1 Higher Order Besov Spaces

Given a function v : RV — R, for every h € R, m € N, i = 1,..., N, and
r € RV, we define inductively

Ay (2) = Al (2)
for m = 1, where Afu (x) has been defined in (14.1), and
APy (z) = Al (A?’m_lu (a:))

for m > 2. When N = 1 we write APy (z) := A"y ().

Remark 1 Given a function u: RN — R, fori=1,...,N and h € R consider
the translation operator TP defined by

T (u) (x) == u(z + he;), xR,
Note that T o Tf = Tf o T} for every h,s € R. Moreover, Al := T — I and
form € N, with m > 2

AP = (Th —1)" = (T} = 1) oo (T~ 1).

% ) %
m times

Here I is the identity operator. Hence, by the binomial theorem,

h’muzzm—m_jmux jhe; x N
A" u(e) =30 (" )ute+ste. s 1)

In particular, setting y == x + mhe; and k = m — j, we have

APy () = Y 0P (™ Vu(y - kher) (2)
= (m—k) Y

=™y (=t (ZL)u (y — khe;) = (=)™ A;""™u (z + mhe;) .
k=0

Definition 2 Let 1 < p,§ < oo, s > 0, m := |s] + 1, where |-| is the integer
part. A function u € L] (RN) belongs to the Besov space B*P? (RN) if

[ull go.p.o @y = l[ull Loy + [l popo@ny < 00,
where N )
e o dh \°
L h,m
|u' Bs:p:0(RN) = ; </0 HAZ u,’ Lp(RN) h1+s9>
if 0 < o0, and
al 1
s oo = T < Ah’m ‘
[elen o) ;i&% re 170 Yl e @y
if 0 = oo.



If 0 = p, we write
B*? (RY) := B*P? (RV) .

Observe that if 0 < s < 1, then m = 1, and so A?’lu = APy, which is consistent
with Definition 14.1.

Remark 3 Note that if N = 1, the space BY'> (R) coincides with the Zygmund
space Ay (R) introduced in Chapter 1 (see Definition 1.16).

Remark 4 Ifue L], (RN), by a change of variables, we have that

|81

~h,2
A?’ u‘

Lr(RN) H Lr(RN)’

where B
A?,Qu () :==u(z + he;) — 2u(z) + u (x + he;)

forheR,i=1,...,N, and x € RV.

Exercise 5 Prove that the conclusions of Propositions 14.83 and 14.5 continue
to hold for s > 1.

Next we show that in the definition of B*P?  one can replace A?’m with

A?’" for any n € N with n > m.
In what follows, given a function f: RY — R and h > 0, we set

fu@) = f (3), werY. 3)

Proposition 6 Let 1 <p < oo, 1 <0< o0, s>0. Then for every n € N with
n>m = [s| + 1, the seminorm |-|§;)1,,‘9(RN), defined by

N oo 6 dh \?
(n) h,n
By = D (/ At ) ()

N 1+s0
P LP(RN) h

|u

if 0 < o0, and

Ju) " B* proo (RN | Zii% e N )
if @ = 00, is an equivalent seminorm in BP0 (IRN),
Proof. It is enough to prove that the seminorms | Bg p0 (RN and |- |§B"fplg(RN)
are equivalent for some n > m := [s| + 1. Using the fact that
h,1
Ak ], o, < 2o (5)




we have that

887 e, = [ (8070

Thus, it remains to prove the opposite inequality.
Step 1: We consider first the case 0 < s < 1 and n = 1. Fix u € L{ . (RY).
Forz € RN, h>0,andi=1,...,N, we have

: <2 HA?’”U

Lr(RN Lr(RN)

2(u(z+ he;) —u(x)) = (u(x + 2he;) —u(x))
— (u(x + 2he;) — 2u (x + he;) +u(x)),

and so
281y (2) = A2y (2) — Al (2) . (6)

If 0 < o0, it follows by Minkowski’s inequality that

1
o 0 dh o 0 dh \?
h,1 2h,1
h, < =
2(/0 HAl “‘LP(RN) h1+89> _</0 HAl “‘LP(RN) h”S")
0 0 dh \? 00 0 dy \?
Al T g / |art) e
+(A H i LP(RN) h1+s0 o i U Lp(RN) 7]1+st9
+ (/ HA?QU‘
0

0 dh \ ¥
LP(RN) h1+59) 9

where we have made the change of variables h = 7. The case § = oo is similar.
Hence,

D=

(2)
Bs,p,e(RN) .

(2 - 23) |U|Bsmy9(RN) < |U

Step 2: Assume next that n > 2. We use the following identity for polynomials

(x—1)" = 2% (x2—1)”+(x—1)"—2in (2?2 —1)"

= 5 (z® — l)n + Py (z) (-1, zeR,

where P,,_1 is the polynomial

P ()771(erl)n—Q”77i((:c—1)+2)"72"
e T | on r—1
1 — : o
=—— 2”](7)(351)] 'ozeRr
2"],:1 J

By replacing x with Tih, we get

1
APMu= g AT Py (T) AP



Hence,

1

A < |azwn || P () Al
Lp(RN) = 27 L»(RN) L»(RN)
N = S (4 ] INER R |
AL Lp(RN) 27 o J LP(RN)
< L a2 kY JNER
—on T LP(RN) 2 ! LP(RN)’

where we have used j — 1 times the inequality (5). If 8§ < oo, it follows by

Minkowski’s inequality that
(e ) =5 ([l )
e VA s
. - 1
=2 ([ el )’
+ 2n2_ 1 (/OOO HA?’HHU‘ QLP(]RN) h1d+h59> ’

where we have made the change of variables h = 4. Therefore, we get

(=) () ot
0

dh \7?
Ly (]RN) hl+$9

1
2 1 ([N hmis || dh \7?
< A‘L,n-‘r ‘ .
- 2 (/0 H ¢ b Lr(RN) hltsf

Note that here it is important that n > m := |s] + 1 > s. The case 6 = oo is
similar. m

IN

=

=

2 Dependence of B*?Y on §
We study the relation between different Besov spaces B?¢ (RN ) as 0 varies.

Theorem 7 Let 1 <p<oo,s>0, and 1< 60, < by <oo. Then there exists a
constant C = C (N, p,01,02) > 0 such that

|u

Bs:p.02 (RN) S C |U Bsp.01 (RN)

loc

for allu € L (RN). In particular, B>P% (RN) C Bsp02 (RN).



We begin with some auxiliary results. Consider a nonnegative even function
w € O (R) such that suppw C [ 1 m+1:| and [w(t) dt = 1. Given
m € N, define

0 IR

j=1

Note that w € C° (R), suppwc{ P ﬁl]aand

frna-Sor ([0

Let
() = (@ o) /wt—r (1) dr, teR. )

Then v is even, ¥ € C° (R), and by Fubini’s theorem,

/qp dt = //wt—ﬂ' (r) drdt = (=)™ (=)' =1.  (10)

Lemma 8 Let w be as above, let w is the function defined in (7), and let
u € L (R). Then for h >0 and for L'-a.c. t € R,

/ n () AV (1) dy = / (w % @), (y) A (t) dy,

while for every n € N,

d(")z/)h B d™ (wxw) m
| Sttty dy = [ T ) At dy.

Proof. By (9) and Fubini’s theorem,

/wh ) AYu(t) dy = / %W(T)/Rw (% - T) AV (t) dydr.



By (1) and (8),

g

(% —7) AVu(t) dy

w(%—T)u(t+y) dy—u(t)/Rw(%—T) dy

(1 (73 [ (G -r) et ar-uty 0™

1 (=)™ (T;) /Rw (2 —T> u(t+7¢) d¢ + (—1)mu(t)/Rw (i —T) d¢
(M) [ (G- r)uerioac= [o(f o) amue ac

and so, again by Fubini’s theorem
1
7 /R (w* ) (2) AS™y (t) dC.

/ n (y) AVu () dy
R

To prove the second identity, let n € N. By Theorem C.20 and (9), we have

that
dn’l/)h o d”wh o d"wh B
)= (7 52 ) )= [ - 0w a

E

1
—

J

<.
I

.

Il
<

J

By the fact that fR dgyﬁh (y— &) dy = 0, Fubini’s theorem, and a change of
variables, we get

(n)
[T Wty dy—// (= 9w (©u(t ) dyd
/ / T ey (€) fut+y) — u(t)] dyde

d"w
/R " /wy n) A¥u (t) dydn.

Reasoning as in first part of the proof, we have that

/w y—mn) Au ()dy—/ (y —n) AV u (1) dy,

and so,

d(")wh dnwh
— _ AY™ )
[t @t dy= [ G2 [ w—marmu dyy

R
d™ (W w
2/%@) AV () dy.
R Y



Exercise 9 Let g € C™ (R), m € N.

(i) Prove that for every y € R and h > 0,

h h
Ah’mg(y):/ / g(m)(y+t1—|—--~—|—tm)dt1~~~dtm.
0 0

(i) Prove that for every y € R and h > 0,

mh
|Ah’mg (y)| < / sm—1 ‘g(m) (y 4 7—)‘ dr.
0

Lemma 10 There exists a constant C > 0 such that for every u € LP(R),

1<p<oo,meN, and for all h > 0,

I8l < . [ 18 ey

Proof. Consider a nonnegative function i) € C2° (R) such that suppy C [0, 1]
and [, ¥ (x) dz = 1. For h > 0, let up, := uxyp,, x € R (see (3)). By Minkowski’s

inequality and Remark 14.2, we have

[N ) S HAh’muhHm(R) + | A" (uy,

U’HLP(R _U)HLP(R)

< |‘Ah7muh’|LP(R) + 2" [lun — ull o () -
Hence, to conclude the proof, it remains to show that

C h .
[[un _uHLP(R) < 7, A" ul| o (ry dns
} o [t
8y < 5 [ 18Tl i
Step 1: Assume first that 0 < s < 1. Since [, ¢y, (z) dz = 1, we have
wn () = (o) = [ ) wla+ 1)~ u @) dr.
for € R. Hence, by Corollary B.83 and the fact that supp ¢y, C [0, h].

o=l < [ ) 1Al g5y i

C h
< ﬁ/o A 1o gy dn-

(11)

(12)

To prove (11), fix z € R and £ > 0 and define g (y) := up (z + y€), y € R. Then

1 1
Afuy (2) = g (1) - g (0) = / g/ 0) dy=¢ | (o4 v6) d.

(13)



Since [, ¢, (n) dn =0, we have

iy (z) = (u ) ( /w w (@ +n) —u(z) dn,

and so, again by Corollary B.83, Remark and the facts that suppy; C [0, A
and that ||[v, || < 5,

et (4 9 oy = It oy < 2 / [, () 1A gy

< o [ 187y

which, together with (13), gives

ce "
8% ey < G [ 1870y
which yields (11).

Step 2: Next assume that s = 1. In this case we assume that the function 1 is
even with supp e C [—1,1]. Since [; ¢y (z) doz =1 and 1y, is even, we have

w ( / () (u (@ + ) — 2u(2) +u(z — 7)) d

for x € R. Hence, by Corollary B.83, Remark 4, and the fact that supp vy, C
[7h, h]a

0o C h
”uh - U’HLP(]R) < /0 Ph (77) HAn’zuHLp(R) dn < E/O HAnQU”Lp(R) dn, (14)

so that (12) holds.
To prove (11), fix x € R and £ > 0. By Exercise 9,

1,1
8%y (@) =€ [ [ i@+ 2)€) dindye, (15)
o Jo
Since fR n) dn =0 and 1} is even, we have
(@) = (et (@) = [0 ) o +) = 2u(e) +uo — )

and so, again by Corollary B.83, Remark 4, and the facts that supp vy, C [0, h]
and that [|1)]| < Fg,

(o]
o - 0+ ) )l oy = Nkl < [ 107 ) A7

C

h
S5 HATLZUHLP(R) dn,



which, together with (15), gives

052 h
%%y < G [ 8720 )

which concludes the proof in this case.
Step 3: Finally, in the general case s > 0, we take 1 to be the function defined
n (9). Using the fact that [, ¢ (2) dz =1 and the previous lemma, we have

up, ( /¢h ) Ay (x) dn
f/me) () AT () di.

Hence, by Corollary B.83, the facts that suppw C [O, m7+1} and suppw C

[0, ml-‘,-l:| , and a change of variables,

A

1 7 m
o=l < § [ @) (1) 187l ey i

IN

C " om
T L

which shows (12).
To prove (11), fix z € R and £ > 0. By Exercise 9,

e [ [ k) i (10
By Theorem C.20, the previous lemma, and the fact that 1 is even, we have
@) = (wevl™) @) = [ 04 oyl ) dy
=" [ e ) A (a)

and so, again by Corollary B.83, Remark and the factb that that suppw C

1 1 m m
{_m+1’ m+1:|7 supp@w C |:_m+17 m+1}’ and H(w * @), H = hm+1’

[ 4w gy = 7

<gm / (@)™ )] 1Al 5, di

cgm cem ot
<< / Al < e [ 1Al



where in the last inequality we have used (2) and a change of variables.Together
with (16), this gives

, cem h o
I8 ) < s [ 1Al i

which yields (11). m

Remark 11 The previous proof is due to Jonsson and Wallin [2] in the case
0 < s < 1. It provides an alternative proof of Lemma 14.18.

Proof of Theorem 7. The proof is the same of Theorem 14.17, with the only
difference that we use the previous lemma in place of Lemma 14.18. m
3 Dependence of B*"Y on s
In this section we prove that for 0 <t < s,
BsPo1 (RN) C Btpo2 (RN).

Theorem 12 Let1 < p,0;,02 < oo and0 <t < s. Then there exists a constant
C=C(p,0,t,s) >0 such that

|ul ge.p.os ®V) < c |u|BS=Pv91(]RN) +C ||u||LP(]RN)
for all v € B*P% (RN). In particular, B*P% (RN) C Btpo2 (RN).
Proof. Let u € BP0 (IR{N). If 6, < 62, then by Theorem 7,

|u|Bt=p792 (RN) S C |U|Bt,p,91 (RN) -

Thus, it remains to show that

|U|Bt,p,min{91,92}(]RN) <C |U Bep:01 (RN) +C Hu”Lp(RN) .

Let & = min {01,602} and m = |s| + 1. Reasoning as in the proof of Theorem
14.7 (see (14.9)), we have that

1 0 dh 9
(m) h,m
[l ey < </O HAi Ul e @y h1+t9> 1

o 1 5
+C||“HLP(RN) (/1 Wdh) = T+1II

if 1 <6 < oo, while

(m)
U - < sup —
| |Bt’p’ (RY) = 0<h121 hs

h,m
A

S o] L P

10



if § = oo. It remains to estimate I in (17). If § < 61 < oo, by Holder’s inequality

1 o 1
h(s t)6 0 dh 0
I'= (/ (s—1)0 HA?mu’ 1 w)
o hts— Lr(RN) h1t
1 1
L (%) dn\ (%) [ [ 0, dh 7"
< (s—t)0 o/ Gy H h,m .
- (/0 (h ) h </0 Aiu Lr(RN) h1+t01

Note that the first integral on the the right-hand side is finite. If § < 6; = oo,

then .
1 ! dh \°
I<| sup =A™y / %0 ) ,
B <0<n21 n° 14 |LP(RN)> ( 0 1+t

which is again finite. Finally, if § = 67 < oo, then as in the proof of Theorem
14.7 (see (14.9)) we use the fact that ;& < ;& for 0 < h < 1. The result now
follows, in view of Proposition 6. This concludes the proof. m

4 A Characterization of B*?? for 0 < s < 1

In this section we give a characterization of B*P»¢ (RN) for 0 < s < 1. We will
show that a function v € LP (IR{N) belongs to B*P?Y (]RN) if and only if it is

the trace of a function v : Rf“ — R in some weighted Sobolev space. In the

special case 6 =p and s =1 — %, we will recover Theorem ....

In what follows we set M := N + 1, and we write
2= (21, 2m-1,2m) = (7, 20) € RY xR,
With a slight abuse of notation, for every i = 1,..., N we also write
2= (2 2z) e RM 2 x R.

Let ¢ € C° (RN) be such that supp ¢ C By (0,1) and

/ () d2' = 1.
RN

Given u € L} (IRN)7 for 2 € RN and zp; > 0 define

loc
v [ o (22wt av (18)

Note that v is just the mollification of u with z,; in place of €.
The proof of the following theorems will make use of the Hardy’s inequality

(12 roal ) = ([ e ) oo

where f : (a,b) — R is any measurable function, 0 < a < b <00, 1 < p < 00
and s > 1. For a proof see, e.g., Theorem 8 in the pdf file on "An extension of
the Sobolev—Gagliardo—Nirenberg theorem".

1
Ts—l

f(7)

11



Theorem 13 Let 1 <p,0 < o0, 0<s<1, and M > 2. Given u € LllOC (RN),
let v be the function given in (18). Then

s M || ov
N |U|Bs,p,9(]RN) S ; (A Hazz (7ZM)

C
< m |u|B5.p,9(RN)

0

1
dZM )
1-6(1—s)
LP(RN) Zpg

if 1 <60 < oo, while

M
S _
N |u‘BS’1"7°°(RN) S Z sup <Z]1V[S

i—1 *M >0

0
a— (-, 201)

LP(RN)>

|u

< 1+ s Bs:po0 (RN)

if 0 = oo, where C = C (M, p) > 0.

Proof. Step 1: By Theorem C.20 (where zj; plays the role of ¢), for any
t=1,...,N andzERi/[ we have that

v 1 Op (2 —
0z; () = % ry 0%z ( ZM
1 op (2 —y
% ry 02 ( ZM
1 d¢ ( Y

M

) u(y') dy

) (o) — u (el 2] dyf

L Iy "yl 2] dy,
o [ 5 (L) =) = =tz

where in the second equality we used the fact that

dp (2 —y " o 1" Op (2 —yf o
/Razi( o u (Y5, %) dyz—u(yiazz)/ﬂgaizi o dy; = 0.

Since supp ¢ C By (0,1) C Bar—2 (0, za1) X [—2n:m, 2], by Tonelli’s theorem we
have that

‘av

a5 )

C o " " " " "
< M/ / lu (2 — iz —yi) —u(z —yis2)| dyidy;'-
Ba—2(0,2m)

ZM —zM

By taking the LP (RN ) norm in 2z’ on both sides, using Corollary B.83, and
changing variables, for all z;; > 0, we get

ov C M .
|| < IS — (20)
Zi Lr(RN) ZM JBun-2(0,20) Y —2m
Cc [*M . Cc [*M .
< / Ay < PSR p—

12



where in the last inequality we have used the fact that for y; < 0,
Aftu(x) = —A7"u(x + yie:)

by (2), together with the change of variables w = = + y;e;.
If § < oo, multiply both sides of (20) by Z%, where
M

a::%—(l—s),

and take the L? ((0,00)) norm in zjs to obtain

) (2 dZM 2
o 1-0(1—s)

L (®RN) Z)

oo 1 ZM ) 4
=C /0 ﬁ/ |AY ull o uny dyi | den
Zyr 0

By applying Hardy’s inequality to the right-hand side, we get

1
0 dZM ’
1-6(1—s)

Lr(RN) Zpy

C e P 0 dzp ’ C
S 1+ S (/0 ‘|Ai1V1uHLp(RN) Zjl\/lﬂ § 17—"-8 |U Bs,p,e(RN) .

On the other hand, if § = oo, we have that

ZM _ EM g8 _
|1t oy = [ 2t
0 o Y

ZM 1 ;
< ([ v ) At e, (21

ov
Gzi

(’7ZM)

=

ST

| Lp(RN) dy;

1+s
2y 1

= — ||al
e [l PR
and so by (20),
s av(z) <C|u
M9z M rryy  1ts Beroe(RY) 2

which implies that

0
(97; (7ZM)

sup | zi7¢ < ¢ 1| ge N
250 M Lo @& — 1+3 Bs#:p:o0 (RN)

13



To estimate a

N
:Z[u(yl,...,yi,zi_,_l,...,zN)—u(yl,...,yi_l,zi,...,zN)}.
=1

Since [pn ¢ (2') dz’ =1, we have that

N 1 Zl—y/
v, z2m) = / — ( )
( ) ; v o2 o

X WYLy s Uiy Zigdy oo oy ZN) — UYLy e o Uiy Ziy -5 2N)] AY (22)
+u(2).

By Theorem B.53 we obtain that

ov z’—y'
0zpm (', 201) Z ry Ozar (ZM('D( ZM >)

X[u(yla"'ayi7zi+1a'"aZN)_u(yla"'7yi—1vzi7"'azN)] dy/
In turn,
ov
— (2,2
)
W/ |u (21 = Y1, 20 = Yir Zit1y -5 2N)
M JBn(0,zn)
—u (21 — Y1, -5 Zie1 —yi—1,2i7~-~,ZN)| dy’

We can now continue as before (see (20)) to conclude that

/°°H 81}( )9 dzar < <
a. .7Z T _a(1—<) =~ T U 5,Ps
o 0z M Lr@yy zp ) 15! BoPO®Y)
if 1 <60 < oo, while
sup [ zi® v (-, 2nm) < © |u
s \ M [0z Iy ) T T B

if 0 = o0
Step 2: To prove the other inequality, assume that v € C* (RN). For 2/ € RY,
h>0and¢=1,...,N, we have

Afu () =u(Z' +he) —u(2)=[v(z' + hei,h) —v (2, h)] (23)
+ [u(z' +hel) —v (' + hei, b))+ [v (2, h) —u ()],

14



where ¢; = (e},0) € RY x R. We now estimate the various terms in (23). By
the fundamental theorem of calculus

h
0
v (2" + hel,h) —v (2, h) = / 0U (2,2 +t,h) dt,
0o 9%

h
v (2 + hej, h) —u (2 + hef) =/ o (2, zi + h,t) dt,
0 821\4

h
ov
"h)—u() = ' t) dt.
v h) —u() = [ g
Hence,
"l ow
At < [ <z;',zi+t,h>’dt (24)

o |0z

8ZM

h
I (
0
If 1 < p < 00, by Corollary B.83, and a change of variables,
h p »
Ov
h < o /
HAZUHLP(RN) = (/RN (A ‘823 (2, 2 +t,h)' dt) dz)
h
0
[ )
0

82M
To estimate I, note that if M > 2, then by Tonelli’s theorem and Corollary

B.83,
h p %
R 0 Lp(RM—2)

v ov
(2 ,zl+h,t)‘ + '821\4 (z ,t)D dt.

dt =1T+11I.

LP(RN)

ov
Uzt

» h 61) P »
< /hF/ 9V (st h) dtdz (25)
R 0 azz Lr(RM—2)
_h‘ Ov (7h) 5
8Z7J LP(RN)

where in the second inequality we have used Holder’s inequality and in the last
equality, Tonelli’s theorem and a change of variables. Hence, we have proved

lhal
h
+/
LP(R ) 0

Note that in view of (24), the same inequality holds if p = occ.

»
821‘

Ov
80y < 1| e 1)

(’h)

dt.  (26)
Lr(RN)

15



If 1 <6 < oo, multiply both sides of the previous inequality by }ﬁ and
13
then and take the L ((0,00)) norm in h to obtain,

T dh \7 < |l du
(/0 HAiuHLP(RN)W> <(/0 Ha(h
p 1
) 1 h
+ / —/ Ov dt | dh
0 hg-"—é 0 aZ]\l Lr(RN)
= gu 0 i\’
< - h _av
B </0 Hazz‘(, )LP(RN) h1_9(1_8)>

1
1{ =] ov o dh ’
- - h -
s </0 HaZM S Ly (RN) hle(ls)) 7

where in the last inequality we have used Hardy’s inequality. It follows that

1
6 0
dh
‘U|Bsp9(RN < E (/0 Hazz ) Lo (M) h10(15)> +

LN /M‘ o 0 dh
s 0 Lo (RN) hl—@(l—s)

(9ZM
On the other hand, if § = oo, multiply both sides of (26) by # and proceed as
n (21) to obtain

=

0

dh
Lo(RN) h179(175)

("t)

=

(7h)

ov
sup — Ahu <su R ||=— (-, h
h %h | HLP(RN) p 33@‘( ) LP(RN)
+lsuph178 ﬁ(-,h) )
5 h>0 Oz Lr(RN)
It follows that
ov
om0 < suph!~* || =—— (-, h +
| B (RN) = Zz:lh>0 821( ) Lo (RN
v
+ —suph!~® Do (-, h) .
S h>0 ZM Lp(RN)

To remove the extra assumption that v € C! (RN ), we use a mollification
argument. We omit the details. This concludes the proof. m

5 A Characterization of B!r?

In this section we prove the analog of Theorem 13 for B*?f. In what follows,
we assume that the function ¢ in the previous section is assumed to be even in
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each variable z;.
Theorem 14 Let 1 < p,0 < 0o and M > 2. Given u € Ll (RN), let v be the
function given in (18), where ¢ is even in each variable z;, it =1,...,N. Then
1
(92 o dZM ’
|U|Blp9RN < / ‘ (- 2m) e
( ”231 0 02;0z; Lo (RN) z%/[ [
<C |u‘B1,p,8(RN)
if 1 <0 < oo, while
M % ( )
v ||l=——— (-, 2
M 8zi8zj oM LP(RN)

|U|Blpoo(RN) <y sup
i,j= le>O

<C |U|Bl,p.,oo(]RN)

if 0 = oo, where C = C (M,p) > 0.
N, we have that

Proof. Step 1: By Theorem C.20, for every ¢,j5 =1

d9*v 1 8290 y' / ’ /
aziazj 2= M+1 RN 821823 (Z]\/[) Y (Z Y ) dy
o] 82 /
= M+1 /R / 92:02, ( > [U'( i yz y %4 yl) +u (Z;, - y;jlv zi + yl)] dy dy
M—2 i10%2;

o0 82

B M‘H /RM 2/ 02;0z;

/
< > A2y (2 — ! z) dydy]

(27)

where in the second equality we have used the fact that ¢ is even in the z;

variable and in the last equality the fact that
[e s} 62 /
C (Lt ot a

0 8ziazj ZM
[e] 82 " i
% (ywy>dyi:0_

— (e — o 2
b (ZZ Yir® ) 0 8215‘2] ZM
Since ¢ € C (B (0,1)), we have that
0%v c M
< AY2 (2 — o 2)| dyidy! .
‘aziazj (Z)’ — Z]\]\g-&-l AM2(O’ZM)A ’ 7 u(z’L Yi 3’2) Yiay;
Reasoning as in (20), we get
0% C M)~
27 ¢ < Avi-2 ‘ dy;
Haziazj 2 Lo@y) P H R
c [*M .
= T/ HA§’“2U‘ dy;.
ZM 0 LP(RN)

17
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for all zp; > 0. If 8 < oo, multiply both sides of the previous inequality by Z%,
M
where

and take the LY ((0,00)) norm in zj; to obtain
0

1
/OOH 20 () oy |
Ao (h2m )
o [10z0z; Lr(RN) zjlwe
[ee] 1 ZM
<o\ f (22
0 z]\jﬁ 0
By applying Hardy’s inequality to the right-hand side, we get
< 9%
</o Haziazj 2

On the other hand, if # = oo, reasoning as in (21), we have that

/ZM
0

and so by (29),

sup (ZM HM (-, 201)

1

0
Yi,2

A

4
Lr(RN)

0
dyi) dznr

1
0 12
dZM C o 2052
=) <5 ([
LP(RN) Zpp 0

< Clulgepogn) -

1

b
0 dZM
LP(RN) z}j‘a

2
1
dy; < M su
L R R

.72
AY u‘

h,2
i u

Lr(RN)’

S (2 1,p,00 Ny -
2250 82162'] ) | ‘B P,o(RN)

Lr(RN)

To estimate write

627

v (2, 2n)

/M 2 / < > ( i — yz y Rq — yi) —+u (Zil - y£/7 Zi + yz)] dy/dy:/
R
= / / ( ) ﬁy“ ( Z{/ —yé',zi) dy dy” +2u( )

RN

where in the first equality we have used the fact that ¢ is even in the z; variable
and in the second the fact that [,y ¢ (') dz’ = 1. Hence, by differentiating with
respect to zps and using the fact that ¢ € C° (B (0, 1)), we obtain

0%v c & MO~
25 (2| € g > AV2u (! =y z)| dyfdy
023, zM+ ‘=1 /Ba—2(0,201) J0

18



We can now proceed as in (28) to prove that

1
> 92v 0 dzas '
7(7ZM) ) SClU s,p,
</0 "3'312\/1 Lo®™) A Bsp:f(RN)

if 8 < oo, while

H%v
Sup <ZM Haz2 (-, 2m) ) < |U‘Bl,p,oo(RN)-
M

zpm >0

Lr(RN)

. . . 2
Similar estimates hold for 5 ‘?8” .
2; 0z

Step 2: Assume that v € C? (RN). For 2/ ¢ RN, h >0andi=1,...,N, we
have

A2y (2') = =AMy (2 20) 4+ 24120 (2, )
+ AN (2 + 2he;, 0) — 28020 (2 4 he;, 0) + A0 (2/,0)
We now estimate the various terms on the right-hand side. By Exercise 9,

2h 2 2
0“v 0“v
g/o T(azg(zg’,zﬂrT,Qh)‘ +2 azg(zzf',ziJrT,h)’) dr

2h 2
0
—|—/ T(‘ Y (2!, zi + 2h,T)
0

2
023,

‘A?’Qu ()

(Z’glv zi + h‘a 7—)

) ar

(21{17 Zis T)

0%v
42 ’
023,

n ' 0%v
023,

If 1 < p < o0, by Corollary B.83 and a change of variables,

1
2 P

- / /Qh 0%
Le@®Y) — \ Jgn \ Jo g 922
2h
+2/ / Tﬂ
ry \Jo

2 p »
5.2 (2!, zi + 7, h)‘ dT) dz')
2
2h 2
+4/ T 07 (-, 7)
0

i
023,
To estimate I and I, we reason as in (25) to obtain

2
|4t

P
(2!, 2 + 7, 2h)‘ d7'> dz’)

drdt =T+ 11+ 1I1I.
LP(RN)

2 2
I+11<2h? 8—2(.,2}1) + 4h? a—Z(-,h) :
0z LP(RN) 0z; Lr(RN)
Hence,
2 2
H ?’Zu\ < 2h? 872 (-, 2h) + 4n? 8—2 (-, h) (30)
Lr(RN) 0z; LP(RN) 9z; LP(RN)
2h 2
0
+ 4/ T ;} ('a T dr.
0 Oz Lr(RN)
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The same inequality holds if p = oco.

If 1 <0 < oo, multiply both sides of the previous inequality by take

1+1,

the LY ((0,00)) norm in h, and use the change of variables h’ = 2h, to obtain,

\ dh < || 6%v
</ HA}UHLP(RN) h1+6> <5 (/o Hazz (-, h)
e 1 292y
[ l e
0 (h"H 0 ’ 023 () Lp

To estimate B, we apply Hardy’s inequality and a change of variables, to obtain

2, 0 7
pec( [ Ha (1) dh_
0 aZM LP(]RN)h’

It follows that
1
N 0 2
1020 dh
s <5 |G 6| i)
|ul g1 O(RN) ;( o 621‘2 Lo (&) h1-0

+No</0 ngM( ol

0

%
dh
LP(RN) ht=?

0
dr | dh =: A+ B.
(RN)

%
dh
Logny M0

N _ Ah2 ’
] e ) ZigpohH

if 0 < 0o, and

L (RM)

On the other hand, if § = oo, multiply both sides of (30) by % to obtain

L n2 d*v d*v
HA, u’ <20 55 (,20) +an || 22 (- h)
h Lr(RN) 0z Lr(RN) 62 Lr(RN)
4 2h 2
—&—f/ THas)(-,T) drdt =: E+ F +G.
h Jo 9zyy L (RN)
Since
2 2h
G<sup|r ol (,7) 4 dr
2 h
>0 20 Lp(RN) 0
0%
=8sup | T T ,
T>I()) ( 923, () Lp(RN)>

20



we obtain

h,2
sup — HAi’ u‘
h>0 I

Lr(RN) h>0

2
< Csup (hngg(',h)

LP(RN)>
L”(RN)> .

+ C'su
h>%< HaZM

It follows that

0%
U o <C su - h +
— Z}_;(;( |5 )Lp(m)
2
+ NC'sup h‘ag(o,h) .
h>0 8ZM Lp(RN)

To remove the extra assumption that u € C? (RN ), we use a mollification
argument. We omit the details. This concludes the proof. m

6 A Characterization of B*?Y for s > 0

In this section we extend Theorems 13 and 14 to B*P? for all s > 0. Note
that although Theorem 15 includes Theorems 13 and 14 as special cases, for
didactial purposes we have kept 0 < s < 1 and s = 1 separate,since the proof
is more transparent in those cases. The function ¢ used in the definition (18)
should now be chosen more carefully.

Define

N
=H¢(zi)7 2 € RV, (31)
i=1
where w is the function defined in (9).

Theorem 15 Let 1 < p,§ < o0, s >0, m € N withm > |s] + 1, and M > 2.
Given u € Li. . (RN), let v be the function given in (18), where ¢ is given in
(31). Then

9 & 3

\u| ep 8RN S / H OL(',ZM) ,7M, (32)

Bs:p.6(RN) |az 0z Lo(RY) ZJIVI 0(m—s)
<C |u Bs:p,0 (RN)
if 1 <0 < oo, while
1 0*v
— || gs.p.oo < sup | 24 % |l=— (-, 2 33
C [uler@y) laz_:mm>0< M |55 (0#M) LmRN)) (33)
< Clulgepoommy

if 0 = 0o, where C = C (M,p,s) > 0.
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We now turn to the proof of Theorem 15.
Proof of Theorem 15. In view of Proposition 6, it is enough to show that
the inequalities (32) and (33) hold with [u|g. .0z~ replaced by the seminorm
Bg)p o(ry defined in (4).
Step 1: Let a € N} be a multi-index of the form a = (ay,...,ay,0), with

|| = m, and fix ¢ = 1,..., N such that «; > 0. By Theorem C.20, (31), and
the fact that ¢ is an even function of one variable, we have that

0% 1 0% (2 —y n o
- d
0z% (2) z%“”*l /RN 0z < M u(y) dy
1 . Z; — Y, X Zi — Yi
- I | (o) (23— 93 (ai) "o du.:d /!
Zy T /RM_Q j;éiw ( ZM ) /Rw < Zm > w v va) dyady;

(34)

|O‘1|
aj T JJ a; i
M+7n 1/ H / (J)/R,l/)( 1) <ZN) (yz,Zz'i-m) dnzdy

Using the notation (3), we have that

@) (i) 1 dedy [t
dt (o) (t) = Z}\Zi\-‘rl dt(e) <ZN) , tER,

|w

and so, by Lemma 8§,

/%/J(ai) <m> w(yi, zi +m) dni = / (w @)@ ( ) AT u (s 2+ ni) dns.
R ZN R ZN
Since w, ¥, w € CX (B (0,1)), by (34) we have that

= ‘2)‘ < L/ [ Al )l dnl. (39
aza - ZM+m71 By 2(0 Z1\4) ! ! !

—ZM

Reasoning as in (20) (see also 2), we get

C ZM -

Haza Lo (BN = zﬁ+1A HA?“ uHLp(RN) dn; (36)
for all zp; > 0. If 8 < oo, multiply both sides of the previous inequality by =,
where ,

a = 5 — (m — 5) ,

and take the L? ((0,00)) norm in z3s to obtain

dZM ’
N 1—-0(m—s)
LP(RN) Zpp

o0 1 ZM 4
<C /0 (W/ ”A?i,muHLp(RN) dm) dzm
Zyn 0

22
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By applying Hardy’s inequality to the right-hand side, we get

1
0 dZM ’
1—-6(m—s)

LP(RN) Zpy

1
¢ = ZM M 0 dzM ! C (m)
< 1T s </o | A UHLP(RN) W < T+ s |u|BS,p79(RN),

On the other hand, if # = oo, reasoning as in (21), from (36), we get

LT’(]RN)>

To estimate g;ﬁ’, we use (22) and (31) to write
M

e T ()

M2z, oy

1
X / — ( )A Vil (20 = Yiy ey 2iet = Y1y Ziy -5 28) dyidy!
R #M ZM

+u(2).

( rn)

Since 1 is even, after a change of variables, we get

1
/%w <ZM>A yis1 W(21 = YLy ey Zic1 — Yio1y iy -5 2N) AYi
R

1
:/57/1 (ZM>A771 (21 = Y1se e Zic1 — Yio1, Ziy-- -5 2N) AN
R
1 i ni,m
= Z—(w*w) P ATy (21 — Y1, -5 Zic1 — Yie1y Zis - -, ZN) ANy
R <M M

where in the last equality we have used Lemma 8. Hence, after renaming 7; and
using Fubini’s theorem,

v (2, 2m) = u(2)
N — Yl ey Zicl — Yi1s Ziy -, 2N) AY
+Z/JVI 1 ZM (ZM) u(z1 =y i-1 = Yi-1,%i N) dy

where
Ki(7) = (wxw) () [[¢ (), 2 eRV.
j#i

We now differentiate the previous identity with respect to zp; and use Leibnitz
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formula for the derivative of a product, to get

oMo y/
K. 2=
8 m 2% Z/Rl\l 1 84\} < ‘ <ZM>)

X AU (20 = Y1y ey Zicl — Yo, Ziy ey 2N) dY
Eseen ] 5 ()
N i it Jpu 02 "\ 2

XAV (20 = Y1y ey Zicl — Yie1s Zis -5 2N) dY

Forn=0,...,m, aaz—nn (Kt (y—/[)) is given by sums of the form
M

L (YN Ky
28 \Zm 0z% \zym /)’

where a = (ay,...,an,0), with 0 < |a| < n. It follows that
81’71
‘8zm Z ZM‘ Z M+m 1

ZM

Yi,m 1

X/ / A u (21 — Y1,y Zic1 = Yio1, Zis - -5 2N)| didys
BM_Q(O,ZM) —ZM

Reasoning as in (35), we have that

>l o™y 0 dznr C (m)
o (5 2m) o= | = ul e,
</0 HazM Lr@®~) zp L+4s BomfRY)
if 0 < 0o, while
o™ C

su 20— (-, 2 <7u(wf)oo :

ZM>pO< M az]\n} ( M) Lp(RN)) = 1+S| ‘B*’P‘ (RN)
Similar estimates hold for ;a, when o = (o, ...,ay,ay), with |a| = m, and

0 < ap < m. We omit the details.
Step 2: Assume that u € C™ (RY). For 2/ € RN, h>0andi=1,...,N, we
have

AP u () = AP (4,0) = -

v

(17 () Al ) (31)

1

J

+

IR

Il
=)

(—1)’ <1>AM v (2 + jhe;,0).

J



To see this, we use the following identity for polynomials

@-D"=@E@-D"0-D"@F-D")+ )" (@-D" (-1

m

;(N(?) (x—1) +§ ()j(yl)m

replace z and y with Tih and T]\}, respectively, and use the fact that A?’m =
(- 1"

We now estimate the various terms on the right-hand side of (37). By Ex-
ercise 9,

m mh
o™v
h,m n| < m / m—1 "o .
Al () <2 G) ) T g )| dr

j=1

+ Z ( ) / rml 2273 (2!, z; + jh,7)| dT.
M

If 1 < p < o0, by Corollary B.83 and a change of variables,

a4
Lr(RN)
" mh o™ g ;
c mel (G 2 4T jh) | dr | dY
(mME(/RN(/O T 8z§"'(ZL zi+ 71, jh) T) z)
m,p / 2 () dr
Z 6ZM Lp(RN)
Z i+ C (m,p) 11;.
= =
To estimate I; we reason as in (25) to obtain
I; < C (m,p) K™ | 52 (-.h)
Lr(RN)
Hence,
(P INTCTUR0) 9 [AKaard (39)
Lr(R = Z LP(RN)
m mh
87”
+ C (m,p) Z/ rm-l Y (,7) dr.
—0’0 Oy Lp(RN)
7=0

The same inequality holds if p = oco.
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If 1 <6 < oo, multiply both sides of the previous inequality by }ﬁ and
13
then and take the L ((0,00)) norm in h to obtain,

1

o o dh \?
Ah,m

(/0 H R (PP hl“")

2|l om o dh ’
<cmny ([ H vean||
; ( 0 azz Lr(RN) hl 0(m—s)

m oo 1 mh — amv
+ C(m,p)z A (W/; T 1

o0z
3=0 M
0

>l omw dh v
< . -
< C(m,p) <‘/0 Hazzm (-, ) Lo®) hl&(mS))

oo m 0 é
n C(m,p) / H 9 :L’ (1) % :
s 0 8ZM Lo (RV) h m—s

where in the last inequality we have used Hardy’s inequality and a change of
variables. It follows that

N < || o™
Bsp.0(RN) < C(m,p) ; (/0 Hazlm ('a h)
[’

1
C(m,p |l o™ dh ’
VR Ham("h) e
s 0 M LP(RN)

On the other hand, if § = oo, multiply both sides of (38) by }% and proceed as
in (21) to obtain

("7—)

dr | dh
Lp(RN)

6 dh 9 N
Lo (BN) hl—&(m—s)

|u

1 mh om S om
L Fm—1 H ij 7 dr < mfsup pm—s 7:: (-, h) )
he R Lo (RN) S h>0 Oz Lr(RN)
It follows that
N oM
m—s
|u|BS=P=°°(RN) < C(m,p)lzzlili%h aZ;n (’h LP(RN) *
C s o
LN Glmpm s [ 270 gy .
s 023
h>0 M Lr(RN)

To remove the extra assumption that v € C™ (RN ), we use a mollification
argument. We omit the details. This concludes the proof. m
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Corollary 16 Let 1 <p,0 <oo, s> 1, and

b Ls] if s is not an integer or § =1,
1 s—1 ifsisan integer and 0 > 1.

Then
B=Pf (RY) c wh» (RV).

Proof. Here we take m = [s]| + 1.

Step 1: Assume first that s is not an integer or § = 1. Since the function v
given in (18) belongs to C*° (Rf), by the fundamental theorem of calculus, for
any multi-index 3 € N} of the form 8 = (B4, ...,8n,0), with |3] = k, and for
any i = 1,..., N such that 8; > 0, we have

v 0% b oo
] (2',h) — 928 (¢',e) = / 90 (¢,t) dt

for all 2/ € RV and 0 < ¢ < h < 1, where a := (f1,...,8n5,1). If 1 < p < oo,
by Corollary B.83,
h
</
Lr(RN) €

The same inequality holds for p = co.
If 1 <6 < o0, we consider two cases. If # > 1 and s is not an integer, then
m < s+ 1, and so by Holder’s inequality,

h ht%—(m—s)
/ it = / e
e LP(RN) c tﬁ—(m—s)
h I 2 3
< £ 0 (s=m) gy t) _dr
R R Lo(RN t1—0(m—s)
P(RY)

i (m=s) "9 ’ i\’
< T t) Ao |
[0 (1= (m — )] \/e Loey) b

9z 7
where we have used Holder’s inequality. If & = 1 and s is possibly an integer,

8Pv L)

0%v
928 U1 = 55 (9)

o (o dt.

LP(RN)

0%v

e (1) dt

Lr(RN)

’8%}

oz \’

0
0%v

@ ('7

then

h a h ;1—(m—s «
) ti=(m=s) 119

/ 72('775) dt:/ Tns) ’2(% di

. |0z Le(RN) o ti=m=s) || 0z L (RY)
h «
< hlf(mfs)/ 37;’(.’,5) %
. |0z Lr(rNy b

where we have used the fact that 1 — (m —s) > 0, since m = [s| +1 < s+ 1.
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8P 8Pv 0

0%
58 (1) = 555 (8

9z

In both cases, we obtain
dt
$1-0(m—s)

h
‘ < Chl—(m,—s) /
Lr(RN) € ( )
39

Since the right-hand side goes to zero as h — 0T, we have that { 2°¢ (- h)
2P h

is a Cauchy sequence in L? (R"), and hence it converges in L? (RY) to some
function gg. Since v (-, h) = u*py,, where @y, is a standard mollifier, it follows by
standard interpolation results and (39) that the sequence {u * ¢p} is a cauchy
sequence in Wk» (RN). Hence, u belongs to Wk» (RN).

If # = co and s is not an integer, then

h h _s

8@ tm S

/ : <.7 t) dt - / m—s
€ 0z Lr(RN) e t

0“v

6? ('7t)

LP(RN)

0%*v

e ) dt

Lr(RN)

LP(]RN)>
I
Lr(RN)

We can now continue as before to conclude that u belongs to W*? (RN )

Step 2: Next we consider the case in which s is an integer and 6 > 1, so
that k = s — 1. Let u € B¥P? (R"). In this case, by Theorem 12, we have that
BFt1Lp.0  Bktsp.0 for every 0 < s < 1. Hence, by the previos part, applied to
BF+tsP0 e have that u belongs to Wk (RN). ]

h 1
< ——dt sup |t"7°
€ tm=s e<t<h

- hl—(m—s)
<———— sup |t"°
(1= (m—38)) e<t<n

@( t
Oz

Remark 17 Reasoning as in Step 1 of the previous proof, we can show that if
u € Li (]RN) is such that |u B oY) < OO for some 1 < p,0 < o0, s > 1,

loc
with s is not an integer or @ = 1, then all the distributional derivatives of u of

order k belong to LP (RN).

7 A Characterization of B*?Y for s > 1

The next theorem allows to extend most of the results of Chapter 14 to higher
order Besov spaces.

Theorem 18 Let 1 < p < o0, 1 <0 < o0, let s > 1, and let n € N with
n < s. Then a function u € LP (RN) belongs to B*P? (RN) if and only if for

every multi-index o with || = n, the distributional derivative % belongs to
Bs—mp0 (RN). Moreover, the expression

”uHLp(]RN) + Z

lee|=n

Lo

0%u
0

Bs—n,p,G(RN)

is an equivalent norm in B*P? (RN).
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Proof. By induction, it suffices to prove the theorem in the case n = 1.
Step 1: Assume that a“ € Bs—tpd (RN) for all 4 = 1,..., N. In particular,

ue Whr (RY), and so by (14.10),

1.n Ju
7 12 s

i UHLP(RN) < H

LP(RN)

for every h > 0. Since u € WP (RN), for every fixed h > 0 the function
v := A" "y belongs to W'? (RN) and

0 h,m—1 _ Ahm-—1 ou
o (Ai u) = Al ( (93:7;) . (40)

Thus, applying the previous inequality with v in place of u, we get

ou
< [[Afm—1
Lr(®N) H ' (3%)

for every h > 0. If 6 < oo, raising both sides to the power 6, multiplying by
hlﬂ%l)@ and integrating over h gives
1 (0
£ (3)
ox;

hom dh o0
<
/ HA ‘ Lr(RN) h1+s0 = 0

which implies that u belongs to B*P¢ (RV). If § = oo the same conclusion
follows by multiplying both sides of (41) by h%l and taking the supremum over
h > 0.

Step 2: Assume that u belongs to B*PY (RN). In view of Corollary 16,
we have that B*»-? (RN ) c wtp (RN ) and thus the distributional derivatives
g—;, i=1,...,N, of u belong to L (RN). We want to show that actually they
beiong to Bs~LPO (RN). Fixi=1,...,N, let m € N with m > |s] +1, and for
2/ € RN and zp > 0 define

1 Z—y"\ ou
; = — dy’,
w; (2) oy RN@( o >ayi(y) y
where ¢ is given in (31). Integrating by parts, we get
1 Op (2 —y ,
() = dy’
wi (2) zﬂj\fl /]RN y; ( M uly) dy

ov
- 621‘ (Z) 9

Ahm‘

il 4

LP(RN)

o dh

Pi(s—1)6°

Lr(RN)

where v is the function defined in (18). Hence, for any multi-index 8 € N} with
|B] = m — 1, we have that

APw; 0%

325 N 6za’
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where « is the multi-index of components

JUUED I ¥ A
IT B4l if =1,

so that || = m. It follows from Theorem 15 that

e AP
a3 \*AM T1_0(m—-1—(s—1))
0 826 Ly (RN) Z]l\;@(m—l—(s 1))

< || o%v o dzar ’
<X (/0 Haza("ZM) 1e<m>>

|a|=m Lr(RN) Zpp

|Bl=m—1

<Clu

Bs,p‘()(RN) < OO,

which implies that % belongs to B~ 1P (]RN), again by Theorem 15. m
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