1 Riesz Potential and Enbeddings Theorems

Given 0 < a < N and a function u € L{_ (RN), the Riesz potential of u is
defined by

I (u) (z) := /RN %dy, zeRY.

We begin by finding an exponent g such that
Mo (W)l oy < €llull oy 1)

for all w € L? (R™). Assume for simplicity that v € C. (RY), so that I, (u) is
well-defined, and for r > 0 define the rescaled function

uy (z) :==u(rz), =z eRN.
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or, equivalently, after the change of variables z := rz, w := ry,
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that is,

If (1) holds for u,, we get
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Ifafﬂ+% >0, let r — 07 to conclude that u = 0, whileifafﬂJr% <0,
let 7 — oo to conclude again that u = 0. Hence, the only possible case is when
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So in order for g to be positive, we need ap < N, in which case,
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1.1 The Subcritical Case 1 <p < %
Theorem 1 Let0<a<N,1§p<%,

Np
N —ap

and let uw € LP (]RN). Then
(i) I, (u) (x) is well-defined and real valued for LN -a.e. © € RV,
(i) if p=1, then for any t > 0,

C(a,N)

LY ({z e RN : I, (Ju]) (z) > t}) < — [ull s @y »

(i) if p > 1, then
Mo (lul)ll Loy < C (e, Ny p) lull po @) - (2)

Part (iii) has already been proved in Proposition C.31, but we repeat the
proofs since we will need to keep track of the constants. The proof is due to
Hedberg [1] and uses the maximal function of w (see Definition C.27). We refer
to [3] for an alternative proof and for more information on the Riesz potential.

We begin with a preliminary lemma, which is due to Tartar.

Lemma 2 Letu € LP (RN), 1<p<oo, andletv e L' (RN) be such that
v ()] < g(x)

for LN-a.e. = € RN, where g € L' (RN) is a radial function of the form
g (x) = f(|z]), with f:]0,00) — [0,00) decreasing. Then

[ o-vuw) dy\ < 119l oy M (0) ()

for LN -a.e. x € RN,

Proof. By the hypotheses on v,

/RNv(x—y)u(y) dy’ S/]RNg(sr—y) lu(y)| dy.

Step 1: Assume first that f = x|o,), so that g = xp(,). Then

/ g(z—y)luy)l dy = / lu(y)| dy < LY (B (2,7)) M (u) (x)
RN B(z,r)

= ||g||L1(]RN) M (u) (z) .



Step 2: Next, consider the case in which

n
f = Z Qi X[ri—1,mi)>
=1

where 0 =: 19 <711 < --- <7, and a3 > ag > -+ > a,. Set ¢; := a; — a;4+1 > 0,
i=1,...,n, where a,4+1 := 0. Then we can write

n
[ = ZCiX[o,n)
=1

and . .
/ f (t) dt = Zai (’I"i — Tz?l) = Zciri.
R =1 i=1
In turn,
9= Z CiXB(0,r;)
i=1
and so
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< ZCzﬁN (B (z,7:)) (M (u) () = [[gll L1 @ny M (u) (2) ,

where in the second inequality we have used Step 1.
Step 3: The general case follows by observing that every increasing function
f:]0,00) — [0,00) can be approximated from below by an increasing sequence
of simple functions of the type given in Step 2. m

We turn to the proof of Theorem 1.
Proof of Theorem 1. Fix r > 0 and for x € RY write

L (Ju]) (z) = /B @I,

N
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To estimate I, we apply the previous lemma, taking g (z) = f (|z|), where

a—N ;
f(t)::{t ifo<t<r,

0 otherewise.

Then
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and so 5
1< lgll gy oy M (1) () = =7 M (u) (2).

On the other hand, using Hélder’s inequality for p > 1,

00 1/p’
171 < (BN/ tla=N)p'+N-1 dt) ||u||Lp(]RN)
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For p = 1, we use instead the fact that

|:v7y1\N_“ < TNl_a to obtain the simpler

inequality
I <7 N 1 gy -

Hence, we have proved that
BN o N
Lo (Jul) (z) < —=r* M (u) (z) + C (o, N;p) "7 |[ull po gy -

Fix ¢ > 0 and choose .

. el p@yy \ ™
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Then

Ia (|u|) (1‘) S (ﬂojj + c (O[, va)> ||u||ZW:(RN) (M (U) ($) —+ 5)1_% .

Since p < &, letting ¢ — 0F gives

L (Ju]) (x) < (Bofj +C(a, N,m) el 2y M () @)% . (3)

Note that in view of Theorem C.29(i), the previous inequality implies that

I, (u) (z) is well-defined and real valued for LN-a.e. z € RY.
To prove part (ii), assume that p = 1. Then by (3), if I, (|u|) (z) > ¢, then

< Lo ) (@) = (2540 ) gy O ) ) =

= (20 1)l ey QL) @D
and so
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It follows from Theorem C.29(ii) that

q
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Finally, if p > 1, then taking the L? norm on both sides of (3) gives

I () ey < (24 ) bl oy (| O G0) @) 05 dx);

Since (1 — %) q = p, by Theorem C.29(iii), we have

Mo (Dl oy < € (N>, 0) [l gy Tl oy
=C(N,p,q) ”uHLp(]RN) :

This concludes the proof. m

Example 3 The inequality (2) does not hold for p=1. To see this, consider a
standard mollifier p.. Then

)@= [ A=) @),
where

1
v (.’L‘) = T N—a
||

Hence, by Theorem C.19(ii), I, (vc) (x) — mﬁ for LN -a.e. x € RN, If (2)
holds, then
1o (e)

By Fatou’s lemma and Theorem C.19(iv),

ey S €@ N 02l ey
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<C(a,N) gli%l+ el
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which is a contradiction, since the integral on the left-hand side is infinite and
the one on the right-hand side is finite.

As a corollary of Theorem 1, we obtain an alternative proof of the Sobolev—-
Gagliardo—Niremberg theorem in the case 1 < p < N.



Theorem 4 (Sobolev—Gagliardo—Nirenberg’s embedding theorem) Let
1 < p < N. Then there exists a constant C = C (N, p) > 0 such that for every
function u € L*P (RN) vanishing at infinity,

([, @r dx)”l* <o([ wuwr dx);. n

In particular, WP (RN) is continuously embedded in L9 (RN) forallp < ¢ <

*

p .

Proof. Assume that 1 < p < N and as in the proof of Theorem 11.2, that
u € LP" (RY) N C! (RY) with Vu € LP (RV;RYN). By Exercise 16.20, for
r € RV,

) <5 [ AT - 9 @), o)

= By Jry |z —y) V! BN

It is enough to apply Theorem 1 with aa=1. m

1.2 The Critical Case

Next we discuss the critical case p = &. When u € L~ (RY), then I, (u) (z) is
not finite for LN-a.e. x € RV.

Exercise 5 Prove that the function

1

=—— , e RY,
u(z) 2" log |$‘XRN\B(0,2) x

belongs to L~ (RN) but I, (u) (z) = oo for all x € RN,

Note that the problem is the behavior at co. To overcome this problem,
there are two alternatives: One should either restrict attention to functions u €
L% (RN ) with compact support, or modify the Riesz potential by considering
one of the following variants

i, (u) (&) = /RN [ 1 _ 1 —xB0,1) (?J)} w(y) dy, =€ RN

N—« N—«
|z —y| |z —yl

or, for 0 < a < 1,

~ 1 1
L@@ = [ vw e [u@) dy. xR,
BV | |z —yl w0 =y
In what follows, we consider functions with compact support. When p —
(%)+7 we have that g = N]Xip — 00, however if u € L¥ (RN), then one cannot
conclude that I, (u) belongs to L> (RY).




Exercise 6 Prove that for € > 0 sufficiently small the function

1

21" (1og 1

u(z) = zeRY,

)%(1+E) XB(0,3)

belongs to L~ (RN) but I, (u) (0) = oc.

Theorem 7 Let 0 < o < N and let u € L'~ (RN) \ {0} have support in a ball
B (zo, R). Then for every vy € (0 N ) there exists a constant C, = C, (N) >0

'’ BN
such that

/ expy (W)(m)) B dr < C,RN. (6)
B(zo,R)

full,

First proof. Without loss of generality, we may assume that ||uHL% =1. We
proceed as in the first part of the proof of Theorem 1, with the only difference
that we take z € B(xo,R). The estimate for I does not change, while to
estimate I1, note that B (zg, R) C B (z,2R), so that, if 0 <r < 2R,

II = / 7|U (yj)\J_a dy
B(z2R)\B(x.r) [T — y|

N—o
2R N 2R 5
< 5N/ t~tdt Jull, » = (51\1 log r)

where we used Holder’s inequality and the fact that (%)/ = NL_Q On the other
hand, if r > 2R, then II = 0. Hence, we have proved that

N—«o

N

I () @) = 225 (0) 0) + (100 28 )
for x € B (z9,R) and 0 < r < 2R, and
T () () < 20 M () ()

for x € B (z9, R) and r > 2R. Fix £,6 > 0 and choose

o= min{<§vW)i ,23}.
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Since v < 6%7 there exists p > 0 so large that
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If I, (Jul) () > (1 4 p) J, then
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In turn,

oz
2|z

expﬂfa(u)(z)W—asu(g;é) @R)N (M (u) (z) + ) .

Letting ¢ — 0T gives

z
2|z

- ) R)™ (M (u) (2))

exp (T (Jul) ()77 <1+ ( Vo

On the other hand, if I, (Ju]) () < (1 + p) d, then

exp (I (Ju]) (2)) 77 < expy (1 +p)§) 7= .

Hence,



The result now follows from Theorem C.29(iii). m

We now present a second proof, which does not rely on maximal functions,
but does not give as sharp a constant . The following two lemmas are taken
from a paper of Serrin [2].

Lemma 8 Let 0 < a < N, let p > 1, and let u € LP (RN) \ {0} have support
in a ball B (xo, R). Then

1
P

@R ull 1o 5(a0. 1y -

Proof. Fix x € B (zg, R). Using the fact that B (x¢, R) C B (z,2R), we have

1 1
/ —~ = dy < / —~ = dy
B(zo,R) |T — y| B(z,2R) |x — y|

2R
:ﬂNA 1ﬂ4dr_ﬂN@R)

Bn
o (el (5 wo,ry) < - (an)?

Hence, also by Tonelli’s theorem,

1
[ @@= [ ) L dsay.
B(zo,R) B(xo,R) B(zo,R) | — ¥
B
<P [l
B(ID,R)

BN « »
s 2R)” (anRN)? [ull Lo (B0, R)) »

where in the last inequality we have used Holder’s inequality. m

Lemma 9 Let 0 < a < N, let p> X and let uw € LP (RV) \ {0} have support
in a ball B (xg, R). Then

N(p-1)

Lo (fu) @) < P

for all x € B (z¢, R).

1
af (2R)* > ||U||Lp (B(z0,R))

Proof. Fix 0 < € < 2R and = € B (x0, R) and for ¢ € [¢,2R], define

o (1) = / fu (3)] dy.
B(z,t)\B(z,¢)

Using polar coordinates and Fubini’s theorem we have that

/ N’{LNI y(r,w))| dHN 1 (w) dr.

Note that this shows that ¢ is absolutely continuous in [g,2R]. Similarly, we
have that the function

pﬁy:/ /'Na y (rw))| dHY () dr
BwtﬂBWE)W*—y| r SNl




is absolutely continuous in [e, 2R], with
F'(t) =tV (¢)

for £'-a.e. t € [¢,2R]. By the fundamental theorem of calculus and integration
by parts, we have

2R 2R
F@M:FQM—F@:/)FWQM:/ r* N (r) dr
I R I
— @R)* N $(2R) - (a — N) / roe=N=14 (1 dr.
€
On the other hand, by Holder’s inequality,
1

o) = [ ()] dy < ull . (anr™) 7,
B(z,r)\B(z,c)

and so

1 1 2R
F2R) < al 22 VRN ul L, + (V = a) aXl [lull, / pa-N-1+5 o
£

a_ N

1N 1 (2R)"
<oaf QR lull + (N = a)af ———x— llull,
p
N(p — 1) ﬁ a-XN
= o N o8GRl

Using the fact that B (z¢, R) C B (z,2R), we have that

Np-1)

L a_ N
0= rF ul

/ el g, p R <
B(z0,R)\B(z.¢) |7 — ¥

Letting ¢ — 07 and using Lebesgue monotone convergence theorem gives the
desired result. m

Second proof. The proof follows essentially Theorem 2 in [4]. Without loss of
generality, we may assume that Hu||L% =1 Letp= % and write

:N—01+N—92

N —« ;
p p

, (7)
where 0 < 61,6, < N. Then, given ¢ > 1, for f € LY (B (zo, R)), we have

1f @ u@)| _If @7 u@)] |f @]

Nfa N—Hl N—92
|z =yl z—yl 7 eyl 7
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By Holder’s inequality, we have
@, dy>

\IU /
d dy <
(z0,R) J B(z0,R) Ix—y\N o —y N0

/B(azo,R)/ (zo,R |x—y\
1
:1: p
% / O
B(xo,R) B(zo,R) ‘:U _y|

=: Il X .[2.

7

By Lemma 8 (where p and « there are replaced here by ¢’ and 65)
1
BN 1 0
h< (5 tan)t @R 1]
2
On the other hand, if ¢’ > Qﬂ, by Lemma 9 (where p and « there are replaced

here by ¢’ and 6,), we have that
|f ()] N(q—-1) 2 6,- N
dz < at 2QR)7 9 | fll e -
R e S S T

1
7

Hence,
/ / F@Ie WL 0 < ()t 2RYY <5N)
B(zo,R) JB(zo,R |1’ - yl D)
N(¢-1\*
< (BN
where we have used the fact that
& N 6, N N
e
p pq q

P qy

by (7). Taking the supremum over all f € L? (B (xo, R)), we get
Br\" (N(¢—D\?
O (ML= DNy,

I, (lu) () dx < « 2RN(
J e ) de e )™ () (S
Taking
02 = ga
q
we have that 0 < o < N, while from (7)
N N
N > 6, = — + & > —.
q q q
Moreover, (8) becomes
Byg\ VTN N
) (5) e

[ () @) dr < ax 2R) (
B(zo,R) «
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Taking q = N— where k € N, we obtain

Nk
[ e e @) e
B(zo,R) k=1

N k
<ay 2R) Jul,, 3 b l”zv]—v (%) ]
k=1

n
N
||uHLP Zxk'
k=1

k A _N
w1, 1 By (N\Y= _ Bv (N\T
Tk k) "N-—a\a "N _ala ’

it follows that if
_ N -« ( a ) o
v By \N )
then the series converges. Hence,

/ expy (I (|u]) () ™= dz < C,RY u,,
B(.’Eo,R)

Since

]
Using Theorem 7, we can prove Trudinger’s embedding theorem. We recall
that

Theorem 10 Suppose N > 2 and letu € WhV (RN)\{O} have support in a ball
B (zo,R). Then for every v € (0,vn) there exists a constant C = C (N,~) > 0

such that ,
Ju ()" N
/ exp | vi——7r | de < C R,

B(zo,R) ||Vu||LN

1
By

Hence if v < vy = NﬂN , then

Proof. By (5),
(I (1Y) ()™

N/
Ylu (@) <y

BN’ ﬁ , and so we are in a position to

apply Theorem 7 with a = 1 to conclude that

N’ N
/ exp 7% dx < / expry 1, (WUD(@) dz < C’WRN.
B(z0,R) [Vull,~ B(z0,R) Bn 1Vl

Remark 11 I am unable to find a simple proof of Theorem 11.29, which does
not make use of symmetrization. Both proofs of Theorem 7 rely strongly on the
fact that uw has compact support.
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