1 Interpolation Inequalities for Intermediate Deriv-
atives

In this section we prove that if € is sufficiently regular, then a function u belongs
to WP (Q) if and if u € LP (Q2) and all its m-th distributional derivatives %,
|a] = m, belong to LP (€2). We begin with the one-dimensional case N =1 .

1.1 The One-Dimensional Case

Theorem 1 (m =2) Let I C R be an open interval and let u € L (I), 1 <

loc

p < 0o. Then u belongs to WP (I) if and only if u belongs to LP (I) and its
second order distributional derivative u' belongs to LP (I). In this case, for
every 0 < ¢ < length I,
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[l oy < C (0) (g el oy + € I Lm)) . (1)

Proof. Step 1: Assume first that « € C* (I) and that I = (0,b) for some
b>0. Fixs e (O7 %b) and t € (%b, b). By the mean value theorem, there exists

& € (s,t) such that

Hence, by the fundamental theorem of calculus, for all z € (0,b),

U(I)U’(&H/ZU”(@/) dyu(t)u(s')+/;w'(y) dy.

' ()] <
for all x € (0,b). If p = oo, then

6
W' (z)| < & sup |u(t)|+0b sup |u” (t)], (2)
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while if 1 < p < oo, then by Holder’s inequality
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Using the convexity of the function 7+ |7|”, we have that
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By averaging first in s over (0, %b) and then in ¢ over (%b, b), we get
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Finally, we integrate in x over (0,b), to obtain
/ ! @) de < 7/ fu (y)|? dy + 37~ 1bp/ WP dy. ()

Step 2: If I has infinite length, fix b > 0 and subdivide I in subintervals of
length b. Since (2), respectively, (4), holds in every such subinterval, we get

6
sup |u’ (z)] < 7 sup |u (£)| + bsup[u” (2)] ()
wel tel tel

if p = oo, while

2p
/|u’ (z)|” dx < 3—/|u(:13)|p dx+3p_1bp/|u” (z)[" dw (6)
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if 1 < p < oo. By taking b to be ¢, we get (1).

On the other hand, if I has finite length, let m € N and divide I into m
subintervals of length b := % length I. Then we get (5) and (6). It suffices to
take m to be the integer part of %.

Step 3: To remove the additional hypothesis that w € C°° (I), one can use
standard mollifiers (see, e.g. Step 4 of the proof of Theorem 10.55. We omit
the details. m

Remark 2 When p = 1 and u € L' (I) is such that its second order distribu-
tional derivative u” belongs to My, (I;R), then, using Theorem 13.9, inequality
(1) continues to hold with |[u"|| . ;) replaced by the total ariation |u"[(I). In

turn, w € WH (I) and v’ € BV (I).

Remark 3 Note that in Steps 1 and 2 we have not used the fact that u and u”
belong to LP (I). Thus, for u € C*®(I) (or u € C?(I)) inequality (1) always
hold, with the right-hand side possibly infinite.

Next we consider the case m > 2.

Theorem 4 (m >2) Let I C R be an open interval, let u € Ll (1), let 1 <
p < oo, and let m € N, with m > 2. Then u belongs to W™P (I) if and only if
u belongs to LP (I) and its m-th distributional derivative u(™ belongs to LP (I).
In this case, for every 0 < £ <lengthl and j € N with 1 < j <m,
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Proof. Assume that u € C* (I). In what follows the constant C' = C (p,j, m)
may change from line to line.
Step 1: We begin by proving that
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for every 0 < ¢ < length I and for all j € N with 1 < j < m. The proof is by
induction on j. For j = 1 the result follows from Theorem 1 and Remark 3.
Thus assume that (8) holds for every 0 < ¢ < length I and for some j € N with
1 <j <m—1 and let’s prove that

Lr(1 ))

for every 0 < £ < lengthI. Let 6 € (0,1). Applying Theorem 1 and Remark 3
to the function v = ©¥) and we obtain
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where in the second inequality we have used (8) for j (which holds by the
induction hypothesis) and with ¢ replaced by ¢, which is less than length I,

since 6 € (0,1). Taking 6 so small that C (p) C6 < %, we obtain

LP(I)> ’
which gives the desired inequality for j + 1.
Step 2: Next we prove that inequality (7) holds for every 0 < ¢ < length I
and j € N with 1 < j < m. The proof is by induction on ¢ = m — j. For
t =1, we have that j = m — 1, and so the result follows from the previous step.

Thus assume that (7) holds for every 0 < £ < length I and for some j € N with
1 < j <m and let’s prove that
Lr(I ))

for every 0 < £ < length I. Note that if i =m — j, theni+1=m — (j — 1).
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Let 8 € (0,1). Applying (8) for j — 1 and then (7) for j (which holds by the
induction hypothesis), we obtain
< =i+l , ¢ H ()
iy € (7 Ml + €[]

<c (ej“ lull o r) + €C (w el oy + €7 [|u|

LP(I>> ’
which gives the desired inequality for 7 — 1.
Step 3: To remove the additional hypothesis that w € C*° (I), one can use
standard mollifiers (see, e.g. Step 4 of the proof of Theorem 10.55. We omit
the details. m
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Corollary 5 Let I C R be an open interval, let 1 < p < oo, let m € N, with
m > 2, and let u € W2P (I). Then for every j € N with 1 < j < m,

j/m

©) < ; (m—j)/m H (m)
[, 0y < C@am g™ | ©)
if either length I = oo or length I < oo and
; _ m |, (m)
31l oy < (m = 5) (length 1) ||u ity
while . ‘
[29],.,, < mC (0. 5:m) (lengtn 1) ] (10)

if length I < oo and (m — j) (length I)™ Hu(m)HLP(I) <Jlull o

Proof. If Hu(m)HLp(l)
00, then w = 0, while if length I < oo, the result follows from direct calculations.
Thus in what follow we assume that ||u(™) HLP(I) > 0and [[ul[»y) > 0. Consider

= 0, then w is a polynomial of degree m—1. If length I =

the function )
o m—j
g(t)——tjA—Ft B,

where A, B > 0 and 0 < t < tp, with ¢y € (0,00]. Then
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if 7/—1_4 < ¢, while
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if 7 L.% > tg. In particular, if ¢y = oo, then we are always in the first case.



Taking A = ||uHLp(I), B = Hu(
follows from (11) and Theorem 4.
To obtain (10), note that if (m — j) (length I)™ Hu(m)HLp(l) < Jlullzocrys
then by Theorem 4 and (12),
o)

™ HLp(I) and to = length I, the inequality (9)

““(j)‘

< C(p,j,m) (aength D)7 [l oy + (length )™ H“(m)’

Lr (1)

< mC (p,j.m) (length )7 |[ul|

which concludes the proof. m
In what follows, given T > 0, we denote by W,"” (0, T) the space of all func-
tions in W,'w? (R) that are T-periodic, endowed with the norm in W™? (0,T).

loc

Corollary 6 Let I = (0,T), let 1 < p < oo, let m € N, with m > 2, and let
u € WP (I). Then for every j € N with 1 <j <m,

Huu)‘ ifm

< C (pgom) lul G ™ ||u| (13)

Lp(I) —

Le(I)

Proof. If ||u(m) Hm(l) = 0, then u is a polynomial of degree m — 1. But since u

is periodic, it follows that u must be constant. Hence, u¥) = 0, and so (13) is
actually an equality.

Thus in what follow, assume that Hu(m) ||LP(I) > (0. Choose an integer n € N
so large that

n™ (m — j) (length )™ Hu(m)’

S
L) = J HU‘HLP(I) (14)

and consider the interval J = (0,nT). If 1 < p < oo, then by the periodicity of
w and u(™),
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‘u(m) (2)
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0

T
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Hence, by the previous corollary applied to .J, and the periodicity of u, u(¥),
and u(™),

. . : j/m
1/pH (y)‘ :H (a)‘ <Cp.i (mw/mH (m>’J
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which gives the desired inequality.
If p = oo, then again by (14), and the facts that, by the periodicity of u

and ut™), [Jull o () = ull po 1y and [ut™]] oy = [ut™]] o ), we have that
(length J)* [l oy = lull oo 5y> @nd so by the previous corollary applied to

J, and the periodicity of u, u(), and u(™),
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which concludes the proof. m

1.2 The N-th Dimensional Case

In this section, using a slicing argument, we obtain the N-dimensional version
of Theorem 1. We begin with the simple case of a rectangle.

Theorem 7 Let R :=1; x --- x Iy C RN, where I; C R is an open interval,
let w € Li_(R), and let 1 < p < co. Then u belongs to W2P (R) if and only
2

loc
if u belongs to LP (R) and all its second order distributional derivatives %,
10

i,7=1,...,N, belong to L? (R). In this case, for every 0 < £ < min,; length I;,

i )

foralli=1,... N.
Proof. Assume that v € C*° (R) with 83‘?3‘@ € LP(R) for all 4,5 =1,...,N.

ou
8£Ei

0%u

2
O0x;

1
<C(p,N) (6 llull Lo gy + ¢ H
Lr(R)

Fix ¢ = 1, .. .,N and let R; = (al,bl) X oo X (ai,l,bi,l) X (ai+1,bi+1) Xoeee X
(an,bn). Since b;—a; > ¢, for all x; € R;, we are in a position to apply Theorem
2

1 to obtain that
P 2 b; b,
32p i i 19
dz; < 7/ lu(zh, z) " da:i+3p*1€p/ u

/ bl Au
> 2
0 |07 v, o | 0T

p
(x;»,xi) (3327331‘) dx;,

where we have used the notation (E2). Integrating the previous inequality over
R} and using Tonelli’s theorem, we obtain

p 2p
/ Ou dr < 3—/ lul” daz+3p*1£p/
r|0; P Jr R
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which gives the desired inequality. The general case is treated in the next
exercise. W

Exercise 8 Let Q C RY be an open set and let u € Li () be such that all

loc

second order distributional derivatives %, i,7=1,...,N, belong to LP ().
10

(i) Prove that all the first order distributional derivatives du i —1...., N,
ox;

belong to Li . (Q). Hint: Given Q' CC €, cover ' with rectangles com-
pactly contained in Q) and use mollification together with the previous the-
orem.

(i) Prove that if @ = R and u and all the second order distributional deriva-
tives %é‘zj, i,j=1,...,N, belong to L? (), then u belongs to WLP (£2).

Next we consider uniformly Lipschitz domains (see Definition 12.10).
Exercise 9 Given L > 0, consider the sector
EL=8""n{z=(",any) eRV"' xR: L|z/| <an}.

Prove that there exists a constant Cn 1, > 0 such that
/ |z - vP dHN (V) > Onpor |27
=5

for every z € RV.

Theorem 10 (m =2) Let Q C RY be an open set with uniformly Lipschitz
boundary (with parameters e, L, M), let u € LL (), and let 1 < p < co. Then

loc

u belongs to WP (Q) if and only if u belongs to LP () and all its second order
distributional derivatives %, i,j=1,...,N, belong to LP (). In this case,
for every 0 < £ < m,

1
HquLP(Q;RN) < C(pa N, L) (6 ||u||LP(Q) +¢ ||v2uHLP(Q;RNXN)>
foralli=1,... N.

Proof. Step 1: Assume that 1 < p < co and that u € C* (Q) with % €
i0Tj

LP(Q) for alli,5 =1,...,N. Given £ > 0 and v € SN~ we define Q(v, /) as
the set of all points x € Q belonging to a segment, with length greater than ¢,
parallel to v and contained in . Let

M, :={zecRY : z.v=0}
and for y € II,, define the slice Q(v, ¢, y) by

Q,by) ={teR:y+treQl)}.



Note that if y € II, is such that Q(v,¢,y) is nonempty, then Q(v,£,y) is the
union of a family of pairwise disjoint open intervals with length greater than ¢
and we may define the function u, ,: Q(v,¢,y) — R by

Uy (t) == u(y + tv).

Applying Theorem 1 to the function u,, in each connected component of
Q(v, ¢, y), we obtain
3%

/ Vu(y + tv) - v’ dt < — lu(y + tv)|” dt
Q(v,l,y) % Q(v,l,y)

+3p71€”/ |V2u(y+t1/)1/'1/}p dt.
Q(v,L,y)

Integrating both sides of the previous inequality over all y € II, for which
Q(v, £,y) is nonempty, by Tonelli’s Theorem, we get

2p
/ |Vu(x) - v|P de < 37/ lu(z)|” dm+3p_1€p/ V2u(z)|” da.
Qv,0) r Jo Q

We now integrate both sides of the previous inequality in the variable v over
SN—1 and use again Tonelli’s theorem, to obtain

/ / \Vau(z) - v’ dHN 7 (v) doe = / / \Vu(z) - v’ dedHY 1 (v)
Q JG(z,0) sN=1Ja(u,0)
(15)

3%Bn p p—1 P 2 p
< lu(z)|” doe+ 3P~ Byt A% u(x)} dz,
e Ja Q

where By = HN¥"L(SN-1) and G(x,0) :={v € SN¥~1: 2 € Q(v, 0)}.
Now fix 0 < £ < j777y and = € Q. There are two cases: If dist (x,00) > ¢,
then B (z,f) C Q, and so G(z,¢) = S¥~1. In this case,

/ [Vu(z) - v[” dHN ™ (v) = Cnp [Vu(a)[”, (16)
G(z,0)
where we used the fact that for every z € RY \ {0}, by a rotation,
L P
/ |z - v|P dHN Y (v) = |z\p/ v dHN ()
SN-1 SN-1 |Z|

= |z\p/ ley - v|P dHY "1 (v) =: |2|” Cnp-
SN—l

On the other hand, if dist (z, 92) < £, then there exists z¢ € 0 with |z—xg| < L.
By parts (i) and (iii) of Definition 12.10, there exist n € N, local coordinates
y = (v,yn) € R¥~"! x R, and a Lipschitz function f : R¥=! — R (both
depending on n), with Lip f < L, such that B (zo,¢) C ©,, and

Q,NQ=,Nn{( yn) ERV ' xR:yn > f(y)}.



In particular,
B (20,6) NQ = B (z0,6) N {(y,yn) e RN xR:yy > ()}

Since £ < ﬁ, we have that x € B (a:o, ﬁ) Using local coordinates, we
can write z = (', yn ). Consider the point (7', f (¥’)). Since f is Lipschitz, with
Lip f < L, for ' € RV~ | we have that
FOY<F@)+Ll v <yn+Lly —71
Hence, the cone
K. =4\ yn) €B 7 | xR gy + Ly 7| <yn <y + -
x s YN N-1 74(1 ¥ L) - YN N N 4
is contained in B (zg,e) N . Using local coordinates, consider the sector
E.={v=>0\vn)e SV LIV <un}.

Since £ < m, if t € (0,0) and v € Z,, then the point = 4 tr belongs to
K, C Q. Hence, G(z,¢) D Z,, and so

/ |Vu(z) - v|? dHN 1 (v) > / [Vu(x) - v? dHN 1 (v) > Cnp.r | Vu()]?,
G(z,0) =

where we have used the previous exercise. Together with (15)-(16), this shows
that

32

p pﬁN P p—1 D 2 |P
Cnpr | |Vul” de < |ul” dx + 3P~ BN 1 V2ul” da,
e e Jo Q
which is what we wanted to prove.
The additional hypothesis that u € C* () can be removed as in Exercise
8. We omit the details.
Step 2: The case p = oo is simpler and is left as an exercise. ®

Remark 11 Note that in the previous proof we only used a uniform cone prop-
erty.

Remark 12 When p =1 and u € L (Q) is such that its second order distribu-
tional derivative belongs to My, (Q;RNXN), then, using Theorem 13.9, inequal-
ity (1) continues to hold with ||V2u||L1(Q_RNxN) replaced by the total variation

|D (Vu)| (Q) of Vu. In turn, u € WH(Q) and Vu € BV ((;RY).
Next we consider the case m > 2.

Theorem 13 (m >2) Let Q C RY be an open set with uniformly Lipschitz
boundary (with parameters e, L, M), let u € LL_(Q), let 1 < p < oo, and let

loc

m € N, with m > 2. Then u belongs to W™P? (Q) if and only if u belongs to
L? () and all its distributional derivatives ‘3%;‘, |a| = m, belong to LP (). In

this case, for every 0 < £ < ﬁ, for every j e N with1 < j <m,

IV9ull . < C .4, N, L) (€77 [l o + €779 970l ,)



Proof. The proof is very similar to the one of Theorem 4 and thus we omit it.
]

Corollary 14 Let Q C RN be an open set with uniformly Lipschitz boundary
(with parameters e, L, M), let 1 < p < oo, let m € N, with m > 2, and let
u € WP (Q). Then for every j € N with 1 < j < m,

V9], < € (oo, NLL) [l = [Vl 7 (17)
if either ¢ = 00 or e < 00 and j|lul|;, < (m —7)R™||V™ul,,, while
IV7ull < mC (p,5,m, N, L) B |Jul
if e < o0 and (m — j) R™ ||V™u| ;, < j|ul,,, where R := e AR
Proof. The proof is the same of the one of Corollary 5. m
Remark 15 IfQ =RN or Q = Rf or
Q:={(2",an) eERV'xR: 2y > f(2)},

where f : RN=Y — R is a Lipschitz function, then ¢ = oo and inequality (17)
holds.
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