1 Traces of Functions in 1W?! (Rf )

Since W21 (Rf) cwht (Rﬂ\r’), the trace operator
Tr: W' (RY) — L' (RV 1)

is a well-defined continuous linear operator. In what follows we show that if
u € W2 (RY), then its trace Tr (u) belongs to the Besov space B:! (RV~1).
We begin by showing the inclusion Tr (W21 (RY)) c Wt (RV71).

Theorem 1 Let N > 2. Then Tr (Wg’l (Rf)) c wWhi (RN_l) and there exists
a constant C' = C (N) > 0 such that for all u € W2 (RY),

1T ()1 vsy < C (N [ty v (1)

Moreover, fori=1,...,N —1, Tr ( “) 1s the distributional partial derivative
of Tr (u) with respect to x;.

Proof. Since for every u € W' (R ( ﬂ\r/) andeveryi=1,..., N, g;‘ e wht (]RN),
by Theorem 15.1, we have that Tr( ) €Lt RN 1) and

/ Tr<au)(:z:/) d:c'g/
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We claim that fori=1,...,N —1, Tr ( “) is the distributional partial deriv-
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x)‘ dz. (2)

ative of Tr (u) with respect to z;. To see this, note that if u € C? (@)7 for
every p € C} (RV~!) and every i = 1,...,N — 1, we have that

/RN_1 u(z',0) g;i (2') dx = 7\/RN—1 o () 88;2 (2/,0) da. 3)

If u € W2 (RY), construct a sequence of functions {u, } C C? (@) such that
u, — uin W' (RY). By the continuity of the operator Tr, it follows that
tp (+,0) — Tr (u) and %Lm? (,0) = Tr ( a“i) in L' (RV~1). Replacing u with u,,

in (3) and letting n — oo, we obtain

/RN_1 Tr (u) (z) 3;2 (') dx:— RN 1 (8%) 6% ,0) da.
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This shows that Tr (u) € W' (R¥~1). The bound (1
Next we show that Tr (W' (RY)) c BY! (RN ).

Theorem 2 Let N > 2. Then Tr (W2 (RY)) € BY (RV™1) and there exists
a constant C = C (N) > 0 such that for all u € W= (RY),

|Tr (u)|Bl,1(RN71) S C/RN ‘V2u (SL')| dz. (4)
+

now follows from (2). m



Proof. Assume that v € C? (@) Then taking § = p = 1 in Step 2 of the

proof of Theorem 14 in the file "Higher order Besov spaces", we get (4). A
density argument shows that the same result continues to hold for an arbitrary
ue W2 (RY). =

We now prove that

T (W2 (BY)) = B (7).

Theorem 3 Let N > 2 and let f € B! (RN_I). Then there exists a function
ue W2 (RY) such that Tr (v) = f and

[l () < s avsy )
where C = C (N) > 0.

Proof. Consider a cut-off function ¢ € C° (B (0,1)) such that ¢ is even in
each variable z;, i =1,...,N —1, and [pn_, ¢ (2/) da’ = 1. For 2/ € R¥~! and

zn > 0 define
/ 1 / ' _y/ ’ ’
= — d
v (l‘ 7mN) $%,1 e ¥ TN f(y ) Y

[ o)1 —ans) dy.
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Since B! (RN_l) c wht (RN_I) by Corollary 15 in the file "Higher order

Besov spaces" (taking § = p = 1), following the proof of Theorem 15.21 and
using Theorems B.53 and C.20, for 2’ € RV~! and 25 > 0, we have
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for every i =1,..., N —1. Hence, by Theorem C.19 we have that for all zy > 0,
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where in the last inequality we have used also the fact that suppp C B(0,1).
Moreover, taking # = p = 1 in Theorem 14 in the file "Higher order Besov
spaces", we get

dx’, (6)
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forall 3,5 =1,...,N. Define

u(z) =e "No(z), zeRY.

Then
g—u =e *N gi, 7(98” = —e "Ny fe N ;v )
i i TN TN
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for all 4,5 =1,..., N — 1. Hence, as in the proof of Theorem 15.21 and by (6),
we have that
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for i = 1,...,N — 1, while by (7) and the estimates we just obtained for the
partial derivatives of u,
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This concludes the proof. m
Next we study the normal derivative. In the proof of Theorem 1 we have

seen that if u € W21 (Rf), then Tr (%) cL! (RN’l) with

/RM Tr(;:jv) (/) dm’g/R

Theorem 4 Let g € L' (RN™1), N > 2. Then for every 0 < e < 1 there eists

d:c§2/ |f] d$/+C/ Vo fl da’ + C | flpragn-1y -
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a function u € W21 (Rf) such that Tr (u) =0, Tr (52;;) =g, and

/N lu| dz < {—:/ lg| da’, /N |Vu| de < s/ lg| da’,
R+ RN-1 R+ RN-1
02 02
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Proof. If g = 0, it suffices to take w = 0. Thus, assume that g # 0. By
Theorem C.23 there exists a sequence {g,} C C> (RN_l) such that g, — ¢ in
Lt (RN_l). For each k € N there exists Ni € N such that for all n > Ny,

€
llgn _gHLl(]RN*U < ok+1 ”g“Ll(RN*l)'

Let ny := max { N, N1 + 1} and define hy, := gy, and hg := 0. The sequence
{hy} satisfies the inequalities

€
hk+1 — thLl(RNfl) < ok ”gHLl(RN*l) for all k € N, (10)
il -1y < (L4 €) lgllaan—sy  for all k € N.

Construct a strictly decreasing sequence {tx} C (0,1), k € Ny, such that t;, — 0
and
€ ”gHLl(RN*l)

25 |V hgeia [yt + IVarhgllypan + 17
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|tk+1 - tk| < tog < 1 (11)

For z € Rf define

0 if zy > to,
w(x) = ty —xN TN — g1 .
(=) AN hpgr () + S Ly (@) ity < @y <t
tk - tk+1 tk; — tk+1

As in the proof of Theorem 15.6, we have that w € W't (Ri\_’), Tr (w) = g, and

J

ow
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dr < 5/ lg| dz’ (12)
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i=1,..., N —1. Moreover, for ty11 < xn < tg,
52w Phis1 , 02hy, )
foralli,j=1,...,N—1. (13
‘8”51‘3% (@ ‘ = | Ozi0z; @) 0z;0z; (@) forall i j=1,..., (13)

4



For z € RY define
TN
v(z,on) =e "N / w(z',s) ds, u(z',on):=e "Nou(z,zN).
0

By Theorem 10.35 and the fact that w € Wh! (Rﬂ\r’), we have that u € Wlicl (Rf)
Since w € L' (RY), we have that

TN
lim lu(z',zn)| dz’ = lim e ™V / / w (2’ 5)| da'ds = 0,
zn—0t JpN -1 zn—0t RN-1

which, reasoning as in (15.6), implies that Tr (u) = 0. Moreover, since

ou

Pn () = —e™™N /0 w(x',s) ds+e "Nw(x) = —u(x)+e Nw(x) (14)

N Ou | _ _
for all z € RY, it follows that Tr (m) =Tr (w) = g. By (8), and (12),
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RY RN -1
S/ x”de/ / (2, s)| dsdx’ <5/ lg| dz’,
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while
ou -
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vy | 0N =Y =Y
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< 5/ lg| dz’.
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Similarly, by (12) and (14),
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i=1,---,N—1, while fori,5=1,--- ,N — 1, by (13),

/ > o 82“’ ! 1
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This concludes the proof. m

Corollary 5 Let N > 2, let g € BV (RV™1), and let f € L' (RN™1). Then
there exists u € W' (RY) such that Tr (u) = f and Tr (31N> =g.

Proof. By Theorem 2 there exists w € W' (RY) such that Tr (w) = f and
”wHWZ’l(Rf) <C Hf”Bl,l(RN—l) )

while by Theorem 4 there exists v € W' (RY) such that Tr (v) = 0, Tr (8xN ) =
g—Tr ( ow ), and

C (gl an-s) + Il graces—1))

ow
vl e 2 (RY) <C Hg Tr ( )
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where in the last inequality we have used (9). m

2 Traces of Functions in W"? (RY)

Let 1 <p<ooand k € N, £k > 2. An induction argument shows that the linear

mapping
u € Wk’p (RN) = YU = (Tr() (u) y T ,Tl‘k,1 (u)) s

where Trg (u) := Tr(uw) and Trj (u) := Tr (g;;‘) forj =1,...,k—1,is a
well-defined continuous linear operator. Then we have the following result.
Theorem 6 Let 1 <p<oo, k€N, k>2. Then

v (WEr (RY)) = HB’“ T (RN



if 1 < p < oo, while

~ (Wk,l (Rf)) _ lszk—j—l,l (RN—l) < L (RN—l)

j=0
ifp=1.

Proof. The proof follows as in the previous section, using Theorem 15 in the
file "Higher order Besov spaces". Alternatively, one could use an induction
argument of k using Theorem 18 in the file "Higher order Besov spaces" and
separating the cases p =1 and p > 1. We omit the details. =

3 Notes

For more information on the space B»Y (RN=1), we refer to [1], [2], [3], and
[5]. Theorems 2 and 3 are adapted from [5], see also [3] for a different proof.
Theorem 4 is based on a paper of Demengel [4].
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