribution function of Z. From the table in
Appendix E and using linear interpolation we have

®[1.9328] ~ (.72) B[1.93] + (.28) ®[1.94] = (.72) (.9732) + (.28) (.9738) = .973368.

Pr[Sso = 145.5] = Pr[ ] ~Pr[Z=1.9328] = 1 — B[1.9328]

Consequently,
Pr[Sso > 145] ~ 1 — ®[.9328] ~ 1 — 973368 ~ 02663.
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Note that a correction for continuity was appropriate in this case because the values of S,
are all integers. If the daily price movements (i.e., the values of X;) had not been whole

dollar amounts then it would not have been appropriate to correct for continuity in the
approximation of S,.

It is instructive to compare the value calculated for Pr[S5y > 145] under a normal approxi-
mation for S5 to the exact value determined earlier. Recall that the exact value of
Pr[S50 > 145] was determined to be .0324543 and the value of Pr[Ss5yp > 145] under a
normal approximation was determined to be .02663. To the nearest percentage point,
both values are about 3%. If this degree of precision in the answer is sufficient then it is
reasonable to use the normal approximation. However, if greater precision is required
then the desired probability must be calculated exactly.

18. Let P be the fraction of the company's policies for which a claim is filed. From section
6.3.3, we know that if a sample of size n is drawn with replacement from a population
whose members are one of two types and the sample contains x items of a particular
type, then the fraction of items of this type in the entire population has the distribution
Beta(x + 1, n—x+ 1). In this exercise, the sample size is n = 100 and x =5. We are
not told whether the sampling is done with or without replacement. However, since the
number of policies is likely to be very large relative to the size of the sample (which we
know to be 100), we may assume that the sampling is done with replacement. Hence an
appropriate model for P is P ~ Beta(6, 96) and the desired probability is

1 10
Pr[P>.10]=1—Pr[Ps.10]=1—7[ ©(1-0"dx.
B[6, 96] Jo

We could calculate the latter integral using successive applications of integration by
parts; however this would require five iterations! Alternatively, we can use the formula

Pr[Beta (r, s) < x] =Pr[Binomial (r +s—1, x)=r].

Using this result we have

Pr[P < .10] =
. . 101
Pr[Beta (6, 96) < .10] = Pr[Binomial (101, .10)=6]=1 — (

)(.10)-r (.90)101-,
X

5
x=0
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Hence
5

Pr{P > .10] = Z (121) (.10)* (.90)101-*

x=0

The latter sum can be evaluated numerically using Mathematica or similar computer
software. When we do this we find that the desired probability is

Pr{P > .10] ~ .0541903.

22. Let X be the number of heads obtained in 1000 tosses of the selected coin and let / be an
indicator of the fairness of the coin, i.e.,

1 if selected coin is fair,
{ 0 if selected coin is biased.

Since the gambler concludes that the coin is biased if X = 525 and concludes that it is
fair otherwise, the probability that the gambler reaches a false conclusion is, by the law
of total probability,

Pr[X =525 | I=1]Pr[I=1]+Pr[X <525 | I=0]Pr[I =0].

Consider first the quantity Pr[X = 525 | I = 1]. This is the probability of reaching a false
conclusion when the coin being tossed is known to be fair. Note that the distribution of
X |I=11is binomial with parameters n = 1000 and p = .50. (The total number of tosses

is 1000 and since the coin is fair, the probability of heads on a single toss of the coin is

.50.) Hence
1000
1000
Pr[X =525 | I=1]= Z ( )(.50)1000.
oy I

We can evaluate this sum using Mathematica or similar computer software. When we
do this we find that

Pr[X =525 | I =1]~.0606071.

Alternatively, we can evaluate the probability using a normal approximation with
continuity correction. When we do this, we obtain
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Pr(X=525 | I=1]=Pr[X=5245 |I=1]=
X —(1000)(.50)  524.5 — (1000) (.50)
>

Pr I=1

~ Pr[Z = 1.5495].

V{1000) (50)(50)  +/(1000) (.50) (50)

From Appendix E of the textbook and using linear interpolation as appropriate we have
®[1.5495] ~ (.05) ®[1.54] + (.95) ®[1.55] = (.05) (.9382) + (.95) (.9394) = .93934.

Hence
Pr[X =525 | I =1] ~ Pr[Z = 1.5495] ~ 1 — ®[1.5495] ~ .06066,

which is close to the value .0606071 calculated directly.

Now consider the quantity Pr[X < 525 | I =0]. This is the probability of reaching a
false conclusion when the coin being tossed is known to be the biased one. Since the
probability of heads for the coin known to be biased is 55% by assumption, the distribu-
tion of X | I =0 is binomial with parameters n = 1000 and p = .55. Hence

524
1000
Pr[X <525 | I1=0]= Z( . )(55))6 (.45)1000—x.
x=0

Once again, we can evaluate this probability using Mathematica or similar computer
software. When we do this we find that

Pr[X <525 | I=0]~ 0526817.

Alternatively, we can use a normal approximation with continuity correction:

Pr[X <525 | I=0]=Pr[X <5245 | I=0] =
X —(1000) (.55) 524.5 - (1000) (.55)
<

Pr 1=0

~Pr[Z < -1.6209] =

V{1000) (55)(45)  +/(1000)(55)(45)
®[—1.6209] = 1 — P[1.6209].

From Appendix E of the textbook and using linear interpolation as appropriate we have
D[1.6209] =~ (91) ®[1.62] + (.09) P[1.63] ~ (91) (.9474) + (.09) (.9484) = .94749.

Hence
Pr[X <525 | I=0] ~ 1 - @[1.6209] ~ .05251,
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which is close to the value 0526817 calculated directly.

The only remaining probabilities to consider are Pr[/ = 0] and Pr[/ = 1]. Since the
gambler has one coin of each type and selects the coin to flip at random, we must have

1 1
Pr[I=0]=—- and Pr{/=1]=-.
2 2

Putting this together, we find that the probability of reaching a false conclusion is
Pr[X =525 | I=1]Pr[I=1]+Pr[X <525 | [ =0]Pr[I =0] =

1 1
(.0606071) (5] + (.0526817) (5] =.0566444.

Note that we have used the numerical values computed directly from the binomial sums
by Mathematica when determining the final answer. However, the answer obtained
using the normal approximation is similar.

30. Let X be the insurer's payment in dollars for a randomly selected policy and let 7 be an

indicator of a claim for this policy. Then according to the assumptions,
1 with probability .25,
B { 0 with probability .75,

and

(X |I=1)~Pareto (3, 100).

Hence

100

3
Sx|11[x]=( ] forx > 0.

100 + x

a. The desired probability is Pr[X > 50]. By the law of total probability we have
Pr[X > 50] =Pr[X >50|1=1]Pr[{ = 1]+ Pr[X > 50 | = 0] Pr[/ = 0].

Clearly Pr[X > 50 | I = 0] = 0 since no payment is made if no claim is submitted. From
the formula for Sy;;-; stated earlier we also have
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71

100 233
Pr[X >50|1= 1]=SX|,=1[50]=(7) =(_) )
100 + 50 3

Consequently,

24 2
Pr[X > 50] = (—] (25)+(0)(75) = —.
3 27

b. The desired probability is Pr[X < 10]. Arguing as in part a we have
Pr[X>10] =Pr[X>10|I=1]Pr[/=1]+ Pr[X > 10| =0]Pr[/ =0] =

100 10V (1
Sxr=1[10]-Pr{I = 1] + 0-Pr[I = 0] = 7) (25 = —| -]~ .18782870.
100 + 10 11) \4

Hence
Pr[X<10]=1-Pr[X>10] ~ 1 —.18782870 = .81217130.

c. Applying the law of total probability as in parts a and b we have for x = 0,
Sx[x]=Pr[X>x]=Pr[X>x|I=1]Pr[/=1]+Pr[X>x|I=0]Pr[/ =0] =

J (:25).

100
Sxyr=1[x]-Pr[l = 1] + 0-Pr[/ = 0] =(
100 + x

Since the payment on a given policy cannot be negative we must also have
Sx[x] =Pr[X>x]=1 forx<O.

Consequently, the survival function of X is given by

3
) (.25) forx=0,
00 + x

Sx[x]=1 forx < 0.

It follows that the distribution function Fy is given by

100 ?
Fxlx]=1 —[1 ) (.25) forx=0,

00 + x
Fx[x]=0 for x < 0.
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Note that
Pr[X=0]=
PrX=0|7=1]Pr[/=1]+Pr[X=0|1=0]Pr[/=0]=0-Pr[/=1]+ 1-Pr[/ =0] = .75.

This also follows from the formula for F'x. Hence we see that X has a mixed distribution
with a probability mass of size .75 at x = 0 (representing the event that no claim is
submitted) and a continuous distribution of probability on x > 0.

d. Recall that for nonnegative random variables X we have

E[X]:fSX[x]dx.
0

Hence using the formula for Sy derived in part ¢ we have
E[X] =
- 1007

100 (100 + x)
f( ] (25)d x = (:25) (100)> ———— |&> = (.25) (100)*
o \ 100 + x 2

=125.

To determine the variance of X we need to consider the density function fy. From part
c, it follows that the continuous part of the distribution has density function

3 x \ 4
Sxlx] == Sk[x] = (25) —(1 + —) forx>0.
100 100

The discrete part consists of a probability mass of size .75 at x =0. Hence

3 -4
E[X2]=02-Pr[X=O]+fxzfx[x]dx=02-(.75)+(.25)fx2-—(1+i) dx.
o o 100\ 100

100 100
integration by parts. Alternatively, one could recognize this integral as the second
moment of a Pareto distribution with parameter s = 3, 5 = 100, and use the formula for

the second moment stated in section 6.1.3. Taking the latter approach we have

3 X\ 100%-2
fﬁ-—(u—) dx=——— =1007.
o 100 100 GB-1)(3-2)

. 3 x4 . . .
The integral jow X% = (1 + —) dx can be determined by recursively applying
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Consequently, the second moment of X is

3 x \4 1
E[Xz]z(.zs)fxz-—(u—] dx = | —|100% = 2500.
o 100 100 4

It follows that
Var (X) = E[X*] - E[X]> = 2500 — (12.5)* =2343.75.

32. In this exercise, students determine the probability mass function for a continuous
mixture of binomial random variables with beta mixing weights. An application of this
is considered in exercise 35.

Suppose that (N | P = p) ~ Binomial(m, p) and P ~ Beta(r, 5). Then from sections 5.1
and 6.3.3 we have

Prjppln] = (’:)pn (1=py™™ forn=0,1,....m

and

Pl -py!
felpl= ——— forO<p<1.
B[r, s]

Hence by the law of total probability,

1
paln] = Pr{N = n] = fo PHN =n| P=pl folpldp =

fo pripplnl frlpldp = fo 1 {(")era-pr} { M} dp=

Blr, s]
m
(%)

BJr, s]

1
f pn+r—1 (1 _ p)m—n+x—1 dp
0

From section 6.3.3 we have
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1
fpn+r—] (1 _p)m—n+s—1 deB[i’l'F r, m —I’l+S].
0

From Appendix C of the textbook we have
I'[r]T(s]

Blr, s] =
I'[r+s]

and
In+r]Tm—n+s]

Bn+r, m—n+s]=
I'[m+r+s]

Consequently,

Ir+s] T'ln+r]lm—-n+s]
putl=(") :

n) TATEs] Tm+r+s]

as required.

For positive integer values of the argument, the gamma function reduces to a factorial.
In particular,
INx]=(x-1! forx=1,2,3,....

Hence if r and s are positive integers, the formula for py becomes

m) r+s—-D'm+r—-D!'m-n+s-1)!

r-D!'s-D!'m+r+s-1)!

patn =

n

which is the formula that we were required to derive.

35. Let N be the number of companies that use their line of credit in the coming month.

From the information given in the question, an appropriate model for N is as follows:
(N | P = p) ~ Binomial(10, p), P ~Beta(2, 3). From exercise 32, the probability mass

function for the unconditional distribution of N is given by
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10y TISITIn + 21 T[13 —n] 10\ 4! (n+ 1)1 (12 = n)!
putn= () -(;,)
2] T[3]11[15] n 1! x2!'x14!

forn=0, 1, ..., 10. Hence the desired probability is
Pr[N =2] = py[0] + pn[1] + pN[2] =
(10)4! 11x12! (10)4! 21 x 11! (10)4! 31x10!

S + ~ 31068931.
0 11x2t<14r VL) 1rx2r<14r (2 11 %21 <141

42. Let X be the size of a random claim. We are given that (X | A = A) ~ Exponential(1) and

A ~Gamma(2, 100). We are also given that the size of the first claim is x; = 200.
Since Exponential(1) is a special case of Gamma(r, A) with r = 1, we can use the result

of exercise 41 to determine the distribution of A | X = x;. In exercise 41, it was shown
that if (X | A =) ~ Gamma(r, A) and A ~ Gamma(s, ) then

(A| X =x)~Gamma(r + s, x + ). In this exercise, we have r =1, s =2, =100, and
x=200. Hence

(A]| X =x1) ~Gamma (3, 300).

It follows that an appropriate model for A going forward is Gamma(3, 300).

46.a. Let X be the eye pressure measurement for a randomly selected person and let / be
an indicator for glaucoma such that
1 ifeyeisdiseased,
- { 0 ifeyeis healthy.

We are given that (X |/ = 1) ~Normal(25, 1), (X |/=0)~ Normal(20, 1), and
Pr[I =1] =.10. We are interested in determining Pr[/ =1 | X = x]. Using Bayes'
theorem we have

— Sxu=1lx] pili] .
Prx=xli] = ————— fori = 0, 1.

Sxlx]

Since X | I =i has a normal distribution we have
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Sxp=1lx] = e )2
2r

and

fxj=olx] = —— e 022
¥

and so by the law of total probability
Jxlx] =

Fx=1[x1-prl1] + fxy=olx]- pr[0] = e 2 (10) + e 2072 (90).

2n vV2nm

It follows that the desired probability is

Sxj=11x] pr(1] e 252
PI'[I =1 | X:x] = p1|X=x[1] = — .
Sx[x] -2 4 g p=(:-202/2

Simplifying this expression we have
1

Pr/l=1|X=x] = ———.
1 49 225-1002

b. We are interested in the values of x for which pjx—.[1] > % From part a,
1

Prx=x[11= 1+9p225-1002

Hence

(225 - 10 x)/2 <2 &

1
PI|X=x[1] > 5 L=t 1 + 9@
11 1
e@B1092 o _ o (225 — 10 %) <log[—} =
9 2 9

1 (225 1 1
x> — {— - log[—]} S x>225 + —log[9] ~ 22.9394.
502 9 5
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4. Consider the transformation

Y:{\/x for X >0,

0 for X <O0.

If X assumes both positive and negative values, as is the case when X ~ Normal(0, 1),
then this transformation is not one-to-one. In this situation, ¥ will have a probability
mass at 0 equal to Pr[X < 0] and a distribution of probability on the interval y > 0.

The best way to approach the problem of determining a formula for Fy is to consider a
graph of the transformation with the event Y < y highlighted:

Y

From this graph we see that for y = 0,
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Fyly]=Pr{Y <yl =Pr[VX <y|=Pr[X <y*| = Fx[y?]

and for y <0, Fy[y] =0. Hence the distribution function of ¥ under the given transforma-
tion is in general
Fx[y?] fory=0,

F =
vl {0 fory <0.

Suppose that X ~ Normal(0, 1). Then from section 6.2.1,

1 54
Fy[x] = fe"z/zdt for xeR.
V2 Y-

00

Hence under the given transformation,

1 v
Fylyl = f e 12 dt fory =0,
2m Y

Fy[yl=0 fory <0.

It follows that Y has a mixed distribution with a probability mass of size % aty=0anda

continuous distribution of probability on y > 0 given by

2 4
b= | = ye P,
/s

The latter expression is determined using the fundamental theorem of calculus and the
Chain rule to calculate the derivative of Fy. In particular,

d 1 y? 1 2
—{—f e/ cﬂt}=2y-[ e’tz/z] ey =] — ye'2,
dy \\[2 5 Y- Vonr bis

Therefore, the (generalized) density function for ¥ when X ~ Normal(0, 1) is given by
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2 A
frlbl=_| = ye'/ fory >0,
n

0 1
prl ]—E-

Comment: The probability mass at 0 was inadvertently omitted from the answer given
in the "Answers to Selected Exercises" section of the textbook. The complete answer is
the one given here.

6. When X is a continuous random variable the stated properties of the limited expected
value function are straightforward to prove using the formulas

E[X;m]= f"xfx[x] dx + mSx[m],
EIX; m] = E[X] - f (x—m) filx] dx

derived in section 7.2 of the textbook. Hence to begin, let's assume that the distribution
of X is continuous.

Under this assumption, the survival function of X is continuous. Hence from the formula

E[X;m]zijfx[x]dx +m Sx[m]

the quantity E[X; m] is continuous as a function of m. Differentiating this formula with
respect to m and using the fundamental theorem of calculus as appropriate we have

d d 1t d
—E[X;m]:—fxfx[x]dx + —mSx[m] =
dm dm J-w dm

m fx[m] + Sx[m] + m Sy[m] = m fx[m] + Sx[m] + m (= fx[m]) = Sx[m]
at all points m for which Sy is differentiable. Consequently,

d
—E[X;m]=0 for all m
dm
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(since survival functions are always nonnegative) and so E[X; m] is increasing (or more
precisely nondecreasing) in m. Differentiating the formula % E[X; m] = Sx[m] just
derived we obtain

d2
— E[X;m] = SxIm] = —fx[m].
dm

From this it follows that
dZ
—E[X;m] =<0 for all m

dm?

(since density functions are always nonnegative) and so E[X; m] is concave as a function
of m. Now

E[X:m] < E[X],

a fact that follows directly from the formula

EIX; m] = E[X] - f (= m) filxd dix.

Hence
lim E[X;m] < E[X].

m—oo

On the other hand,
lim E[X; m] = E[X]

m-oo
which can be demonstrated by letting m — oo in the formula

E[X;m] = fwxfx[x] dx + mSx[m]

noting that m Sx[m] =0 and [~ x fx[x] dx = E[X]. Consequently,
lim E[X; m] = E[X].

m-oo



Chapter Seven Solutions 81

Hence we have shown in the case where X has a continuous distribution that
i. E[X;m] is increasing, continuous, and concave as a function of m.
ii. E[X;m]- E[X]asm — oo.
... d
iii. EE[X’ m] = Sx[m].
These are the three properties of E[X; m] that we were required to demonstrate.

The demonstration of these three properties when X does not have a continuous distribu-
tion is more delicate. Essentially the same line of reasoning can be followed in the
general case by interpreting the probability densities to be generalized densities and the
integrals to be generalized integrals in the sense described in the appendix to chapter 4.
However, the validity of some of the intermediate steps must be carefully established.
This requires demonstrating that the fundamental theorem of calculus and the formula
for integration by parts hold for generalized integrals.

When X is discrete, it is also possible to demonstrate the three properties of E[X; m] by
determining an explicit formula for E[X; m]. To illustrate the key steps with this
approach, consider a discrete distribution with exactly three probability masses. Sup-
pose that these probability masses are located at the points a;, a;, a3 where a; < a; < as
and have respective sizes ki, k;, k3. Then from the definition of limited expected value,

we have

EX;ml=m form<ay,
EX;m]l=kja, + (ko + k3) m fora; =m<ay,
E[X;m]=(kia, +kyar) + ksm fora, =m<as,
E[X;m] = E[X] form = as.

It follows from this that E[X; m], when considered as a function of m, is piecewise linear
with slopes that decrease from 1 to 0. Moreover, the slope of E[X; m] at x = m is the

sum of the probability masses to the right of m, i.e., ﬁ E[X; m] = Sx[m], and the
ultimate value of E[X; m] is E[X].

A graph of E[X; m] illustrating these properties can be created using Mathematica or
similar computer software.



82 Chapter Seven Solutions

E[X ;m]
EX|p-—m——————=>

—_— -S4
~
N
N
Q
“w
3

From this graph, it is clear that when X is a discrete random variable with three probabil-
ity masses, the function E[X; m] has the properties stated in the question. The demonstra
tion of these properties when X has more than three probability masses is similar.

It is worth noting that although the graph of E[X; m] has some of the characteristics of
the graph of a distribution function (nondecreasing, limiting value), E[X; m] is not a
distribution function. Moreover, the graph of E[X; m] is generally quite different from
the graph of the corresponding Fx. We can illustrate this concretely by creating the
graph of the distribution function that corresponds to the graph of E[X; m] just given.
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10.

Fyx
1 r—

|
|
—— 1
] |
| |
| |
. } |
| | |
| | |
| | |
| | |
| | |
| | |

1 \ 1 X

aj az as

Note that the sizes of the respective jumps at a;, a, as are ky, k, k3.

This completes the required demonstration.

From section 7.4, the actuarial present value of $1 payable at uncertain future time 7 is
E [e"T] where r is the constant per annum continuously compounded discount rate. If

Ty, ..., T, are the future lifetimes of the individuals insured under a joint life policy then
the time of payment of the benefit on this policy is 7 = min(7}, ..., T,) (see exercise 9

for the definition of a joint life policy). From the solution to exercise 9, it follows that if
the T; are independent and exponentially distributed with T'; ~ Exponential(/\ j) then

T ~ Exponential(A; + --- + A;).

Now the actuarial present value of $1 when the future lifetime random variable T has an
exponential distribution with parameter A is in general A/(r + A) where r is the constant
per annum continuously compounded discount rate. Indeed,

A
E[e"T]zre""fr[t]dt=F@‘”-Ae‘“mﬂFe—"””cﬂt:—.
N o ) r+A

Hence if T = min(T}, ..., T,) where the T are independent and exponentially distributed

with T; ~ Exponential()t j) then the actuarial present value of $1 payable at future time T
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YA

r+ Z";:]A'j

Consequently, the actuarial present value for $1 of benefit on a joint life policy for

which the insured lives have future lifetimes that are independent and exponentially
distributed is

2;:1 /11'
r+ Z?:] Aj

where r is the constant per annum continuously compounded discount rate and A4, ..., A,
are the parameters of the exponential distributions for the individual lives.

14. Let X be the amount of a random claim measured in thousands of dollars and let Y be
the reimbursement corresponding to this claim. From the given information,

Y =min (70 (X = 0.5)*, 5)

where for any random variable W,

— 0 ifw=o,
_{W if W>0.

We are also given that X ~ Pareto(3, 2). Hence the survival function of X is given by
2

3
SX[x]z[ ) forx=0.

2+x

a. To determine a formula for Fy, we consider separately the cases y <0,y =0,
0<y<5,and y=5. Since the reimbursement amount Y lies between 0 and 5
(according to the terms of the contract), the cases y <0 and y = 5 are trivial. In particu-

lar, Fy[y] =0 for y <0 and Fy[y] = 1 for y = 5. Hence we need only consider the cases
y=0and 0 <y <5 in detail.

Consider first the case y = 0. Note that from the definition of Y, the event Y <0 is
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equivalent to the event X <0.5. Hence
Fy[0] =Pr[Y =0] =Pr[X <0.5] = Fx[0.5].

Since Sx[x] = (2/2 + x)° for x = 0, it follows that

2 3 4 3
Fy[O]ZFx[O.S]Zl—Sx[O.S]Zl—[—] 21—(—) = 488.
2.5 5

Now consider the case 0 <y < 5. From the definition of Y, the event Y < y is equivalent

to the event .70 (X —0.5) <y,ie., X <05+ %. Hence forO <y <35,

y y
Fy[y]zPr[Ysy]zPr[Xs0.5+— = Fy =1-Sy o.5+—].
70 70

y
05+ —
70

Since Sx[x] =(2/2 + x)3 for x = 0, it follows that

2 14
Fylyl=1-———| =1~
2.5+% 175 +y

forO<y<S5.

Combining the formulas for Fy in the various cases, we obtain

Fy[y]=0 fory <0,
14 )
Fylyl=1- for0<y<S5,
1.75+y
Fyly]=1 fory=S5.

Note that Y has probability masses at y =0 and y = 5 and a continuous distribution of
probability on (0, 5). The probability mass at y = 0 represents the event that the submit-
ted claim is less than or equal to the deductible. The probability mass at y =5 repre-
sents the event that the submitted claim is such that the cap has been reached.

b. The expected reimbursement is E[Y]. The simplest way to determine E[Y] when
X ~ Pareto(3, 2) is to express Y as a linear combination of functions of the form
min(X, -) and then use the formula for the limited expected value function of a Pareto
random variable determined in exercise 5.
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From the definition of the contract terms,
Y =min (.70 (X - 0.5)%, 5).

Using properties of the minimum function and the fact that
(X—d)* =X —min(X, d)

we have

Y =min (70 (X - 0.5)*,5) =
50 50
70 min ( (X -05)", 7] = 70 min [X — min (X, 0.5), 7) =

50
70 {min (X, — + min (X, 0.5)] — min (X, 0.5)}.
7

D 50 1 50 1
Considering separately the cases X < = +3 and X = =+ 5 we also have

50 50 1
min|X, — + min (X, 0.5)|=min| X, — + —|.
7 7 2

Hence

50 1 1
Y=.70 {min[X, —+ —]—min[X, —]}
7 2 2

Taking the expectation, it follows that

50 1
E[Y]=.70 {E[X; 7 + -

1
. E[X; _]}
2 2
Now in the solution to exercise 5, students will have shown that if X ~ Pareto(s, §) with
s # 1 then

(Rl
E[X;m] = 1- .
s—1 B+m

Hence for X ~ Pareto(3, 2) we have




Chapter Seven Solutions 87

2 2
E[X;m]:l—( ] form = 0.
2+m
In particular,
2
50 1 2 28 \?
R e st RN
2+7+5
and

Since the distribution of submitted claims (in thousands of dollars) is assumed to be
Pareto(3, 2), it follows that the expected reimbursement (in thousands of dollars) is

E[Y]=
50 1
(.70) {E[X —+3

il ) e

Consequently, the expected reimbursement is $417.89.

Comment: The answer given in the "Answers to Selected Exercises" section at the back
of the textbook is incorrect in some printings.

17. Consider a contract in which the insurer pays 80% of the first $2000 of eligible claim
expenses in excess of a $200 deductible and 50% of any remaining claim expenses, with
a maximum possible payment of $10,000. Let X be the size of a random loss and let ¥
be the insurer's payment toward this loss. Then

Y=0 if X <200,

Y =(.80) (X —200) if 200 = X <2200,
Y =(.80) (2000) + (.50) (X —2200) if 2200 = X <x*,
Y =10,000 if X =x",

where x* is such that
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(.80) (2000) + (.50) (x* —2200) = 10,000,

ie.,x* =19,000.

a. The easiest way to decompose the contract into a portfolio of single layer contracts is
to consider a graph of the insurer's payout Y as a function of the loss X:

Y
10000

8000 ¢
6000
4000 ¢

2000 ¢

. . . \ X
5000 10000 15000 20000

By limiting the plot range, we can get a better sense of the true character of the graph for
losses X with X < 500:



Chapter Seven Solutions 89

200 ¢

150 ¢

100 ¢

50

M M M i X
100 200 300 400 500

In this "close-up" graph, the dotted line has slope 1 and is included to give the reader a
sense of the relative size of the slope of the graph of ¥ on the interval 200 < X < 2200.
Put

Y1 =min (Y, 1600)

and
Y,=Y-Y;.

From the graphs just given, it should be clear that Y, and Y, represent the payouts on
single layer contracts and Y} + ¥, = Y. This can be confirmed by considering graphs of
Y, and Y, as functions of X and recalling the shape of the graph of the insurer's payout
on a single layer combination contract:
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10000 ¢

8000 ¢

6000 ¢

4000 ¢

2000 ¢

‘\i

5000 10000 15000 20000

10000 ¢

8000

6000

4000 ¢

2000 ¢

M M M M X
5000 10000 15000 20000

By limiting the plot range of the graph of Y| we obtain a graph that is immediately
recognizable as the payout on a single layer contract:
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2000 ¢

1500 }

1000 t

500 ¢

M M M M i X
500 1000 1500 2000 2500

It follows from these graphs that Y| represents the insurer's payout on a single layer
contract with deductible d = $200, coinsurance fraction @ = 80 % and maximum reim-
bursement m = $1600, and Y, represents the insurer's payout on a single layer contract
with deductible d = $2200, coinsurance fraction @ = 50 % and maximum reimbursement
m = $8400. Hence the double layer combination contract given in the statement of the
question can be considered a portfolio of the single layer contracts C, C, with respec-
tive parameters

d =200, =0.80, m=1600

and
d =2200, a=0.50, m =8400.

Comment: The technique to decompose contracts with more than two layers is similar.

b. Let C; be the single layer contract with parameters d; = 200, @; = 0.80, m; = 1600
and let C; be the single layer contract with parameters d, = 2200, a; =0.50, m;, = 8400.
In part a, it was shown that the double layer combination contract of this question is
equivalent to a portfolio of the single layer contracts C; and C,. Hence

holX] = K5 [X] + hS2([X)

C; . . . .
where h,, [X] is the writer's payout on contract C; and h,,[X] is the writer's payout on the
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given double layer contract. We are interested in E[h,,[X]] when X has an exponential
distribution with mean 4000, i.e., X ~ Exponential(1/4000).

From the general formula in section 7.3 for the expected payout on a single layer
contract we have

E[hi [X]] —q; {E[X d; +

m;

- E[X; d,-]}.

al
Moreover, for X ~ Exponential(d) we have
1
E[X;ml=—(1-e"")
A
(see Example 2 of section 7.2 of the textbook). This follows directly from the formula

E[X; m] = K Sx[x] dx for nonnegative X using the fact that Sx[x] = e for
X ~ Exponential(A). Consequently,

c m
E[hy'[X]] = ay {E[X dy + —
(03]

- E[X; d1]} =

1600
(.80) {E[X, 200 + W] - E[X; 200]} = (.80) {E[X; 2200] - E[X; 200]} =
(.80) {4000 (1 _ %—2200/4000) — 4000 (1 _ 6_200/4000)} =13200 (8_0'05 _ 6_0'55)

and

E[h(X]] = {E[X dy + "
@

- E[X; dz]} =

8400
(.50) {E[X; 2200 + ﬁ} - E[X; 2200]} = (.50) {E[X; 19,000 - E[X; 2200]} =
(.50) {4000 (1 _ @'_19'000/4000) — 4000 (1 _ @_2200/4000)} =2000 (6_055 _ 6_4'75).

Therefore, the expected payout to the policyholder (i.e., the policyholder's expected

reimbursement) when X has an exponential distribution with mean $4000 is

Elh,[X]] = E[n§ [X]] + E[A[X]] = 3200 (e7°% — £7°) + 2000 (70 — ¢747%) =
3200 e™*% — 1200 ™° — 2000 ¢ ~*7° ~ $2334 .29.
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19. Let X be the total allowable expenses in thousands of dollars incurred during the year
for a given policyholder and let Y be the amount reimbursed. To answer parts a and b
of this question, we need to determine a formula for E[Y] in which the deductible and
the out-of-pocket maximum are unspecified.

Let d be the deductible in thousands of dollars and let M be the out-of-pocket maximum
in thousands of dollars. (We use an upper case M here rather than a lower case m to
avoid possible confusion with the notation of section 7.3 of the textbook, where m is
used to denote the maximum amount payable by the insurer. Note that M is a fixed
constant in this context, not a random variable, despite our convention of reserving
upper case letters for random quantities.) Then the formula for Y in terms of d and M is

Y=0 if0<X=<d,
Y=(80)(X—-d) ifd<X<p,
Y=X-M ifX=>p,

where f is the value of X at which the out-of-pocket maximum is breached. The value
of 5 can be determined explicitly by solving the equation

d+ (200 X-d)=M.

The left hand side of this equation is the amount paid by the policyholder under the
assumption that total expenses are greater than the deductible but less than the amount
at which the out-of-pocket maximum is triggered. The right hand side of this equation
is the out-of-pocket maximum. Note that the deductible is considered an out-of-pocket
expense. Solving this equation we obtain

M-d
X=d+ .

20
Hence

M-d
B=d+ .

20

Substituting this into the formula for ¥ we obtain
Y=0 if0=X=<d,
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M-d
Y =(80)(X —4d) ifd<X<d+ 0

M-d
Y=X-M ifX>d+ .
20

Now by assumption, X ~ Exponential(1). Hence
E[Y]=

+(M—d)/ 20
f'lO - fxlx] alx+f (.80) (x — d) fx[x] aﬁx+jW (x—M) fx[x]dx=
0 d d+(M—d)] 20

SM-4d
O+f (.80)(x—d)e_x0lx+f x-M)e*dx.
d SM-4d

Applying integration by parts we have
SM—-4d e x SM—-4d e
f (80) (x —d) e ¥ dx=(80) (x —d) — ;" ~*¢ —.80f l-—dx=
d (=D d (=D

{80(5M —5d) (- M) -0} + (.80) f_—l) M4 2
—4 (M —d)e> M+ 4 {.80 (—675 M+4d) _ 80 (—eid)} _
80e ™ —{4(M—d) + 80} e M*4d

and similarly

f x-M)e“dx=
SM-4d

-X e~ @_5 M+4d e

e

—M) — Sy-a4 — —dx=0-4M-4d) — + © =

¢ )(—1) i fsj;—w(—l) * ( ) (1) -1 |5h-4a
4(M_d) @_5M+4d+€_5M+4d :(4 (M—d)+ l)€_5M+4d.

Consequently,

E[Y]=0+(80e™ —(4(M—d) +80)e M)+ 4 (M —d) + 1) e M+ =
80e™ + 20 M,

According to the given information, the insurer would like the average reimbursement
per member to be no greater than $200. Therefore the values of M and d must be such
that
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80e ™+ 20 M+4d < 0.

a. Suppose that the deductible remains at $500, i.e.,d = 0.5. Then the out-of-pocket
maximum must be selected such that

80e707 + 20 M0 < 90,

Since .80 e7%° ~ 485 > .20, there is no value of M for which this inequality holds. It
follows that there is no level of the out-of-pocket maximum that would result in the
insurer's average reimbursement being at most $200 if the deductible remains at $500.

b. Suppose that the maximum out-of-pocket expense remains at $1500,i.e., M =1.5.
Then the deductible must be selected such that

80 €74+ 201D+ < 90,

that is,
4+ - e <0.

The latter inequality is a quintic in e/ and must be solved numerically. We do this by
considering the function g defined as g[x] = e~7> x> — x + 4. As a first step to determin-

ing the roots of g, it is useful to consider a graph of g for x = O:

glx]

. . . . sy
2 4 6 8 10

This graph suggests that g[x] > 0 for all x > 0. By considering the derivative g’ one can
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show using standard Calculus techniques that this is in fact the case. It follows that

4+e Pl —e?>0
for all d = 0. Therefore, there is no level of the deductible that would result in the
insurer's average reimbursement being at most $200 if the out-of-pocket maximum

remains at $1500.

24. Let P be the required annual premium payable continuously under the requirement that
the present value of premium payments exceeds the present value of benefit payments
95% of the time. Let T be the future lifetime of the insured and let r be the per annum
continuously compounded rate of interest. By assumption, 7 is uniformly distributed on
(0, 20) and r = 6 %. From the discussion in section 7.4 of the textbook, the present
value of premium payments is

1-— e—rT

P.

;

and the present value of benefits is

10,000 ¢~ T.

Hence the requirement on the premium P is

1_e—l‘T
PrlP ——— >10,000 ¢ 7| = 95.
r
Now
]_e—rT
P—  >10000 e T P-Pe’T>10000re”’ T &
r
P 1 P
(P+10000r)e""<Poe’ < ———— & T>——logl ———|.
P +10,000 r r P +10,000 r

Hence
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1_e—rT
Pr|[P ———— > 10,000 e‘rT} =
r
1 P 20 — (= log[P/(P + 10,000 r)])
Pr|T > - —log H = :
r [ P+10,000 r 20

(provided that _r—l log[P / (P + 10,000 r)] < 20). It follows from the requirement

l-e'T
Pr{P ——— > 10,000 ¢ 7| = 95
r
that
20 + ~log[P /(P +10.000 r)]
= 95.

20

Substituting r = .06 into this equation and rearranging as appropriate, we find that
P

P + 600

log

|--os

or equivalently
P

P+600

-.06

Solving this equation for P we have
600 ¢~

~9,703.00.
-.06

l-e
Therefore the annual premium payable continuously that should be charged if the insurer
wishes the present value of premiums to exceed the present value of benefits 95% of the
time is $9,703. This is significantly greater than the annual premium determined by
equating actuarial present values ($836.57). In fact the annual premium payable
continuously is greater than the single premium that one must pay today under an
analogous 95% criterion ($9,417.65)!
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To understand these apparently contradictory results, note that the $9,703 figure just
calculated is a per annum amount that is payable continuously. In the absence of life
contingencies (i.e., assuming survival to the end of the year), $9,703 payable continu-
ously throughout the year is equivalent to

_ =06
$9,703 | —————[=$9,417.65
06

payable at the beginning of the year or
$9.417.65 ¢ = $ 10,000

payable at the end of the year. Hence the 95% criterion in the current exercise amounts
to setting the premium under the assumption that death occurs at the end of the first year
of the policy. The reason that this happens is that the future lifetime of the policyholder
is uniformly distributed on (0, 20) and as a result the probability of survival beyond the
first year is exactly 95%. If the future lifetime were modeled using any other distribu-
tion, the premium could not be set in such a simple way.

26. Let T be the lifetime of the system measured in hours and let T4, T, T¢, Tp be the
lifetimes of the system components A, B, C, D respectively. Then from the configura-
tion given in Figure 7.13 of the textbook,

T = max (min (T4, Tg), max (T¢c, Tp)).

Put Y1 = min(Ty4, Tp) and Y, = max(T¢, Tp). Then since T4, T, T¢, Tp are independent,
the distributions of Y; and Y, are given by
Sy, [#] = St,[2] S7,[7],

Fy,[t] = Fr [t] Fr,[t]

(see section 7.5 of the textbook) and so the distribution of T is given by
Frlt]l = Fy,[t] Fy,[t] = (1 = S, [t] S7,[¢]) (FTC[[] Fr, [l])-

Now by assumption, T4 ~ Exponential( A]T)’ Tp ~ Exponential(%), Tc ~ Exponential(%),

Tp ~ Exponential(1). Hence, the distribution function of 7T is given by
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Frlt) = (1 = Sg,[t] Sg,[7]) Fr 1) Fr,[1] =
(1 _ e—t/4 @_t/3) (1 _ e—t/z) (1 _ @_Z) — (1 _ @_7t/12) (1 _ e—t/z) (1 _ e—t)

fort=0.

Since T (being a lifetime random variable) is nonnegative, the expected value of T can
be determined using the formula E[T] = LW St[t] dt. Hence

E[T]:fST[t]dtzf(l—FT[t])d/tzr{l—(1—e_”/]z)(l—e"/z)(l—e")}dt.
0 0 0

However,

(1 _e—7z/12)(1 _ e"/2)(1 ey = (1 _€—7t/12)(1 _e Pt +€—3r/2) _
| e — ot 4 =312 _ p=T112 | p=131/12 | ,=191/12 _ ,=251/12.

Consequently,

E[T] — f{eft/Z + eft _ 873t/2 + €77z/12 _6713t/12 _6719t/12 + 87251/12}dt‘
0

Using the fact that ["e™"'d = 1/A we obtain

2 12 12 12 12 385,519

E[T]=2+1- -+ —— — - — + — = ~2.97296318.
37 13 19 25 129,675

Hence the expected life of the system is about 3 hours.

30. Suppose that X = tan[®] and © is uniformly distributed on (—n, 7). The distribution
function for X can be determined by considering a graph of the transformation
X =tan[®] with the event X < x highlighted:
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Note that in this graph it is assumed that x > 0.

Suppose that x > 0. Then the event X < x is equivalent to the event

T T
—nm<@®<arctan[x] —m or — —<@®<arctan[x] or —<O<rx
2 2

where arctan[x] is the branch of the inverse tangent function with values in the interval
Ve Vs

[— > 5]. Hence

n bis
Pr[X < x] =Pr[-m < ® < arctan[x] — n1] + Pr[— 5 <B®= arctan[x]] + Pr[g <B®< 7T]

and so since O is uniformly distributed on (-7, 7),

(arctan[x] — ) — (—r) arctan[x] — (—g) = g arctan[x] 1
Pr{X <x] = + + = + —.
2 2 2 n 2

On the other hand, suppose that x < 0. Then the event X < x is equivalent to the event

T /4
——<O®<arctan[x] or — <O <arctan[x] + 7.
2 2

Hence
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T

Vs
Pr[X <x] = Pr[— — < 0O < arctan[x]
2

+Pr[— <@ <arctan[x] + 7| =
2

arctan[x] — (— %) arctan[x] + 7 — 721 arctan[x] 1
+ = + =

2n 2r bd 2

which is the same as the formula obtained in the case x > 0.

Consequently, the distribution function of X is given by

1  arctan|[x]
Fx[x]= -+ —— forxeR
2 n

and so the density function of X is

1 d 1 1
fxlx] = Fy[x] = —- —arctan[x] = —-
m odx o1 +x2

forxeR

as required.



Chapter Eight Solutions

3. Let X, Y be random variables with joint density function
1 forx+2y=<2, x=0, y=0,
firbenl={

otherwise,

and put S=X+ Y and D =X —Y. We are required to determine the distributions of S
and D.

Note that X and Y are not independent. This follows immediately from an examination
of the region of nonzero probability for fx y:
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1.5 ¢

-1 =05

0571

-]t

Since fx y is constant on the region of nonzero probability, probabilities associated with
X and Y can be determined by calculating areas in the x-y plane and then multiplying by
the constant value of fx y, which is 1 in this case. This is the approach we take to
determine the distribution functions of S and D.

Distribution of S: From the graph of the region of nonzero probability for fx y the
calculation of Fg[s] = Pr[S < s] can be separated into four cases:
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ii. 1<s<2,
iv. §>2.

This corresponds to a partition of s values according to the shapes of the regions

Ri={(x,y) :x+y=<s, x+2y=<2, x=0, y=0}.

Since fyy is 0 outside the region { (x,y) : x+2y=<2, x=0, y=0},itis clear that
Fg[s] =0 for all s <0 and Fg[s] =1 for all s >2. Hence we need only consider the cases
O0<s=<1,1<s=<2indetail.

Consider first the case 0 <s < 1. In this case, the region of integration for calculating
Fg[s] =Pr[S < 5] =Pr[X + Y < s] is triangular with base and height equal to s:

Y

X+Y=s
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Since fx y is constant and equal to 1 on this region, it follows that

1
Fgs] = Esz forO<s<1.

Now consider the case 1 <s<2. In this case the region of integration for calculating
Pr[X + Y < s] is a quadrilateral that can be decomposed into a rectangle and two right-
angled triangles:

Y

2s—2 s 2

Using basic geometry, the area of the shaded region is
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1 1
5(2s—2)(1—(2—s))+(2—s)(2s—2)+E(s—(Zs—Z))(Z—s):

1 1
(s—l)(s—1)+2(2—s)(s—1)+E(Z—s)(Z—s)=—£s2+2s—l.
Hence

Fslsl=——s*+2s—1 forl<s=<2.
2

Consequently, the distribution function of S is given by

Fg[s]=0 for s <0,
1
Fg[s] = — s° forO<s=<1,
2
1
Fg[s]=——s*+2s—1 forl <s<2,
2
Fgls]=1 fors> 2.

The graph of F is as follows:

0.5 1 1.5 2
From this graph and the preceding formula for Fy it is clear that Fg has the properties of
a distribution function. Hence there is no obvious mistake in the formula derived for Fj.
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Distribution of D: From the graph of the region of nonzero probability for fx y the
calculation of Fp[d] = Pr[D < d] can be separated into four cases:

i. d=-1,
ii. -1<d=0,
ii. 0<d=<2,
iv. d>2.
This corresponds to a partition of d values according to the shapes of the regions

Ri={(x,y) :x—y=d, x+2y=<2, x=0, y=0}.

Since fyy is 0 outside the region { (x,y) : x+2y=<2, x=0, y=0},itis clear that
Fpld]=0foralld < -1 and Fp[d] =1 for all d > 2. Hence we need only consider the
cases -1 <d =<0,0<d <2 in detail.

Consider first the case —1 <d <0. In this case, the region of integration for calculating
Fpld] =Pr[D =d] =Pr[X — Y <d] is triangular:
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Using basic geometry, the area of the shaded region is

1 2 1

— (1= (=d)) {— d+ 1)} =—(d+1)°.

2 3 3
Since fy y is constant and equal to 1 on this region, it follows that

1
FD[d]zg(d+l)2 for —1<d=<0.

Now consider the case 0 <d < 2. In this case the region of integration for calculating
Pr[X — Y <d] is a quadrilateral:
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— ?
The area of the shaded region can be determined by subtracting the area of the triangle

2 2

bounded by the points (d, 0), (2, 0), (% d+ 33" % d) from the area of the triangle

bounded by the points (0, 0), (2, 0), (0, 1). Taking this approach, the shaded area is

1 1 2 d 1
—(2)(1)——(2—d)(———)=1——(2—d)2.
2 2 3 3 6

Since fy y is constant and equal to 1 on the shaded region, it follows that

1
FD[d]zl—g(Z—d)z forO<d <?2.

Consequently, the distribution function of D is given by
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Fpld]=0 ford < -1,
1
FD[d]=§(d+1)2 for —1<d =<0,

1
FD[d]zl—g(Z—d)z for0<d =<2,
Fpld]=1 ford > 2.

The graph of F, is as follows:

-1 =05 0.5 1 1.5 2
From this graph and the preceding formula for Fy, it is clear that Fp has the properties of
a distribution function. Hence there is no obvious mistake in the formula derived for Fp.

Comment on Exercise 10: The solution to exercise 10 makes use of the following formula:

1 1 1
f e T W) gy o o forueR.
x=0 4/ 2 2

To facilitate understanding of the solution to exercise 10 we will derive this formula
here. The derivation is also interesting in its own right as it demonstrates an integration
technique that is often useful.

Put
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1
- [ oo,
=027

From this definition, it should be clear that g[u] = g[—u] for all u. Hence, it suffices to

prove that

1
glu] = E e foru=0.

We will show that
g'lul=—-glu] foru>0

and then use standard solution techniques for differential equations to deduce that

glul = % e “foru=0.

Differentiating g (by interchanging the order of differentiation and integration as

appropriate) we obtain

i 1 e ;—(x2+(u/x)2) dx= f i 1 e % (x2+(u/x)2) dx=
du x:OﬂZn w=0du 1/27-[

f 1 e S (P +w?) (_ l L 2 u)] dx=-u —1 e 3 (P +win?) l dx.
=02 1 x2 =021 2

Applying the substitution x = u/y with fixed u > O to the latter integral we have

—u f : e ;_(XZHM/X)Z) l dx=
x=0 4/ 2 7 x2
2
T P L P
Y=o 21 u Y =027

Hence

g'lul=-glu]l foru>0

as claimed.

Now the equation g’[u] = — g[u] is a separable differential equation and can be solved
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fairly easily. Written in terms of the variables x and y where y = g[x] the equation has

the form
dy
— =—y.
dx

Separating the variables in the standard way, we have
dy

—=—dx
y

from which we obtain, on integration of both sides,

logy=—-x+C

where C is an arbitrary constant. Solving for y, we obtain the solution

y=yoe "
where yy is the value of y when x =0. In terms of the earlier notation we have

glul =g[0]e™ foru>0.

To complete the derivation we need only determine the value of g[0]. From the defini-
tion of g we have

1 |
8[0]=ﬁ e 1% dx.
0 v2rm

The integrand of the latter integral is the density function for a standard normal random
variable, i.e., it is the density function for Normal(0, 1). Since the standard normal
density is symmetric about 0 and probability densities integrate to 1 it follows that

1
gl0]=—.

2
Consequently,

1

u

glul = Ee‘ foru=0.
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Since g[u] = g[—u] for all u, it follows that

1
glul = 5 e M forallu.

Therefore

1 1
f o > (/) dx=—e™ forueR,
x=0

V2nr 2

which is the formula we set out to prove.

10. Suppose that X and Y are independent random variables with X ~ Exponential(1) and
Y ~Normal(0, 1). We are asked to determine the density function for X'/ Y.

Note that for X ~ Exponential(1), X 112~ Weibull(1, 2) (see section 6.2.1 of the text-

book). Hence the distribution of X2 Y is identical to the distribution of V Y where
V ~ Weibull(1, 2).

In exercise 11, the student is asked to determine the distribution of X Y under the
assumption that X ~ Normal(0, 1), Y ~ Weibull(\/? s 2), and X, Y are independent. (The

distribution types of X and Y are not explicitly given in the statement of exercise, but
they are easy to deduce from the forms of the given density functions.) From the
observations just made, this is essentially the same problem as the current exercise (the
only difference being the parameters of the Weibull distribution). Hence the density
function obtained in the current exercise should have the same basic form as the one
given in exercise 11.

Put W = X'/2 Y where X ~ Exponential(1), ¥ ~ Normal(0, 1), and X, Y are independent.
We will determine the distribution of W directly without making use of the observation
that X'/> ~ Weibull(1, 2). Since X cannot assume negative values, X'/? is well defined
and it makes sense to ask for the distribution of W.

Note that the distribution of W is symmetric about w = 0. In particular,
Pr[W =w] =Pr[W=-w] forallw.
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The demonstration of this fact is more subtle than it may at first appear: Suppose that

we have determined a formula for the distribution function of W = X Y. Then since

Y ~Normal(0, 1) = —Y ~ Normal(0, 1) and since —Y and X are independent whenever
Y and X are independent, we can follow exactly the same steps to determine the distribu-
tion function of —W = X'/?(—Y) and the result will be the same distribution function.
Consequently, when X ~ Exponential(1), Y ~ Normal(0, 1) and X, Y are independent,
the distributions of X2 Y and —X'/? Y are identical. (Note that this argument does not
contradict the comments made in section 4.1.11 of the textbook where it is pointed out
that substitution of equivalent random variables is not in general valid.) Hence for any w,

Pr[W <w] =Pr[X'?Y <w|=Pr[-X"? ¥ = —w| =Pr[W = —w].

It follows that the distribution of W is symmetric. Consequently, it suffices to determine
the density of W in the case w > 0.

Suppose henceforth that w > 0. We determine Pr[W > w] by integrating the joint density
of X and Y over the region defined by the event X'/> ¥ > w. From the given informa-
tion, the joint density of X and Y is

1 - 2
e e/ forx>0andyeR.

Jxylx, yl=
2r

A graph of the event X' Y > w can be created using Mathematica or similar computer
software.

Y
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Carrying out the integration of fx y over the shaded region, we have

w 1 )
PI'[WZW]ZPI‘[YZ 7]= ff e‘xe_y/zdxdyz
X" y V2r
y=w/x

,x>0,y>0
1 2 1 2
rfw e /2 e dx Cﬂy _ r e /2 (fw e* alx] Cﬂy —
v=0Jr=wiy?\ 2 71 =027 =)
1 1 oy T AL
f e—)‘2/2 e—(w/y)2 dy= f - e 2 {yz+( \/?/y) }dy‘
ey SNery

Now from the comment preceding the solution to this exercise,

1 ! !
el g e, ueR.

XZOVZﬂ' 2

12

Substituting ¥ =w V 2 and using the assumption w > 0 we have

[
S Ners 2

Hence

1
Pr[W = w] = Ee—wﬁ forw>0.

Since W is continuous, Pr[W = w] =0 for all w. Consequently,

1 1
Sww] =Pr[W >w] =Pr[W =w] - Pr[W =w] = Ee’wﬁ -0= Ee’wﬁ forw >0

and

d (1 1
fwlwl=-Sylwl=- — (— e_Wﬁ) = — V2 forw>0.
dw \2 ﬁ

Since the distribution of W is symmetric, it follows that the density function of W is in
general
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1
fulwl= — e V2 forweR.
V2

This is the density function that we were required to derive.

15. We are asked to show that if X|, ..., X,, are independent Cauchy random variables then
the arithmetic average X,=(X; +--+X,)/nalso has a Cauchy distribution.

At first glance this may appear to be a violation of the law of large numbers since the
distribution of X, is the same for all 7, and hence does not become more concentrated as
n increases. However, recall that one of the conditions specifed in the statement of the
law of large numbers is that the mean of the distribution exist and be finite (see section
8.4.2 of the textbook and take note of the section of the proof where this condition is
used). From section 7.6 of the textbook, we know that the mean of the Cauchy distribu-
tion does not exist. Hence the law of large numbers is not applicable to random vari-
ables having a Cauchy distribution.

To prove the required result, it suffices to show that a weighted sum of any rwo indepen-
dent Cauchy random variables is Cauchy. Indeed, if k Y| + (1 — k) Y, is Cauchy when-
ever Y and Y, are independent Cauchy random variables and k > O then since
Xi+-+X, n-1 Xj+--+X,; 1

= : + = Xn ’

n n n—1 n

it follows by induction that (X; + --- + X,)/n has a Cauchy distribution whenever

X1, ..., X, are independent Cauchy random variables. Consequently if X, ..., X, are
independent Cauchy random variables and if k Y7 + (1 — k) Y5 is Cauchy whenever Y
and Y, are independent Cauchy random variables and & > 0, then by induction,

(X1 + --- + X,,)/n has a Cauchy distribution.

Hence suppose that Y| and Y, are independent Cauchy random variables, & is a positive
real number, and consider the weighted sum S =k Y, + (1 — k) Y. Since Y, and Y, are
independent, the density function of S can be determined using the convolution formula
given in section 8.1.3 of the textbook:

Sslsl= | fiv,[x] fa—iy v,[s = x] dx.

—00

Since Y; and Y, are Cauchy random variables, the densities of k Y7 and (1 — k) Y, are as
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follows:
k 1
fkyl[X] = ;'x2+k2,
1-k 1
foo b= e
Hence

k(1-k) 1 1

2 2R (x5 (1—k?

Jir Xl fa-mv,ls —x] =

Using the method of partial fractions, the latter expression can be decomposed into a
sum of functions that are more easily integrated. Applying this method we have

1 1 A+Bx C+Dx

. = +
R+ (x—2+(1-k?> X+E  (x—sP+1-k?

where
s+1-2k
A= 5 ,
(P +1-2k) +452k
2s
B= . ,
(P +1-2k) +452 K
3s2-1+ 2k
C= S ,
(P+1-2k) +452k
D=-B.

Consequently,
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k(1-k) 1 1
Ssisl= | fiv,[X] fu—prls —xldx= f dx=

o0 n? wx?+ Kk (x—s5)?+(1-k)?

k(1 —-k) A+Bx C+Dx
f dx+ f —dx;.
2 —co X2 4+ k2 —oo (x —8)2 + (1 — k)?
Applying the substitution x = k w to the first integral in the latter expression we have
A+Bx 1 A+Bkw
f dx=- f T aw
—oo X% + k? kJoo w?+1
and applying the substitution x = s + (1 — k) w to the second integral in this expression
we have

C+Dx 1 C+D((1-kw+ys)
f dx= r dw.
*OO(X—S)Z'F(I—k)z 1-k J- W2+1

Substituting these expressions into the previous formula for f5 and simplifying we have

k(1-k) A+Bx C+Dx
fils] = {f cﬂx+f—clx}=
2 oo X2 + k2 —0 (x = 8)2 + (1 — k)?

1 A+Bkw C+D({(1-k)yw+ys)
{(1—k) 7dw+kf dw}z

n? -0 W+ 1 w2+1
1 A(l-k)+Ck+Dks (B+D)w
—{fw +k(1-k) 7dw}=
7% U w?+1 o 1 +w?
1 dw
—{A(l—k)+Ck—Bks}f>Q +0=
n? —ow? + 1

1
— (A -k + Ck—Bks} (arctan[w] [F._) =
b8
1 T T 1
—{A( —k)+Ck—Bks}(— —(— —)): —{A(l-k)+Ck—-Bks}.
n? 2 2 T
(Note the use of the relationship D = —B.) Substituting the values of A, B, C previously

specified into the latter expression we have

1
—{A(1-k)+Ck-Bks}=

T
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1 (L1201 —R)+ (452 = (2 + 1 -2K)) k- 2s)ks

n (2+1-2k +452 K2
(P+1-2k)1 -2k +2s%k

1
T (212K +42K
2+ (1=2k)7? 1 s2+ (1 =2k)7? 11

1
;(s2+1—2k)2+4s2k2 _7T.(52+1)(52+(1—2k)2) T2l

Consequently,
1 1

fsls]=—- forseR,
T os2+1

which we recognize as the density function of a Cauchy distribution.

Hence we have shown that if Y| and Y, are independent Cauchy random variables and
k>0 then kY| + (1 — k) Y, has a Cauchy distribution. Applying this result repeatedly in
the manner discussed earlier it follows that for any independent Cauchy random vari-
ables X1, ..., X, the arithmetic average (X; + --- + X,,)/n has a Cauchy distribution.

This is the result we were required to prove.

17. Let X and Y be the returns on securities S; and S, respectively. We are given that
pux=10%,0x =5 %, py =20 %, 0y = 15 %, and px y = .30. The equation in the risk-

reward plane for the possible portfolios consisting of S; and S, is

ok =A g = Ho)* + 075

where
(Ox -0y’ +2(1 = pxy)ox oy (5%—15%)*+2(1 - 30)(5%) (15%)

= K .

(1x — py)? (10 % — 20 %)>
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Hx 05 = (Ux + fy) pxy Ox Ty + fy 0%

Ho = 5
(ox —oy)* +2(1 - pxy)ox oy

(10 %) (15 %)* = (10 % + 20 %) (.30) (5 %) (15 %) + (20 %) (5 %)*
(5% —15%)* +2 (1 = .30) (5 %) (15 %)

~10.12195 %,

and

ok oy (1-piy)

ol = =
(ox =0y +2(1 - pyy)ox oy

(5 %)* (15 %)* (1 - (30)%)

~ (4.99695029 %)*.

(5% —15%)* +2 (1 = 30) (5 %) (15 %)

Note that in decimal form, gy =0.1012195 and oy = 0.0499695029. It doesn't matter

which form (decimal or percentage) is used in the equations that follow as long as we
are consistent and the answers are interpreted appropriately. Note that A is the same
regardless of the form used for y and o7.

a. Let a be the fraction invested in S that minimizes the variance of the portfolio. Then
Ho=a ux + (1 —a)py.

From the preceding comments,

Ho ~ 10.12195 %,

Hx =10 %,

Uy =20 %.

Hence the required fraction is

to — py 1012195 % — 20 %
LUy — [y 10 % — 20 %

a

So to minimize the variance, about 98.78% should be invested in S .

b. The expected return on the minimum variance portfolio is
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Lo ~ 10.12195 %.

19. This exercise is based on a story told by the Nobel Prize winning economist Paul
Samuelson. It is designed to illustrate the difference between risk pooling and risk
sharing and expose a common fallacy associated with the law of large numbers. See
also section 8.4.3 of the textbook and Samuelson's 1963 paper "Risk and Uncertainty: A
Fallacy of Large Numbers" published in volume 98 of the journal Scientia.

a. Let J; be John's winnings on the k-th bet and let S; be John's accumulated winnings
on 100 bets. Then from the given information, the J; are independent and identically
distributed with distribution given by

2000 with probability .50,
k= { ~1000 with probability .50,

and Sy =J; + --- + J;. The riskiness of a bet or group of bets can be analyzed by consider:
ing the variance. From the definition of J; we have
Var (J;) =
E[J}] - E[Ji]* = {(2000)* (.50) + (—1000)* (.50)} — {(2000) (.50) + (~1000) (.50)}* =
2,500,000 — 250,000 = 2,250,000 = (1500)>.

Since the J;, are independent and identically distributed we also have

Var (S;) = Var (J;) + -+- + Var (J190) = 100 Var (J;) = (15,000)2.

Hence by agreeing to 100 bets, John actually increases his risk (by a factor of 100 when
risk is measured by the variance). Consequently, if John is not willing to take on the
risk of loss associated with a single bet, he should definitely not take on the risk associ-
ated with 100 such bets. It follows that John's reasoning is not sound.

b. Let M; be Matt's winnings on the k-th bet and let S, be Matt's accumulated winnings
on 1000 bets. Then from the given information

2 with probability .50,
M= { 1 with probability .50,

and Syy =M, + --- + Mp00. Hence
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Var (My) = E[M{| - E[M]* =

5 (1Y
{2 (50) + (=1)* (.50)} - {(2) (.50) + (= 1) (50)}* = 3 [5] =225

and
Var (Sy;) = Var (M) + --- + Var (M 999) = 1000 Var (M) = 1000 (2.25) = 2250.

Moreover,
E[Sy]=1000 E[M,] = 500.

Now recall from part a that the variance and expected value on a single bet of the type
proposed by Paul are

Var (J;) = 2,250,000

and
E[J;] =500.

Hence by breaking up Paul's proposed bet into 1000 pieces, Matt has reduced the risk as
measured by the variance by a factor of 1000 without changing the expected value. So
unlike John, Matt's reasoning is sound.

c. In order for Matt and John to take advantage of Paul's offer they need to share the risk
of loss. One way of doing this is to share accumulated winnings on the 100 bets with
100 like-minded people. Let S denote the share of the accumulated winnings for one of
these 100 people. Then using the notation of part a,

1
S=—U1++Ji00)-
100

Since the J; are independent and identically distributed with

E[Jx] =500,
Var (J;) =2,250,00,

we have
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1
E[S]= 00 (E[J1] + -+ + E[J100]) = E[J] = 500

and

1y 1
Var (S)=| — | (Var(Jy) + --- + Var (J199)) = — Var (J;) =22,500.
100 100

Clearly the risk of loss for one of the 100 people sharing the accumulated winnings is
less than the risk faced on a single bet with no sharing of winnings even though the
expected gain in both situations is the same. It follows that if John and Matt wish to
take advantage of Paul's tempting offer, they should find 98 other people interested in a
bet of this type and share accumulated gains or losses with these people.

If John and Matt still find the risk of loss to be too high, they can reduce the risk further
by increasing the number of people with whom gains and losses are shared. Note
however that if the number of bets remains at 100, then increasing the number of people
sharing in the winnings will reduce the expected gain for each member.

Comment: A concrete application of the risk reduction technique presented in part c is
presented in the solution to exercise 22, part c.

22. Let L; be the loss incurred and k E [L j] the amount of premium collected by insurer j

where k > 1 and k is the same for both insurers. Under the proposed coinsurance
arrangement, premiums and losses are shared equally. Hence each insurer pays L where
L=(L; +Ly)/2 and receives k (E[L;] + E[L,])/2. The losses L; are assumed to be

independent and identically distributed.

a. Since L =(L; + L,)/2 and the L; are independent and identically distributed, we have

1 1
EILI = (EILi 1+ ElL2) = (2E[L;]) = E[L,]

and

1 1 1
Var(L)= - (Var (Ly) + Var (L) = — (2Vvar (L)) = S Var (L)).
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Consequently,

ﬂ—szfz_(#L/].

g, O'Lj

b. In exercise 21, it is argued that the ratio /o can be considered a rudimentary
measure of solvency with larger values of u/o indicating a higher probability of
solvency. From part a of the present exercise, we have

Hi, HL
“_L:ﬁ( f]> .

oL oL, oL,

Consequently, according to the risk measure u /o the insurers are more secure with
coinsurance.

We can also reach this conclusion by calculating insolvency probabilities directly. Since
the insurers share the collected premiums equally, the probability that aggregate claims
exceed aggregate premiums when insurer j participates in the coinsurance arrangement
is

E[L(]+ E[L;]

Pr[L >k
2

] =Pr[L>kp|.

Under a normal approximation, the latter probability is

L—puy k,UL,—llL
>
gy, gy

L-p, k=D, 7y
Pr > ~Prl|Z>V2 (k-1)—|=1-0
or.

oL O-Lj/\/? j

Pr[L > k,uLj] =Pr

oy
ﬁ(k—l)—L
gy .

L
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Hence the probability of insolvency for insurer j when the coinsurance arrangement is in

place is approximately

HL;
V2 (k-1)—
or.

7

1-9

From exercise 21, the probability of insolvency for insurer j when the coinsurance
arrangement is not in place is approximately
HL;

(k—1) —
O'Lj

1-0

Since @ is increasing and k > 1 we have

ML
x/?(k—l)ild—q)
agy.

L

Hi;
k-1 —
O'Lj

1-0

Consequently, the probability of insolvency is lower when the coinsurance arrangement
is in place. Hence the insurers are more secure with coinsurance, as argued earlier.

c. In the course of doing business, insurance companies naturally accumulate pools of
risk, some of which can be large. Pooling actually increases risk. To understand why,
consider n independent, identically distributed losses and let S = X; + --- + X, be the

aggregate loss. Using standard properties of the variance we have
Var (§) = Var (X;) + -+ + Var (X,) = n Var (X)

from which it follows that

Var(S) >0 asn— oco.

This shows that the uncertainty in the payout associated with a pool of risks increases
without bound as the number of policies in the pool increases, i.e., pooling increases
risk.

Now the basic principle of insurance is that risk can be reduced through sharing. The
mathematical justification of this principle follows from the law of large numbers (see
sections 1.4 and 8.4.3 of the textbook). One way that an insurer can share the risk
associated with a pool of risks is to enter into a coinsurance agreement with other
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24.

insurers. This is the approach considered in part b of this exercise. Another way that an
insurer can share the risk is to sell shares to the public.

A share in a company represents an ownership position in the company and entitles the
holder of the share to a portion of the future profits generated by the company. Since
future profits are unpredictable, the value of a company's shares will fluctuate over time,
generally increasing during periods of rising profits and decreasing during periods of
falling profits. When an insurance company experiences a large unexpected loss, profits
are generally impacted in a negative way and the value of the company declines. For a
company with shares outstanding this decline in value will be reflected in a lower
trading price for the company's shares. In effect, the unexpected loss will be shifted
from the company to the shareholders.

Now if the number of shareholders is large then the amount of the loss shifted to an
individual shareholder (through a reduction in share price) will be relatively small and
limited to the value of the individual's shares. Moreover the risk of loss for an
individual shareholder will be much less than the risk associated with the entire pool
accumulated by the company. Indeed, if S is the loss on the pool at the company level
and this loss is spread equally over the m shares outstanding then the risk of loss on an
individual share as given by the variance is

S 1
Var| —|[= — Var(§) >0 asm - co.

m) m?
Consequently, the risk to individual shareholders is relatively small and approaches 0 as
the number of shareholders becomes arbitrarily large.

It follows from these observations that selling shares to the public is an effective way for
an insurance company to disperse the risk associated with large risk pools. Selling
shares also makes it possible for individuals of relatively modest means to share in the
often generous profits associated with underwriting large risk pools without having to
assume an unacceptably high level of risk.

Let X; be the payout on the j-th policy during the coming year and let S be the aggre-
gate payout during the coming year on the portfolio of m policies. Assume that all
death claim payments are made at the end of the year. Then from the given information,
the X; are independent and identically distributed with distribution given by
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X { 25,000 ¢~% with probability .01,
j=

0 with probability .99,

and S = X; + --- + X,,. Note that 25,000 e~ is the present value of 25,000 discounted

one year at a continuously compounded rate of 5% per annum. Let P be the per-policy
premium that must be charged for the insurer to be 99% confident that total premiums
exceed total claims. Then P is determined by the condition

Pr[S <m P] = .99.

Now if m is sufficiently large, then the distribution of § is approximately normal with
mean

E[S]= mE|X;]

and variance
Var (S) = m Var (X)).

From the information on the distribution of X; stated earlier we have

E[X;] =(25.000 e~ %) (01) ~ 237.81

and
Var (X;) = E[X}] - E[X,]’ = (25,000 ¢=%)* (01) - (25,000 ¢~ (01))’ =
(25.000)° €10 (01) (.99) ~ (2366.15)7.

Hence for m sufficiently large, the distribution of S is approximately normal with
E[S]~23781m

and

Var (S) ~ (2366.15) m.

Assuming this to be the case, the condition
Pr[S<mP]=.99

is approximately equivalent to the condition
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mP—-23781m
Z<—— [~ 99

2366.15Vm

where Z ~ Normal(0, 1). In terms of the standard normal distribution function, the latter
condition is

P —237.81
i

Pr

—Vm ] ~ .99.
2366.15

Now from Appendix E of the textbook, we have ®#[2.326] ~ .99. Hence the condition
P —-237381
1

—Vm ] ~ .99
2366.15

is equivalent to
P -23781

— Vm =~2326.

2366.15

Solving the latter equation for P we obtain

5503.67
P ~237.81+

m

Therefore to be 99% confident that total premiums exceed total claims, the insurer must
charge each of the m policyholders the dollar amount

5503.67

237.81 +
m

Note that the $237.81 figure here is the expected loss per policy and the $5503 .67 / Vm

figure is the additional per policy amount that must be collected to ensure with 99%
confidence that claims are covered in the aggregate. The additional per-policy amount
is not insignificant (unless m is more than 1 million). The reason for this is that claim
payments, while unlikely (1% probability of occurrence), are quite large ($25,000)
when they occur.
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27. Let X; be the loss on the j-th contract measured in thousands of dollars and let S be the
aggregate loss in thousands of dollars. By assumption, the X; are independent and
identically distributed with X; ~ Exponential(1/5) and S = X; + --- + Xjg0. Let P be the

premium in thousands of dollars collected on each contract. By assumption, P = 5.05.
We are required to determine Pr[S > 100 P] using a normal power approximation for S.
In order to apply the normal approximation formula to S we need to determine values
for ug, os, and ys. From sections 4.2.1,4.2.2, and 4.2.3 of the textbook, the mean,

variance, and skewness of a sum § of independent random variables X1, ..., X,, are
respectively

Hs = px, + o+ i,

When the X; are identically distributed, as is the case in this question, these formulas

reduce to

Hs =n Uy,
2 _ 2

O¢g=noy,

3 3
nyxox nyxOyx Yx
’yS = =
oy n3?

3 e
oy N

where X ~ X;. Now for X ~ Exponential(A) we have
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Yx =2

(see section 6.1.1 of the textbook). Consequently, the mean, variance, and skewness for
the aggregate loss random variable S of this question are given by

1 1
ps =100 px = 100 | — | = 100| — | = 500,
A 1/5

1 1
0% =1000% = 100 [—] =100- —— = 2500,

A2 (1/5)?
’)/X 2 1
’yS = = —_—= -
1002 10 5

Using these values of ug, 0s, and ys in the normal power approximation formula given
in section 8.6 we find that

3 9 6 505 — ug
Pr[S <100 P] =Pr[S <505] = Fs[505]~®[- —+ | —+1+ —- ——— |=
rs 7{% Vs gs
505 — 500

P-3) )+ (9)(25)+1+(6)(5).T -

®[-15 + V229 | ~ @[.13274595] ~ @[.1327].

From the table for the standard normal distribution function in Appendix E of the
textbook we have

®[.1327] ~ (.73) ®[.13] + (27) ®[.14] = (.73) (.5517) + (27) (.5557) = .55278.

Hence

Pr[S < 100 P] ~ .55278.

Consequently, the probability that aggregate losses exceed total premiums collected is
Pr[S>100P] =1—-Pr[S<100 P] ~ 1 — .55278 ~ 44722

using a normal power approximation.
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Comment: It is actually possible to specify the exact distribution of S in this question.
Indeed, since S is a sum of independent, identically distributed exponential random
variables, § must have a gamma distribution. In particular, S ~ Gamma(100, 1/5).
Using this exact distribution and the fact that the survival function of a gamma
distribution whose parameter r is a positive integer has the form

r—1 (A [)n e—)tt

Srll=

=0 n!
(see section 6.1.2 of the textbook), it is possible to calculate the exact value of the
desired probability. Indeed,

99 ((1/5) (505))11 e—(l/S)(SOS) 2 101" e—]Ol
Pr($ > 505]= > S

! !
n=0 n. =0 n!

The numerical value of this probability can be determined using Mathematica or similar
computer software. When we do this we find that

99 10111 e—lOl
27 ~0.447104.

!
=0 n:

Comparing this value to the value 44722 of Pr[S > 505] that was previously determined
using a normal power approximation, we see that the normal power approximation is
quite close. The advantage of using a normal power approximation instead of the exact
distribution to calculate probabilities (even in problems such as the one just considered
where it is relatively straightforward to determine the exact distribution) is that the
normal power approximation only requires the use of a hand-held calculator and a table
of values for the standard normal distribution function whereas the exact distribution
may require more sophisticated computer software such as Mathematica.
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1. For a given throw of the dart, let X be the distance from the fixed origin to the place
where the dart lands and let Y be the number of the target at which the dart is aimed.
Suppose that the target number is selected by the roll of a die.

a. E[X|Y]is the average distance from the origin of the darts thrown at target Y. (If the
target shooter is fairly accurate, this should be close to the distance from the origin to
the location of target Y'.)

Var(X | Y) is the variability in the distance from the origin of the darts thrown at target Y.
(Note that this is not necessarily a good measure of the error in the target shooter's aim:
If the darts all land far from the target but close to each other then Var(X | Y) will be
small even though the error associated with each throw is large.)

E[E[X | Y]] is the average of the average distances weighted according to the number of
darts aimed at each target.

E[Var(X | Y)] is the average variability in hitting the selected target (whatever it happens
to be) weighted according to the number of darts aimed at each target.

Var(E[X | Y]) is the variability in the average dart distances for the targets weighted
according to the number of darts aimed at each target. (If the target shooter is fairly
accurate then this is a measure of the proximity of the target locations.)

b. The formula E[X] = E[E[X | Y]] has the following interpretation: The average
distance from the origin of all darts tossed can be determined by calculating the average
distance from the origin for darts thrown at each specific target and then averaging these
values according to the frequency with which each target is selected.

The formula Var(X) = E[Var(X | Y)] + Var(E[X | Y]) has the following interpretation:
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The variability in the distance from the origin of all darts tossed is equal to the sum of
the average variability in hitting the selected target and the variability in the average
distances for each target. (If the target shooter is fairly accurate then this formula
asserts that the variability in dart locations for all darts is determined by the variability
around each target and the spread of the target locations.)

3. Let C be a risk classification variable defined as follows:

C=1 if client has no credit history,
c=2 if client has history of late payments,
Cc=3 if client has declared personal bankruptcy.

Let L; be the loss on a randomly selected account for which it is known that C = j. We

are given that
L ~ Exponential(1/100),
L, ~ Exponential(1/500),
L; ~ Exponential(1/1000),

and the distribution of C is

Cc=1 with probability .20,
c=2 with probability .50,
Cc=3 with probability .30.

Let L denote the loss on a randomly selected account for which the risk class is not
known. Parts a through d are concerned with the distribution of L.

a. The expected loss on a randomly selected account can be determined using the
formula for unconditional expectation given in section 9.3 of the textbook,

E[L] = EC[EIL| C]].

From the given information,

E[L|C]=E[L] with probability .20,



Chapter Nine Solutions 131

E[L|Cl=E[L;] with probability .50,
E[L|C]=E[L3] with probability .30.

Moreover, E[L;] = 100, E[L,] = 500, E[L3;] = 1000. Hence

E[E[L|C]]=
E[L;]1(.20) + E[L;] (.50) + E[L3] (.30) = (100) (.20) + (500) (.50) + (1000) (.30) = 570.

Consequently, the expected loss on a randomly selected account is
E[L]=E[E[L|C]] =$570.

b. The variance of the loss on a randomly selected account can be determined using the
formula for unconditional variance given in section 9.3 of the textbook,

Var (L) = E[Var (L| C)] + Var (E[L | C]).

From the given information,
Var(L|C)=Var(L;) with probability .20,
Var(L|C) = Var(L,) with probability .50,

Var(L|C) = Var(L3) with probability .30,

and
E[L|C]=E[L] with probability .20,
E[L|C]=EI[L;] with probability .50,
E[L|C]=EI[L;3] with probability .30.

Moreover, since L; ~ Exponential(1/100), L, ~ Exponential(1/500), and
Ls; ~ Exponential(1/1000) we have

E[L,]=100, E[L,] =500, E[L3] = 1000

and

Var (L;) = 100%, Var (L,) = 5002, Var (L3) = 1000.
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Hence

E[Var (L | C)] = Var (L) (.20) + Var (L) (.50) + Var (L3) (.30) =
(100%) (:20) + (500%) (.50) + (1000%) (.30) = 427,000,

E[E[L| CT*| = E[Li]* (:20) + E[L,]* (:50) + E[L3]* (.30) =
(100)? (.20) + (500)? (.50) + (1000)? (.30) = 427,000,

and

E[E[L|C]]=
E[L;](20) + E[L,] (.50) + E[L3] (.30) = (100) (.20) + (500) (.50) + (1000) (.30) = 570.

Consequently,

Var (E[L | C]) = E[E[L | C]*| - (E[E[L| C]])* = 427,000 — (570)* = 102,100

and so

Var (L) = E[Var (L| C)] + Var (E[L | C]) = 427,000 + 102,100 = 529,100.

Therefore the variance of the loss on a randomly selected account is 529,100 squared
dollars. This is equivalent to a standard deviation of about $727.39.

Important Comment: Note that in this particular question it just so happens that the
values of E[Var(L | C)] and E [E [L|C ]2] are the same. However, the reader should keep
in mind that the values of E[Var(L | C)], E [E [L] C]Z] are generally different. The reason

they are the same in this question is that the exponential distribution has the property
that its variance is equal to the square of its mean. Indeed for X ~ Exponential(A),

E[X]=1/Xand Var(X) = 1/A? = E[X].

c. The desired probability can be determined using the law of total probability. Indeed,
for any / > 0 we have

Pr[L>1]=
Pr[L>1|C=1]Pr[C=1]+Pr[L>1|C=2]Pr[C=2]+Pr[L>]|C=3]Pr[C=3]=
Pr[L; > []Pr[C = 1] + Pr[L, > [] Pr[C = 2] + Pr[L3 > [] Pr[C = 3].

From the given information,

L, ~ Exponential(1/100),
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L, ~ Exponential(1/500),
L3 ~ Exponential(1/1000)

and
Pr[C=1]= .20, Pr[C=2]= .50, Pr[C=3]=.30.

Hence
Pr[L > 1] = ¢ 1% (20) + 7% (50) + 77190 (30) forl>0.

Consequently, the probability that the company loses more than $500 on a randomly
selected account is

Pr[L > 500] = e (.20) + €' (.50) + ¢~ "/? (30) ~ 36724651 ~ 37 %.

d. From part a, the expected loss on a randomly selected account is $570 and from part
b the standard deviation of the loss is $727.39. Hence if the finance company wishes to
recoup its expected loss and have a safety margin of 1 standard deviation for each
customer, it should charge each client an administration fee of $1297.39 (= $570 +
$727.39). From a practical viewpoint, it is probably not possible to charge a fee of this
size upfront since people with a poor or nonexistent credit history are unlikely to have
that much cash lying around. However, this fee could be recouped by increasing the
interest rate on the loan and assessing periodic "hidden" fees that are less visible to the

borrower.

Comment: As a check on our calculations in parts a and b, we can use the survival
function determined in part ¢ to calculate E[L] and Var(L) directly, i.e., without making
use of the formulas for unconditional mean and variance given in section 9.3 of the
textbook. From part c, the survival function of L is

Sl = 20190 4 50 71300 1 30 7100 for 1> 0.

Hence L is a mixture of Exponential(1/100), Exponential(1/500), and
Exponential(1/1000) with respective mixing weights .20, .50, and .30. It follows from

section 9.4 that the moment generating function of L is

1 1 1

1
M, [t] =20 + .50 +30 ——— fort< ——.
1-100¢ 1-5001¢ 1 -1000¢ 1000
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(Recall from section 6.1.1 that the moment generating function of X ~ Exponential(Q) is
Mx[t] =A/(A —1) for < A.) Consequently, using the fact that E[Lk] =M 2’0 [0] for
k=1,2, ... (see section 4.3.1 of the textbook) we have

E[L] = M;[0] ={(:20) (1 - 100 ) ~* (100) +

(.50) (1 — 500 1) =2 (500) + (.30) (1 — 1000 ¢) 2 (1000)} li=0 =570
and
E[L*]=
M7[0]={(:20) (2) (1 = 100 #) 7 (100)* + (.50) (2) (1 — 500 1) ~* (500)* + (.30) (2)
(1= 1000 1) = (1000) ?} |,z = 854.000.

Therefore
E[L] =570

and

Var (L) = E[L*| - E[L]* = 854,000 — (570)* = 529,100,

which are identical to the values given in parts a and b, as they should be.

5. Let L be the size of the uncertain loss and let K be the indemnified amount.
a. Suppose that the insurer caps the indemnified amount at m. Then

) L if L<m,
K:mln(L,m):{m ifL>m

The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L < m and L > m. Indeed, for any k we have

Pr[K <k]=Pr[K <k |L<m]Pr[L<m]+Pr[K <k|L>m]Pr[L>m]=

PrlL<k|L<=m]Pr[L=m] +Pr[m<k|L>m]Pr[L>m]=
Pr[L<kand L <m] Prim<kand L > m]

Pr[L<m] +

Pr[L>m] =
Pr[L < m] Pr[L > m]

Pr[L < min (m, k)] + Pr[m <k and L > m].
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Hence for k < m we have
Pr[K <k]=Pr[L<min(m, k)] + Prflm<kand L>m] =Pr[L <k] +0=Pr[L <k]

and for k = m we have
Pr[K < k] =Pr[L <min (m, k)] + Prlm<kand L>m] =Pr[L<m]| + Pr[L>m]=1.

Consequently, the distribution function of K is given by
F; k] fork <m,
1 fork = m.

Filk = {

b. Suppose that the indemnified amount is subject to a deductible d but no cap. Then
0 if L=d,
K= .
{ L-d ifL>d.

The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L <d and L > d. Indeed, for any k we have

Pr(K <k]=Pr[K <k|L<d]|Pr[L<d]+Pr[K <k|L>d]Pr[L>d] =
Pr0<k|L<d]Pr[L<d]+Pr[L-d<k|L>d]Pr[L>d]=
Pr[0 <kand L <d] Prld <L=<d+k]
Pr[L<d]|+ ——————— Pr[L>d] =
Pr[L < d] Pr[L > d]
Prl0<kandL<d]+Prl[d<L=<d+k].

Hence for k = 0 we have

PrlK <k]=Pr[0<kand L<d]+Pr[d<L<d+k]=
PrlL<d]+Prl[d<L<d+kl=Pr[L<d+k]l=F.|d+k]

and for k£ < 0 we trivially have
Pr[K <k]=Pr[0<kandL=<d]+Pr[d<L=d+k]=0.

Consequently, the distribution function of K is given by
Folk Frld+ k] fork =0,
K[]_{O fork <O0.

c. Suppose that the indemnified amount is subject to both a deductible d and a cap m.
Then
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K=0 ifL=<d,
K=L-d ifd<L<d+m,
K=m if L>d+m.

The distribution function for K can be determined by applying the law of total probabil-
ity with the conditions L <d,d <L <d + m, L > d + m. Indeed for any k we have
Pr[K <k]=Pr[K <k|L=<d]Pr[L=<d] +
PriIK<k|d<Lsd+m]Pr[d<L<d+m]+Pr[K<k|L>d+m]Pr[L>d+m]=
Prl0<k|L=<d]Pt[L<d]+Pr[L-d<k|d<L=<d+m]Prl[d<L<d+m]+
Prim<k|L>d+m]Pr[L>d+m] =
Prl0<kandL<d] +Pr[L-d<kandd<L<d+m]+Prlm<kandL>d+m] =
Prl0<kand L<d]|+Pr[d<L<min(d+k, d+m)|+Prm<kand L>d + m].

Hence for 0 < k < m we have

Pr[K <k] =
Prl0<kandL<d]|+Prl[d<L<min(d+k, d+m)]|+Prlm<kand L>d + m] =
Pr[L<d]+Prl[d<L<d+k]+0=Pr[L=<d+k],

for k = m we have

Pr[K <k] =
Prl0<kand L<d]+Pr[d<L<min(d+k, d+m)]|+Prlm<kandL>d + m] =
Pr[L<d]+Prld<L<d+m]+Pr[L>d+m]=1,

and for k <0 we have

Pr[K <k]=Pr[0<kand L <d] +
Prld<L<min(d+k, d+m)]+Prim<kandL>d+m]=0+0+0=0.

Consequently, the distribution function of K is given by

Fglk]=0 for k <0,
Fglkl=Fp[d + k] forO<k<m,
Fglk]=1 for k = m.

7. Suppose that X = B I, where I ~ Bernoulli(p) and B is a nonnegative random variable
which is independent of /.
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a. The distribution function of X can be determined by conditioning on / and using the
law of total probability as follows:
Fx[x] =Pr[X <x] =Pr[X <x|I=0]Pr[/=0]+Pr[X <x|[=1]Pr[/=1] =
Pr[BI<x|I1=0]Pr[/=0]+Pr[BI<x|I=1]Pr[I=1]=
Pr[0 < x]-(1 — p) + Pr[B < x]- p.

Note that Pr[B/ < x| = 1] = Pr[B < x] since B is independent of /. Hence for x = 0
Fx[x]=Pr[0=x](1 - p)+ Pr[B=x] p=(1 - p) + p Fplx],

and for x <0
Fx[x]=Pr[0=x](1-p)+Pr[B=x]p=0-(1-p)+0-p=0.

(Note that Pr[B < x] =0 for x <0 since B is assumed to be nonnegative.) Consequently,
the distribution of X is given by

(1-p)+ pFplx] forx =0,
Fxlxl = { 0 forx <O,
as required. Since Sx[x] =1 — Fx[x] for all x, it follows that the survival function of X is
1-((1—-p)+ pFplx]) forx=0,
SX[X]z{l—O forx<0;}
p (1 —Fglx]) forx=0, p Sx[x] forx=0,
- {1 forx<0;}: {1 forx <0,

as required.

In general, X has a mixed distribution with a probability mass at x =0. When B is
continuous and p < 1, X has a probability mass at x = 0 and a continuous distribution of
probability on the interval x > 0. Sample graphs of Fx and Sy when B is continuous can
be created using Mathematica or similar computer software.
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~
\

b. The graph of the generalized density fx corresponding to the graphs of Fx and Sx
given in part a is as follows:
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Ix

Note that the area under the continuous part of the density is equal to p. The probability
mass at x = 0 is equal to the probability that B=0 or I =0. Since B is assumed to be
continuous, Pr[B=0] =0 and so Pr[X =0]=Pr[/=0]=1 - p.

c. Applying the formula for unconditional expectation given in section 9.3 we have

E[X]=E/[E[X |I1]=E[X|I=0]Pr{I=0]+E[X|I=1]Pr[I=1] =
E[IB |I=0]Pt[I=0]+E[IB|I=1]P[l=1]=
E[0] Pe[I = 0] + E[BI Pr{l = 11=0-(1 - p) + s p = p i

as required. Note that
E[IB|I=1]=E[B|I=1]=E[B]
since B is independent of 1.

To determine the formula for Var(X) we apply the formula for unconditional variance
which in this context has the form

Var (X) = E;[Var (X | I)] + Var; (E[X | I]).

Arguing as before we have
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Ejf[Var(X|D]=Var(X |[=0)Pr[/=0]+Var(X | I=1)Pr[I=1] =
Var(IB|I=0)Pr[I=0]+Var(IB|I=1)Pr[I=1] =
Var (0)Pr{/ =0] + Var (B)Pr[I=1]=0-(1-p)+ 03 p=p 3.

Since
if =0,

0
A=, i,

we also have

Var; (E[X |11) = pi Pr[I = 1] Pt[I = 0] = pj p (1 - p).

Hence the unconditional variance of X is given by

Var (X) = E;[Var (X | )] + Var; (E[X | I]) = pos + uz p(1 = p)

as required.

d. The moment generating function of X is defined by
Mxlt] = E[e'X].

Using the formula for unconditional expectation given in section 9.3 of the textbook we
have

E|le'X| = E|E[e'* |1]| = E[¢'* | 1=0]Pr[I =0] + E[&'* | I = 1] Pr[I = 1] =
E[e'"®|1=0|Pr[I=0]+E[e''®|I=1]Pr{I=1]=
E[¢®| Pr[I=0] + E[e'?| Pr[I = 1] = 1-(1 - p) + Mj]t] p.

Consequently,
Mx[t] = (1 = p) + p Mpl1]

for all + where M is defined. Differentiating this equation k times we obtain

MPt] = p MP[1].

Hence using the fact that £ [Xk] =M )((k [0] for any random variable X we have
E[X*|=pE[B*| fork=1,2, ..
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as required.

e. The third central moment can be calculated in terms of the moments about O as
follows:

E[(X - ux)’] = E[X°]| - 3 E[X*]| E[X] + 2 E[X]’

(see exercise 5 part a of section 4.3 or simply expand the trinomial (X — yx)* and use the
linearity property of expectation). From part d of the current exercise,

E[X*|=pE[B"] fork=1,2, ...

Hence substituting this expression for £ [Xk] into the preceding formula for £ [(X - ux)? ]

we obtain
E[(X - ux)*] =
E[X*] - 3E[X?| E[X] + 2 EIX) = p E[B*] - 3 (p E[B*]) (p E[B]) + 2 (p EB])’ =
pE|B*| -3 p* E[B*| E[B] + 2 p’ E[B]’
as required.

A formula for E[(X - yx)3] in terms of the statistics g, 05, and yg can also be given.
Using the general relationships
E|(B - up)’| = E|B’| - 3 E|B*| E[B] + 2 E[B]’,

E[B - up)’| =v5 03
op =E|B*| - E[B),

we have

E[Bz] = 0'% + #%

and
E[B}| =E[(B - up)’| + 3 E[B*| E[B] - 2 E[B]® =

YpOp+3(0h+ 13 up — 2 1y = yp O + 3 0% pp + K.

Substituting these formulas for E [Bz] and E [B3] into the formula for E [(X —-u <)’ ]
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derived earlier we obtain
E|[(X - ux)’| = pE|B*| - 3 p* E[B*| E[B] + 2 p* E[B] =
3 3 2 3 _3 2 2 2 2 3 3:
p(vs oy +30% up + pip) =3 p* (05 + 1) up +2 p° 1z
pysoy+(3p-3p ) ogus+(p-3p*+2p°) =
pysoy+3p(l=p)ogus+p(l-p)(1-2p)u;

as required.

Comment: The assumption that B and I are independent was inadvertently omitted in
the statement of the question in section 9.6. However, this assumption is necessary for
the formulas just derived to hold in general. To see that this is so consider the case
B = I (perfect dependence). Then X = I? and so the distribution of X is Bernoulli(p),

P 1 with probability p,
B { 0  with probability 1 — p.

Hence
Fx[x]=0 for x <0,
Fxlx]=1-p forO<x<1,
Fxlx]=1 forx=1,

which is clearly different from the formula one gets in part a of this exercise. Indeed,
substituting the distribution function Fz when B = I into the formula in part a we obtain

Fx[x]=0 for x <0,
Fxlx]=1-p? forO<x<1,
Fx[x]=1 forx=1.

Consequently for the formulas in parts a through e to hold in general, we require that B
and / be independent.

12. Let X; be the payout on a randomly selected policy of type j, let I; be an indicator of a

claim occurrence on a randomly selected policy of type j, and let L; be the claim size on
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a policy of type j for which a claim is known to have occurred. Then from the given
information,

1 with probability 25 %,
Iv= { 0  with probability 75 %,

P { 1 with probability 40 %,
2 =

0 with probability 60 %,

Ly ifl =1,
xi={

0 ifl, =0,
L, ifh=1,

X, =
2 {0 if,=0,

and the probability mass functions of L; and L, are respectively
pr,[1000] = .20, pg, [5000]=.50, p;, [10000] = .30

and
pr,[1000] = .70, p;,[5000] = .20, p;,[10000] =.10.

Let Y be the payout on a randomly selected policy whose type is not known and let C be
an indicator of type defined as

{ 1 if policyholder is of type 1,
12 if policyholder is of type 2.

Then from the given information,
c { 1 with probability 30 %,
“ 12  withprobability 70 %,

and

v X ifC=1,
‘{x2 ifC=2.

With this notation, the solutions to parts a through d can be presented in an organized
way.

a. The desired quantities are E[X;] and Var(X;). Using the formulas for unconditional
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expectation and variance given in section 9.3 of the textbook we have
E[X1]=EL[E[X: | h]11=E[Xy | [ = 1] Pr[{; = 1] + E[X; | I; =0] Pr[/; =0] =
E[Ly]Pr[I; = 1] + E[0] Pr[I; =0] = E[L;] (.25) + (0) (.75) = (.25) E[L,]

and
Var (X) = Ey, [Var (X, | )] + Vary, (E[X1 | L1]) =
{Var (X, |1, = 1) Pr[l; = 1]+ Var (X, | 1, =0) Pr[/; =01} + Var;, (E[X; |];]) =
Var (L) Pr[l; = 1] + Var (0) Pr[/; =0] + Var;, (E[X; |;]) =
Var (Ly) (:25) + (0) (.75) + Vary, (E[X, | I1]) = (:25) Var (L;) + Var, (E[X; | ]).

Now

E[L,] ifL =1, E[L,] ifl =1,
E[X"I‘]‘{E[O] if11=0;}_ {0 if11=0;}_ ElL1-4-
Hence

Vary, (E[X, |L])=
E[L,1?> Var (I,) = E[L,]* Pr[I; = 1] Pt[I; = 0] = E[L,]? (:25) (.75) = .1875 E[L,]*

and so

Var (X;) = (.25) Var (L) + Vary, (E[X; |I;]) = (.25) Var (L) + (.1875) E[L,T*.

(Note that the formula Var(/,) = Pr[/; = 1] Pr[/; = 0] follows directly from the formula
for the variance of a binomial random variable with n =1 and p = Pr[l; = 1].)

From the distribution of L; we have
E[L,]=(1000) (.20) + (5000) (.50) + (10000) (.30) = 5700

and

E[L}] = (1000)* (.20) + (5000)* (.50) + (10000)* (.30) = 42,700,000.

Hence
Var (Ly) = E[L}] - E[L{]* = 42,700,000 — (5700)* = 10,210,000

Consequently, the mean and variance of X are
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E[X1]1=(25)E[L;] =(.25) (5700) = 1425

and
Var (X)) =
(25) Var (L) + (.1875) E[L;]* = (:25) (10,210,000 + (.1875) (5700)* = 8,644,375
These are the numerical values of the desired quantities.
b. The desired quantities are E[X;] and Var(X;). Arguing as in part a we have

E[X3] = E[Ly] Pr[l; = 1]

and

Var (X;) = Var (I,) Pr[l, = 1] + VEIIIZ (E[X, |12]) =
Var (Ly) Pr[l, = 1] + Var (E[L,]-1I,) = Var (L,) Pr[l, = 1] + E[L,]* Var (I) =
Var (Ly) Pr{l, = 1] + E[L,]? Pt[l> = 1] Pr[1, = 0].

Hence
E[X5] = (40) E[L,]
and

Var (X») = (40) Var (L) + (.40) (.60) E[L,]? = (.40) Var (L,) + (.24) E[L,]>.

Now from the distribution of L, we have
E[L,] = (1000) (.70) + (5000) (.20) + (10 000) (.10) = 2700,

E[L3] = (1000 (.70) + (5000)* (.20) + (10 000)* (.10) = 15,700,000,

and

Var (L,) = E|L5] - E[L,]* = 15,700,000 — (2700) = 8,410,000.

Consequently, the mean and variance of X, are
E[X,] = (40) E[L,] = (:40) (2700) = 1080

and

Var (X,) = (40) Var (L) + (:24) E[L,]* = (40) (8,410,000 ) + (:24) (2700)* = 5,113,600 .
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These are the numerical values of the desired quantities.

c. The desired quantities are E[Y] and Var(Y). Using the formulas for unconditional
expectation and variance given in section 9.3 of the textbook we have
E[Y]=Ec[E[Y |C]]l=

E[Y|C=1]Pr[C=1]+E[Y | C=2]Pr[C =2] = E[X,] Pt[C = 1] + E[X,] Pr[C = 2]

and
Var (Y) = Ec[Var (Y | C)] + Varc (E[Y | C]) =
Var(Y|C=1)Pr[C=1]+ Var (Y | C =2)Pr[C =2] + Varc (E[Y | C]) =
Var (X)) Pr[C = 1] + Var (X,) Pr[C = 2] + Varc (E[Y | C]).

Now

EY1Cl = E[X] ifC=1,
¥ ]_{E[Xz] if C=2.

From parts a and b we have

E[X;]=1425

and

E[X,] =1080.

Further, from the information given in the statement of the question,
Pr[C=1]=.30, Pr[C=2]=.70.

Hence

1425 with probability .30,
E[Y|C]= { . .

1080 with probability .70,
and so

Var (E[Y | C]) = E[E[Y | CI| - (E[E[Y | C]1)* =
{(1425)% (:30) + (1080)* (.70)} — {(1425) (.30) + (1080) (.70)}* =
1,425,667.50 — 1,400,672.25 = 24,995.25.

It follows that



Chapter Nine Solutions 147

Var (Y) = Var (X;) Pr[C = 1] + Var (X,) Pr[C =2] + Var (E[Y | C]) =
Var (X;) (.30) + Var (X;) (.70) + 24,995.25.

Now from parts a and b we also have
Var (X;) = 8,644 375

and
Var (X;) =5,113,600.

Hence substituting these values and the earlier values for E[X;], E[X;] into the formulas
for E[Y] and Var(Y) we have

E[Y]=E[X]Pr[C = 1] + E[X,] Pr[C =2] = (1425) (.30) + (1080) (.70) = 1183.50

and

Var (Y) = Var (X;) (.30) + Var (X,) (.70) + 24,995 25 =
(8,644,375 (.30) + (5,113,600 (.70) + 24,995.25 = 6,197,827.75.

These are the numerical values of the desired quantities.

d. The desired probability is Pr[Y = 5000]. This can be determined by successive
applications of the law of total probability.

To make the calculations more transparent, we will first determine a general formula for
Pr[Y = y] in the case y > 0. Conditioning on the risk class C we have
Pr[Y =yl =Pr[Y =y|C=1]Pr[C=1]+Pr[Y = y|C=2]Pr[C=2] =

Pr[X; = y] (.30) + Pr[X, = y] (.70)

and conditioning on the event of a claim occurrence we have
Pr[X;=y|=Pt|X; = y|I;=1|Pr|l;= 1] + Pr|X; = y|I;=0| Pr[[;= 0] =
Pr[L; > y| Pr[1; = 1| + Pr[0 = y] Pr[1; = 0].

Using the fact that Pr[0 = y] =0 for y > 0 it follows that
Pr[Y = y] = Pr[X; = y] (.30) + Pr[X; = ] (.70) =
Pr[L, = y] Pr[I; = 1] (.30) + Pr[L, = y] Pr[l, = 1] (.70) =
Pr[L; = y] (.25) (.30) + Pr[L, = y] (.40) (.70) = Pr[L; = y] (.075) + Pr[L, = y] (.28)



148 Chapter Nine Solutions

for y > 0. Now from the distributions of L; and L, we have

Pr[L; = 5000] = Pr[L; = 5000] + Pr[L; = 10000] = .50 + .30 = .80

and
Pr[L, = 5000] = Pr[L, = 5000] + Pr[L, = 10000] = .20 + .10 = .30.

Consequently, the probability that the payout on a randomly selected policy is at least
$5000 is

Pr[Y = 5000] =
Pr{L; = 5000] (.075) + Pr[L, = 5000] (.28) = (.80) (.075) + (.30) (.28) = .1440.

17.Let X1, ..., X500 be the insurer's payouts on the 500 policies for which the claim
incidence probability is 10%, let Yy, ..., Y2000 be the insurer's payouts on the 2000

policies for which the claim incidence probability is 5%, and let S be the insurer's total
payout on all policies. Suppose that the X;, Y; and S are all measured in $100,000 lots.

Then
S=X1 + .- +X500+ Yl + .- +Y2000.

Our objective is to determine the per-policy premium such that aggregate premiums
exceed aggregate payments 95% of the time.
Suppose that the X; and Y; are mutually independent. Then the distributions of the sums

X1+ -+ X500 , Y1 + -+ + Yoo00 are approximately normal and so since the sum of

independent normal random variables has a normal distribution, it follows that the
distribution of § is approximately normal. To use a normal approximation for S we
need only determine E[S] and Var(S).

Since the X; and Y; are mutually independent and X; ~ X, Y; ~ Y for X, Y of the type
specified in the statement of the question, it follows that
E[S] =500 E[X] + 2000 E[Y],

Var (S) = 500 Var (X) + 2000 Var (Y).

From the given information,
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X=IB

where I ~ Bernoulli(.10) and B is a truncated exponential random variable with parame-
tersA=1and m=2.5,and

Y=IB

where I ~ Bernoulli(.05) and B is a truncated exponential random variable with parame-
ters A =2 and m = 5. In exercise 7 part c it is shown that if X =/ B with I ~ Bernoulli(p)

and B nonnegative then
E[X]=p us,

Var (X) = p (1 - p) i} + p 5.

From Example 3, section 4.2.1 and Example 2, section 4.2.2 of the textbook, the mean
and variance of a truncated exponential random variable B with parameters A and m are

1
E[B]=—(1-e™™),
[B] A( e )

1
Var (B) = — (1 —2Ame " — e—2)tm).
/12
Hence if X = I B with I ~ Bernoulli(p) and B is a truncated exponential with parameters

A and m, then

p
EIX1=pus =~ (1-e?m),

p
+ —

2 (l —2Ame " — e_“m).

1 2
Var(X)=p(1 - p)up+pog=p(1-p) )Tz(l —e7tm)

It follows that the mean and variance of the X; (i.e., the case p=.10,A=1,m=2.5) are
.10

Blx] = — (1= e9) = 10 (1 - ),
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1 10
= -(1)(2.5))? -(1)2.5) -2 (1) 2.5)) =
Var (X;) = (.10) (.90) 1—2(1 -e ) + 1—2(1 - ERSe -e )=

09(1-e ) +.10(1-5¢25—¢7%)=.19- 68725 - 01 ¢

and the mean and variance of the Y; (i.e., the case p= .05, =2,m =35) are

05
E|Y;]= - (1-e@9)=025(1-¢717),

1 05
_ -2)(5))2 —@Q6) _ ~@QO) _
Var(Y,)—(.OS)(.95)2—2(1—e @) +2—2(1_(2)(2)(5)@ @O _ - ) =
011875 (1 -0 + 0125 (1 =20 €710 — &) =
024375 — 27375710 — 000625 ¢~ .

Consequently, the mean and variance of S are

E[S] =500 E[X] + 2000 E[Y] =
500 (.10 (1 = €72%)) +2000 (025 (1 = ¢7'%)) = 100 - 50 €2 - 50 ™' ~ 95.89348

and

Var (S) = 500 Var (X) + 2000 Var (Y) =
500 (.19 — .68 €™ — 01 ) +2000 (024375 — 27375 ¢~ - 000625 ¢~ ") =

1437534027 =57 - 54750 " - 125 »
115.7825543 ~ (10.76023)?.

a. Suppose that each policyholder is charged the same premium. Let P be the per-policy
premium in $100,000 lots. Then we require

Pr[S <2500 P] = .95.

Using a normal approximation for S we have
S—E[S] 2500 P —95.89348

<
v Var (S) 10.76023

Now @[1.645] ~ .95. Hence the required premium P is given by

2500 P — 95.89348
10.76023 '

Pr[S < 2500 P] = Pr

= Pr[Z <



Chapter Nine Solutions 151

2500 P — 95.89348
10.76023

~1.645,

that is,
P ~ 0454376.

Consequently, if all policyholders are charged the same amount, the required premium is
$4543.76 per policy.

b. Suppose that the insurer charges a policyholder with expected loss u the premium
P = (1 +¢) p where ¢ is the same for all policyholders. Then the premium for the 500
policyholders with claim incidence probability 10% is

P=(1+&E[X]=(1+0(10)(1 - %)~ 09179150 (1 + &)

and the premium for the 2000 policyholders with claim incidence probability 5% is
P=(1+&)E[Y]=(1+08) (025 (1-e'")=.02499887 (1 + &).

The requirement that aggregate premiums exceed aggregate payments 95% of the time
takes the form

Pr[S < (500) (.09179150) (1 + &) + (2000) (.02499887) (1 + ¢)] = .95,

ie.,

Pr[S <95.89348 (1 + )] = .95.

Using a normal approximation for S we have
Pr[§ <95.89348 (1 + 9] =

S — E[S] 95.89348 (1 + ¢) — 95.89348 [95.89348 (1+¢)—95.89348
Pr < ~®
V Var (S) 10.76023 10.76023

Since ®[1.645] =~ .95, the requirement on ¢ is
95.89348 (1 + ) — 95.89348

10.76023

~ 1.645,

ie.,
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¢~ .18458584.

Consequently, the required premium for policies with claim incidence probability 10% is
given by
P=(1+09) E[X]=(1.18458584) (.09179150) = .1087349,

i.e., $10,873.49 per policy, and the required premium for policies with claim incidence
probability 5% is given by
P=(1+08& E[Y]=(1.18458584) (.02499887) = .02961331,

i.e., $2961.33 per policy.

Comment: The total premium collected under the criterion in part a is

(2500) ($4543 .76) ~ $11,359,400.

The total premium collected under the criterion in part b is
(500) ($10,873.49) + (2000) ($2,961 .33) =$11,359,405.

Ignoring rounding error, we see that the total premium collected is the same. The
advantage of the criterion in part b is that it charges a premium that distinguishes
between the risks. This can help to avoid a problem with adverse selection.

20. Let S be the total amount of claims in hundreds of dollars. Then

S=W;+ -+ Wy

where W; is the size of the j-th claim in hundreds of dollars and N is the number of
claims. We are given that N ~ Binomial(4, .25) and the distribution of W is
Pr[W;=1]= 3, Pr[W;=2|= 45, Pi[W;=3]=25.

We are also given that the W; are mutually independent and independent of N. We are
asked to determine Pr[S > 5].

By the law of total probability,
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Pr[S>5]=
ZPr[S>5 | N:n]Pr[N:n]zZPr[Wl +-+Wy>5| N=n]Pr[N =n].
n=0 n=0

Since the W; are independent of N,
Pr[Wy + -+ Wy>5 | N=n]=Pr[W, +--- + W, >5].

Moreover, since N ~ Binomial(4, .25),
4 "
Pr[N = n] =(n) (25" (15" forn=0, 1, 2, 3, 4.
Hence
: 4
Pr[S>5]= Z Pr[W; + - + W, > 5] ( )(.25)" (.75)4—11.
n=0 n

Now since the only possible values of W; are 1, 2, or 3, the aggregate claim S cannot

exceed 5 if N < 1. In particular,
P[W* > 5] =0,

Pr{W, > 5] =0,

where W0 represents Wy + --- + W, when n=0. Hence
4
Pr[S > 5] =Pr[W, + W, > 5] ( 2) (25)* (75 +
4
Pr[W; + W, + W3 > 5] (3) (25)% (75) + Pr[W; + Wa + W5 + Wy > 5] (25)*.

Consider Pr[W; + W, > 5]. Since the possible values of W; are 1, 2, or 3, the only way
that the aggegrate claim S can exceed 5 is if both W; and W, are equal to 3, i.e.,
Pr[W; + W, >5]=Pr[W; =3 and W, =3].

Since the W; are independent, it follows that

Pr[W, + W, > 5] = Pr[W, = 3] Pr[W, = 3] = (.25)? = .0625.
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Now consider Pr[W; + W, + W3 > 5]. Put X = W; + W, + Wj3. For simplicity we will
determine Pr[X < 5] and then deduce the value for Pr[X > 5]. The values of the triple
(W, W,, W3) for which X <5 are as follows:

1,1, 1), (1,1,2), (1,1,3), (1,2, 1), (1,2,2),
(1,3, 1), 2,1,1), (2,1,2), 2,2,1), 3,1, 1).

Since the W; are independent, it follows that
Pr[X < 5] =Pr[W; = 1] Pr[W, = 1] Pr[W5 = 1] +
Pr[W, = 1] Pr[W, = 1] Pr[W3 =2] + --- + Pr[W, =3] Pr[W, = 1] Pr[W5 = 1] =
(3)* +3(3)*(45) +3(:3)° (:25) + 3(3) (45)* = 39825.

Hence
Pr[W; + Wy + W3 >5]=Pr[X>5]=1-Pr[X=<5]=1-.39825=.60175.

Finally consider Pr[W| + W, + W3 + W, > 5]. Put Y =W, + W, + W5 + W,. As in the
previous case, it is simpler to determine Pr[Y < 5] and deduce the value of Pr[Y > 5].
The values of the quadruple (W;, W,, W3, W,) for which Y <5 are as follows:

1,1,1,1), (1,1,1,2), (1,1,2, 1), (1,2,1,1), (2,1,1,1).

Hence arguing as before,

Pr[Y < 5] =Pr[W; = 1] Pr[W, = 1] Pr[W5 = 1] Pr[Wy = 1] +
Pr{W, = 1] Pr[W, = 1] Pr[W; = 1] Pr[W, = 2] + -+ +
Pr{W, = 2] Pr[W> = 1] Pr[W; = 1] Pr[W, = 1] = (3)* + 4 (3)® (45) = .0567.

It follows that
Pr[W + Wy + W3+ Wy >5]=Pr[Y>5]=1-Pr[Y =5]=1-.0567 = .9433.

Substituting these results into the earlier formula for Pr[S > 5] we obtain
4
Pr[S > 5] =Pr[W; + W, > 5] (2) (25)%(75)% +
4
Pr[W, + W, + W3 > 5] (3) (25)3 (75) + Pr[W; + Wo + W5 + Wy > 5] (25)* =

(0625) (6) (.25)> (.75)% + (.60175) (4) (25)> (.75) + (.9433) (25)* =
04507539 ~ 4.5 %.
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Consequently, the probability that aggregate claims on the given policy exceed $500 is
about 4.5%.

24.Let Y1, Y,, Y3, Y4 be the aggregate claims in thousands of dollars in the seasons spring,
summer, fall, winter respectively and let C denote the aggregate claims for the entire
year. By assumption, the ¥; have compound Poisson distributions with intensity
parameters
A =100, A, =75, A3=90, A4 =200

and claim amount random variables

Exponential (1), Exponential (2), Exponential (1), Exponential (.25).

Moreover, the Y; are assumed to be independent. Hence from section 9.5.2 of the

textbook or exercise 22, C has a compound Poisson distribution with intensity parame-
terA=A; + A, + A3 + A4, = 100 + 75 + 90 + 200 = 465 and claim amount W a mixture of

Exponential(1), Exponential(2), Exponential(1), and Exponential(.25) with mixing
weights 1, /A =100/465=20/93,1,/A=75/465=15/93,13/1=90/465=18/93,
Ay /A =200/465=40/93.

a. From section 9.5.2 of the textbook or exercise 21 part b, the formulas for the expected
value, variance, and skewness of a compound Poisson random variable are as follows:

E[C]=XE[W],
Var (C) = A E[W?|,

1 E[W?]
Yc = 117 . E—[W2]3/2 .

In this exercise, W is a mixture of Exponential(1), Exponential(2), Exponential(1),

20 15 18 40 .
537937937 03 and A = 465. Hence using the

general formula for the moment generating function of a mixture and the formula for the
moment generating function of an exponential random variable we have

Exponential(0.25) with mixing weights
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20 1 15 2 18 1 40 025

= . . . 4+ — =
93 1-¢t 93 2—¢t 93 1-¢t 93 025-¢
38 1 15 2 40 1

—_— 4 — e —

+ —- .
93 1—-¢t 93 2—-t 93 1-4¢

38 dk 1 15 dk 2
E[Wk]:M$)[O]— . ( )|,:0+ (—)|,=0

_E % 1—1¢ E % 2—t
40 d* 1 38 k! 15 k! 40
_— o= — —+ —-—+ —-45k) .
93 dif\1-41¢ 93 1 93 2k 93
In particular,
411 137
E[W] ==
186 62
2727 909
E|W?|= —=—,
186 62
62,397 20,799
E[W?] = =

372 124

Consequently, the mean, variance, and skewness of the aggregate claim random variable
is

2

i

137\ 2055
E[C] = L E[W] = 465 (6—2) =

909\ 13,635
Var(C):?LE[WZ]=465(6—2]= .

3 20,799
1 E[W? 1 o 2311
Yc=—-

NPE[w PR Vaes (%)” 3033030

~ .13855940.

b. The desired probability is Pr[C > 1200]. (Note that C is measured in thousands of
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dollars.) Fromipart a, we have
E[C] =1027.50,

Var (C) = 6817.50,
ve ~ .13855940.

Hence using a normal approximation we have
C—-E[C] 1200 -1027.50

>
V Var (C) vV 6817.50

where Z ~ Normal(0, 1) and ® is the standard normal distribution function. From the
table in Appendix E of the textbook and using linear interpolation we have

®[2.0892] ~ (.08) ®[2.08] + (.92) P[2.09] ~ (.08) (.9812) + (.92) (.9817) = .98166.

Pr[C > 1200] = Pr ~Pr{Z>2.0892] = | — [2.0892]

Consequently, under a normal approximation the desired probability is
Pr[C > 1200] = 1 — ®[2.0892] ~ 1 — 98166 = 1.834 %.

We can also approximate the desired probability using a normal power approximation.
From section 8.6 of the textbook we have the approximation

-3 9 6 c—uc
Fele]=®| —+ | —+14+ —-
Yc )% Yc Oc

Substituting the values of ¢, o¢, and y¢ specified earlier into this formula we have

-3 9 6 c—1027.50
Fcle]~® + +1+ . ~
13855940 (.13855940)? (.1385594) /681750
¢ —1027.50
®|-21.65136 + 469.7816+43.3027(7] .
82.5682

Hence the desired probability is
Pr[C > 1200] =1 — F¢[1200] ~ 1 — ®[2.0182].
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30.

From Appendix E of the textbook we have
®[2.0182] ~ (.18) ®[2.01] + (.82) D[2.02] ~ (.18) (.9778) + (.82) (.9783) = 97821.

Consequently, under a normal power approximation the desired probability is
Pr[C > 1200] ~ 1 - ®[2.0182] ~ 1 — 97821 =2.179% .

Both approximations give a numerical value of Pr[C > 1200] that is fairly small. How-
ever, the value of 2.179% determined by the normal power approximation is probably
closer to the true value because it incorporates the impact of the skewness of C which is
not entirely negligible in this case. Since the normal distribution is symmetric (and
hence has skewness of 0), it has a tendency to underestimate probability in the right tail
of distributions with a positive skew.

Let N be the number of claims received on this policy and let X be the aggregate
amount of claims for this policy. Then from the given information, the distribution of N
is given by

pn[0] = .50, py[1]=.30, py[2]= .20

and
X=0 if N=0,
X=W ifN=1,
X=W+W, if N=2,

where W; ~ Exponential(1/2) and the W; are independent. From section 6.1.2 of the
textbook, we know that the sum of independent exponential random variables with

o 1
common parameter A has a gamma distribution. Hence Wy + W, ~ Gamma(Z, 5).
Consequently, X is a mixture of a certain point mass at 0, the distribution

Exponential(%), and the distribution Gamma(Z, %) with respective mixing weights .50,
.30, .20.

a. From the observation that X is a mixture of the type just described it follows that the
distribution function of X is given by
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Fxlx] = 50 Fx, [x] + 30 Fy,[x] + 20 Fy, [x]

where

P 3 1 forx=0,
x [x] = { 0 forx <0,

1 — e 2 forx=0
F = ’
%14 {O forx <0,
and
Fx,[x]=1-S8x,[x] =
n ,—x/2 X
1- 1:0% forx=0, | _ {l—ex/2(1+5) forx=0,
0 forx <0; 0 forx <0.

(See section 6.1.2 of the textbook for the formula for the survival function of a gamma
distribution whose parameter r is a positive integer.) Simplifying we obtain

1-e™?(50+ .20 %) for x>0,
Fx[x] = 2
for x <O0;
_ { 1 - .50 e ¥? (1 + )5—() forx=0,
0 for x < 0.

b. To determine the unconditional mean and variance of X we condition on N and use
the formulas

E[X] = E[EIX | N1,
Var (X) = Ey[Var (X | N)] + Vary (E[X | N]).
From the earlier observations, we have

E[X | N]=E|0] iftN=0,

E[X |N]=E[W;] ifN=1,

E[X|N]=E[W, + W,]if N =2,

and
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Var(X | N) = Var(0) if N=0,
Var(X | N) = Var(W,) ifN=1,
Var(X | N) = Var(W; + W,) if N=2.

Since W; ~ Exponential(1/2) and the W; are independent, it follows from the formulas

for the mean and variance of an exponential distribution (section 6.1.1 of the textbook)
and the distribution of N specified earlier that

E[X|N]=0 with probability .50,

E[X|N]=2 with probability .30,

E[X|N]=4 with probability .20,
and

Var(X|N)=0 with probability .50,

Var(X |N)=4 with probability .30,

Var(X|N)=8 with probability .20.
Consequently,

EN[E[X | N]] = (0) (.50) + (2) (.30) + (4) (20) = 1 4,
Ey[Var (X | N)] = (0) (.50) + (4) (.30) + (8) (:20) = 2.8,

and
Vary (E[X | N]) =
Ey| EIX | NT| = (ExLELX | N11)* = {(0)* (:50) + (2)* (30) + (4)* (20)} —
{(0) (.50) + (2) (30) + (4) (20)}> = 4.4 — 1.96 = 2.44.

Therefore, the unconditional mean and variance of X are
E[X]=EN[E[X|N]]=14,

Var (X) = Ey[Var (X | N)] + Vary (E[X | N]) =2.8 + 244 =524,

c. From the solution to part a, we have
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X
Sx[x] = .50 e (1 + g) forx = 0.

Hence the probability that aggregate claims exceed three is

3
Sx[3]= 5073 (1 + g] = 80e %~ .1785.
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1. Let ug, o5, up, op be the expected return and standard deviation of return for the stock
and bond funds respectively, and let p be the correlation of the returns for the two funds.
We are given that yg =15 %, 05 =20 %, ug=5%,05=10 %, p =0.25.

a. From section 10.1 of the textbook, the equation of the curve in the risk-reward plane
representing the possible portfolios is

0% = A(u— o) + 5

where

~ (cs—0op)’+2(1-p)osos

- ’

(s — pp)*

Us 0% — (Us + 4B) P Ts O + g 0%

Mo = > >
(cs—op)+2(1-p)osop

) o3y (1-p%)
0-02

(os—0opP+2(1-p)osaoy

Substituting the given values of us, o, g, 0p, p into these expressions we have

(20 % — 10 %)? + 2 (1 — 25) (20 %) (10 %)

>

(15% - 5 %)?
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(15 %) (10 %)% — (15 % + 5 %) (0.25) (20 %) (10 %) + (5 %) (20 %)?
Lo = =6.25%,
(20 % — 10 %)* + 2 (1 — 25) (20 %) (10 %)

(20 %)? (10 %)* (1 — (:25)?
05 = ( ) =93.75 (%) ~ (9.68 %)*.
(20 % — 10 %)% + 2 (1 — 25) (20 %) (10 %)

Consequently, the equation in the risk-reward plane is

0% =4 (1~ 6.25 %) +(9.68 %)>.

b. From part a, the portfolio with the least risk has risk-reward coordinates

00 =9.68 %,

Ho=6.25%.

c. The graph is straightforward to create using Mathematica or similar computer
software.

d. For an investor with utility functional U = u — k 0%, the optimal allocation in the

stock fund is
M = up
Ms — UB

where p* is the return on the optimal portfolio and given by

1

W=po+ —
* kA

(see section 10.1 of the textbook). In this exercise, k = 1/100. Hence the return on the
optimal portfolio is
1 1
W=py+—=625%+———=1875%
2kA 2 ( )
100 %

and the fraction invested in the stock fund is
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w—pug 1875%-5%
= =1.375.
Ms — UB 15%—-5%

The interpretation of this is as follows: For every $1000 of investable assets, one should
sell short $375 of bonds and invest $1375 in stocks. If it is not possible to sell short the
bond fund, then the next best thing for this particular investor is to invest 100% of the
portfolio in the stock fund.

3. Let xy, x, x3 be the weights of S}, 5>, S3 in the optimal risky portfolio and A be the
reward-to-variability ratio for the optimal risky portfolio when the risk-free rate is .
From section 10.3 of the textbook, x;, x5, x3, and A satisfy the following system:

o (Ax)) + 012 (Ax) + 013 A x3) = g — 7y,
021 (Ax1) + 05 (A xp) + 093 (A X3) = pip — 1,
031 A X)) + 030 A x2) + 05 (A x3) = iz — 1.

This system has a unique soltuion in A xj, A x5, A x3 provided that the variance-
covariance matrix is nondegenerate, which we will assume. Hence

)L)Cl =C11 +012rf,
AXQ=C21 + C2o rs,
AX3 =C31tC3Ty,

where the ¢; ; are independent of ry. We are given that when ry =5 %,

74 -60 79
Xj=—, Xp=——, x3=—, A=465.
93 93 93

Substituting these values into the preceding system we obtain
74

(46.5) (—] =cn + e (5),
93

-60
(46.5) (—] =y + ¢ (9),
93
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79
(46.5) (—] =c31 +¢32(5),
93

where the units of ¢;; and ¢;, are as appropriate. We are also given that when ry =10 %,

12 =20 27
X1=—, Xp=—, X3=—, A=19.
19 19

Hence arguing as before we obtain

12
(19) —] = ¢y + 2 (10),
19

=20
(19) —] =1 + ¢ (10),
19

27
(19) —] =c31 + ¢33 (10).
19

The six equations in the ¢; ; are most easily solved by considering them as three sets of
two equations:

37=cy1 +5cq,
12=C11 + 106‘12;

=30=cy + 522,
=20 =51 + 10 ¢99;

39.5=C31 +5C32,
27 =c31 +10c3;.

Solving these equations we obtain
C11 262, C]2=_57
c21=-40, ¢ =2,

C31 = 52, C3p = -2.5.

Hence the coordinates of the optimal risky portfolio are given by
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Ax; =62 - 57y,
Axy=-40+2ry,
Ax3=52-257r;.

In particular, for r = 15 % we have

Ax;=-13, Ax,=-10, Ax3=14.5

and so
26 20 -29
X1= " 2= —, X3= ——.
17 17 17

8. We are given that the expected return and standard deviation on the market portfolio are
Uy =15 and oy = 15 and the expected return and standard deviation on the global

minimum variance portfolio are uy =5 and oy = 5. Note that in this context the global

minimum variance portfolio refers to the portfolio among those with no position in the
risk-free asset whose variance is the smallest. Since both the market portfolio and the
global minimum variance portfolio must lie on the minimum variance set of risky
portfolios ("risky" meaning that there is no position in the risk-free asset), we can
determine the equation in the risk-reward plane for the minimum variance set. Indeed,
from sections 10.1, 10.2, and 10.3 of the textbook, the minimum variance set has
equation

o? = A - o) + 03

where (0, o) are the risk-reward coordinates for the global minimum variance portfo-
lio. Substituting the values of (o, w) for the market portfolio into this equation and
solving for A, we find that A = 2. Hence the minimum variance set for the risky portfo-
lios is defined by

o?=2(u->5)+25.

We are given that the rate of return on risk-free investments is 3% and short positions in
the risk-free asset are not allowed. Consequently, the set of efficient portfolios consists
of two separate pieces:
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i. The line segment between the points (0, 3 %) and T where T is the point of
tangency for the curve 02 = 2 (u — 5)* + 25 and the tangent line through (0, 3 %).

ii. The portion of the curve 0> = 2 (u — 5)> + 25 to the right of the point 7.

Note that by the definition of a zero-beta companion portfolio, 7 is the efficient portfolio
whose zero beta companion has expected return 3%.

Because short positions are not allowed in the risk-free asset, the market portfolio will
lie on the portion of the curve o2 = 2 (u — 5)* + 25 that is to the right of 7. We don't
actually need to make this observation to determine the answers to parts a through d. It
will be a consequence of our calculations. However, it is helpful to keep this fact in
mind as we proceed through the rest of the solution.

a. Let (ozar), Mzan) be the risk-reward coordinates for the zero beta companion of the
market portfolio M. From the definition of a zero beta companion, pzay) is the pu-
intercept of the tangent line to the hyperbola 0 = 2 (i — 5)* + 25 through the point
(oam, ). The value of pzay) can be determined from the equation

du | _ My~ Bz
do (0, 1W)=(0m 5 Hpr) o — 0 :

Note that the left side of this equation is the slope of the hyperbola at the point (s, tr)
and the right side of this equation is the slope of the line through the points (0, uzas))
and (0, ). A formula for the derivative d u/d o can be determined by implicitly

differentiating the equation 0> = 2 (u — 5)* + 25:
du o
do 2u-5)

Substituting (o, pm) = (15, 15) into the equation for pzs) and solving we obtain
Hz M) = 3.75.
Since the zero beta companion of M must lie on the minimum variance set, we can

determine the standard deviation of the zero beta companion by substituting this value
for pizy) into the equation or=2 (u— 5)2 +25. When we do this, we find that
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0Zan =2z = 5)* +25=2(3.75 - 5)* + 25 =28.125.

Hence the expected return and standard deviation for the zero beta companion of the
market portfolio are

Hz M) = 375,

Ozwm =V 28.125 ~5.30.

b. From section 10.3 of the textbook, we know that every portfolio on the minimum
variance set can be constructed using only the market portfolio and its zero beta compan-
ion. Indeed, for any portfolio Q on the minimum variance set, the weights x;, x, in M,
Z(M) are given by

21 22
X1 = s X =
1t 21t

where
W @)
0 oZu)\22 Hzan =T

and where r is the expected return on the zero beta companion of Q. Since T is a

portfolio on the minimum variance set, it follows that T can be constructed using only
M and Z(M). Since the expected return on the zero beta companion of T is 3% and

(O zamys Mzon) =(5.30, 3.75) from part a, it follows that the weights x;, x, in M, Z(M)
can be determined by solving

(5 2] C)= (52
0 28.125)\z) \375-3)
When we do this, we find that

12 0.75

= - 22 =
225 28.125

<1

and so
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21 2 2 1
X1 = =—, X2 = =—.
2+ 3 z+z 3

. . . .2 .
Consequently, we can replicate portfolio T by investing 3 of our assets in the market

portfolio and the remaining % in the zero beta companion of the market portfolio.

c. Let Ry, Ry, Rz denote the returns on the portfolio T, the market portfolio M, and
the zero beta companion of the market portfolio respectively. Then from part b,

2 1
RT =X RM + X2 RZ(M) = ERM + ERZ(M).

Hence using the fact that iz = 3.75 from part a,

2 1 2 1
E[Rr] = gE[RM] + gE[RZ(M)] = §(15) + §(3'75) =11.25.

Now the CAPM for the efficient portfolios lying to the right of the tangency portfolio 7'
(i.e., the efficient portfolios with expected return greater than E[R7]) is given by

E[R] = E[Rz un)] + B(E[Rm] = E[Rz wp))),

with the restriction on 3 to be determined shortly. (See section 10.4 of the textbook.)

This version of the CAPM is used since the efficient portfolios with expected return
greater than E[R7] do not have a position (either long or short) in the risk-free asset.
Since T does not have a position (either long or short) in the risk-free asset, it follows
that E[Ry] and Sr satisfy the preceding CAPM equation, i.e.,

E[Rr] = E[Rz )] + Br (E[Rm] — E[Rz o).

Substituting the given and calculated values into this equation, we have

11.25=3.75+ Br (15 -3.75)

from which it follows that

ﬁT=§~
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Since the CAPM equation is increasing in § and since all efficient portfolios with
expected return less than E[R7] lie on the straight line through (0, 3 %), (o7, ur) (and
hence contain a long position in the risk-free asset), it follows that the preceding CAPM

equation only holds for § = Br,i.e., for = %

d. From part c, the security market line for efficient portfolios with expected return
greater than E[Rr] is

E[R] = E[R7 )] + B(E[Ru] — E[Rz ).

As noted in part c, this equation holds for § = Br. Substituting the given and calculated

values into this equation, we see that the security market line for § = 5 1s given by

E[R1=3.75+11258.

The security market line for efficient portfolios with 8 < % is simply the straight line in

the -y plane through the points representing 7" and the risk-free asset. The reason for

this is that all of the efficient portfolios with expected return less than E[R7] lie on the
straight line in the o-u plane through the points (0, 3 %), (o7, ur),and so T plays the

role of the market portfolio in this case. The equation of the line in the 8-u plane
through the points representing 7" and the risk-free asset is in general
E[Rr] —7f

E[R]=r+ 8
! Br

Substituting the values of E[R7] and S determined in part ¢ and the given value of the
risk-free rate we have
E[R]=3+12375p8

forﬁs%.

Consequently, the security market line for efficient portfolios is given by
3+123758  forfs<13,

E[R] = ;
375+1125B8  forf=3
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The security market line for individual risky assets is given by the general form of the
CAPM for all values of S:

E[R] = E[Rz )] + B(E[RyM] — E[Rz an)])-

Substituting the values of E[Ry/] and E[Rzy)] into this equation we obtain

E[R]=3.75+11258 forallvaluesof .

This equation provides information on the "required return" for a risky asset to be a
candidate for investment. Note that the "required return" is higher for an individual

risky asset of risk level 8 (with 8 < %) than it is for an efficient portfolio of risk level (.

. . - S 2
This makes perfect sense since an efficient portfolio with 8 < 3 has a return component

(the risk-free component) that is completely certain.





