The following results are due to Hajlasz and Kalamajska [2]. In particular,
Theorem 3 extends the Sobolev—Gagliardo—Nirenberg theorem to functions in
Ltr (]RN ), 1 < p < N, that do not vanish at infinity. I thank Dejan Slepcev for
bringing the paper to my attention.

Theorem 1 Let u € L'P (RN), where 1 < p < oo and N € N. Then there
evists a sequence of functions {u,} C C (RY) such that Vu, — Vu in
LP (RN; ]RN) if and only if either N > 2 orp > 1.

Proof. Step 1: Assume first that N =1 and p = 1. Let ¢ € C2° (R) be such
that [, ¢ (t) dt # 0 and define u (z) := [ ¢ (t) dt. Then u belongs to L' (R).
Assume, by contradiction, that there exists a sequence {u,} C C2° (R) such
that u/, — v’ in L' (R). Then

Oz/Ru;l(t)dtﬂ/RqS(t)dt#O.

This is a contradiction.

Step 2: We consider the case N =1 and 1 < p < co. Fix u € L'? (R). Using
standard mollifiers, we have that C°° (R) is dense in L' (R). Thus, without
loss of generality, we may assume that « € C* (R) N L7 (R). Consider a cut-
off function ¢ € C2° (R) such that suppp C B(0,2), ¢ = 1 in B(0,1) and
0 < ¢ < 1. For n € N, define

Up, () = @y () /033 o' (t) dt, z€eR.

where
T

en (2) ::w(*), zeR
n
Then u,, € C° (R). Thus, it remains to show that ), — «’ in L? (R). We have

ul, () = pp () (x) + %(p' (%) /037 o' (t) dt, xeR.

The fact that p,u’ — ' in LP (R) follows from the Lebesgue dominated con-
vergence theorem. On the other hand, by Hardy’s inequality (see below)

1 xT P T
/ ~y (f)/ o () dt| da < i/ / o (t) dt
R|T n/ Jo 1P JB(0,2n)\B(0,n) |0
1 xr
<c / - / u' (t) dt
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as N — 0.

Step 3: Finally, we study the case N > 2 and 1 < p < co. Fix v € L'P (RN).
As before we can assume that v € C* (RN) N Lbp (RN). Consider a cut-
off function ¢ € Cg° (RN) such that suppy C B(0,2), ¢ = 1in B(0,1) and
0 < ¢ < 1. For r > 0, define the annulus A4, := B (0,2r)\ B (0,r). By Poincaré’s
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inequality applied to the annulus Aj, there exists a constant C' = C (p, N) such
that for every v € WHP (Ay),

/ [v(x) —va,|P de < C [VolP dz,
Al Al

where for every measurable set with positive finite measure £ C RY,

1
v = EN*(E)/EU(Q:) dz.

A rescaling argument, shows that for every v € WP (A,), r > 0,

/ [v(z) —va, |’ dz < CT”/ |Vol? dz. (1)
A

For n € N, define

Up (2) = @ () (u(z) —ua,), zcRV,
Then

Vu, () = o (2) Vu (z) + %Vgp (%) (w(z) —ua,), zcRV,

As in the previous step, ¢, Vu — Vu in LP (RN) as n — oo, while by (1),
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as n — o0o. This concludes the proof. m

Remark 2 If N > 2 and u € L], (]RN) is such that its distributional gradient

Du belongs to My, (Q; RN), then reasoning as in Step 3 of the previous proof,
one can find a sequence {u,} C C° (RY) such that

lim |Vu,| dz = |Du| (RY).
n—oo RN
As a corollary of the previous theorem, we can extend the Sobolev—Gagliardo—
Nirenberg theorem to functions in L? (]RN ) that do not vanish at infinity. More
precisely, we have the following result.

Theorem 3 (Sobolev—Gagliardo—Nirenberg’s embedding theorem) Let
1 < p < N. Then for every function u € L"“P (RN) there exists a unique con-
stant ¢ € R (depending on u) such that

1

(/RN fu (@) —of” dx)'ﬁgc(/w |V (z)[” dx>”, 2)

where C = C (N, p) > 0.



Proof. By the previous theorem, there exists a sequence {u,} C C (RN )
such that Vu, — Vu in LP (RN;RN). Since for every n,m € N, u,, — uy, €
whtp (RN ), by the Sobolev—Gagliardo—Nirenberg theorem,

</R o) e d‘”) T (/RN Vit (&) — Vg ()] d95> %

This shows that {u,} is a Cauchy sequence in L (]RN ), and thus there exists
veLr (RN) such that u,, — vin LP" (RN). Since Vu,, — Vu in LP (RN; RN),
it follows that v € L'? (RY) N L (RY), with Vv = Vu LN-ae. in RV,
Hence, there exists a constant ¢ € R such that u(z) = v (z) + ¢ for LN-a.e.
x € RY. Again by the Sobolev-Gagliardo-Nirenberg theorem, this time applied
to u, € Whp (RN), n € N, we have

1

(/RN ()] dw)p* < C(/R V(@) dx>"

Letting n — oo gives

1

</RN () — o da:) e (/RN IV (@) da:)p

To prove the uniqueness of the constant ¢, let ¢; € R be another constant for
which such that (2) holds. Then

(/ ler — | dx)p :(/ |01:|:u(a:)—cp*dac>p

RN RN

</ |u($)—cl|p* dx)p —|—</ \u(x)—c|p* dx)p
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<20 (/ |Vu (x)|” dx) < 00,
RN

which gives that ¢; = ¢. This completes the proof. m
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Remark 4 If N > 2 and u € LlloC (IRN) is such that its distributional gradient
Du belongs to My, (Q;RN), then reasoning as in the previous proof, one can
show that there exists a unique constant ¢ € R (depending on u) such that

(/ fu(z) — ¢ dz)ll* < C|Du| (RY),

where C = C(N) > 0. See Theorem 3.47 in [1] for a different proof of this
result.

A similar result fails if p > N.



Exercise 5 Assume that p > N and consider a function v € C'™ (RN) such
that u(z) = |z|° for all z € RN \ B(0,1), where 0 < € < 1. Prove that if
0 < e < 1 is chosen appropriately, then v € L1P (RN), but there is mo constant
c € R such that u — ¢ belongs to L1 (]RN) for some 1 < g < o0.

Exercise 6 Assume that p = N > 1 and consider a function u € C* (RN)
such that u (x) = loglog |z| for all z € RNV \ B (0,€). Prove that if 0 < e < 1 is
chosen appropriately, then u € LYY (RN), but there is no constant ¢ € R such
that u — ¢ belongs to L1 (RN) for some 1 < g < o0.

Exercise 7 Prove that if u € LY! (R) then there is a constant ¢ € R such that

= ellpqey <2 [ 1 @) o

1 Appendix

Theorem 8 (Hardy’s inequality) Let u : (a,b) — R be a measurable func-
tion, where 0 < a <b< oo, andlet 1 <p< oo and s € R. If s > %, then

</b1 mu(t)dtpd:c>p< 11</b 1u(x)pd:r>p 3)
a 17% Ja Ts—p \Ja [zt ’
while if s < %, then
blq b P g 1 bl P g
(/a e ’ w(t) dt dx) < %_ . (/a zsilu(x) dac) (4)

Proof. Extend u by zero in (0,00) \ (a,b). Assume that s > % and define the

function v : (0, 00) x (0,00) — R by

1
v(e,y) = ——ulay),

Note that by the change of variables t = xy,

z,y > 0.

;/Oxu(t)dt:/olv(%y)dy

Then by Corollary B.83 and the change of variables t = zy,
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Recalling that v = 0 outside (a, b), we obtain

(/ub xls/:u(t)dtpda:);
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The case s < % is similar. m
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