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Von Karman Equations

In this chapter we consider two types of evolution problems, one hyperbolic
and the other parabolic, related to a highly nonlinear elliptic system of
equations of von Karman type on R*™, m > 2. These equations are called
“of von Karman type” because of a formal analogy with the well-known
equations of the same name in the theory of elasticity (see, e.g., Ciarlet
and Rabier [9]). While their physical significance may not be evident, their
interest resides in a number of specific analytical features, which makes their
study a rich subject of investigation. In fact, when m = 1 (which case we do
not consider), the usual von Karman equations model the dynamics of the
vertical oscillations (buckling) of an elastic two-dimensional thin plate, due
to both internal and external stresses. In [1], Berger devised a remarkable
variational method to investigate the elliptic model, corresponding to the
stationary state of the usual von Karman system, in a bounded domain
of R?; weak solutions of the corresponding hyperbolic evolution equation
have been established in Lions [12, ch.1, sct.4] (see also Favini et alii [10,
11]). In Cherrier and Milani [2], we considered a formally similar elliptic
system on a compact Kahler manifold, without boundary, and arbitrary
complex dimension m > 2. This generalization involves a number of analytic
difficulties, due to the rather drastic role played by the limit cases of the
Sobolev imbeddings. We then considered the corresponding parabolic and
hyperbolic evolution problems, respectively in Cherrier and Milani [3] and
[5]. Systems of this type can also be studied in the context of Riemannian
manifolds with boundary, with some extra difficulties due to the curvature
of the metric of the manifold, and the presence of boundary conditions. For
more precise modeling issues related to the von Karman equations, as well
as their physical motivations, we refer, e.g., to Ciarlet [7, 8]; in addition, a
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2 Von Karman Equations

recent exhaustive study of a large class of initial-boundary value problems of
von Karman type on domains of R?, with a multitude of different boundary
conditions, can be found in Chuesov and Lasiecka [6].

Our goal is to apply the methods of Chapter 3 to show the existence and
uniqueness of a local strong solution to the Cauchy problem corresponding
to each of the two systems, in a suitable class of function spaces. For both
problems, we also establish an almost global existence result, in the spirit of
Theorem 4.4.1 of Chapter 4, if the data are sufficiently small. As we men-
tioned in the introduction, these systems do not fit exactly in the framework
of the evolution equations we have presented so far (that is, of type (0.0.2));
however, we believe this example to be of particular interest, as it shows that
the unified methods we presented in Chapter 3 can be applied to a much
wider class of systems. In addition, we explicitly point out that working on
the whole space R?™ introduces a number of serious extra difficulties, which
are not present in the case of a compact manifold.

0.1. The Equations

1: The operators. Let m € Nx>o, and uq, ... , Upm, Umi1, u € CP(R*™).
We define

(0.1.1) N(uy, . tgn) o= 800 Ty s VI,

(0.1.2) I(uy, - .o yUmy Ump1) = (N(u1, oo s Um)  Umt1)

(0.1.3) M(u) == N(u, ... ,u) =mo,(Vu),

where, recalling the summation convention for repeated indices, we adopted
the following notations: for 41, ... ,im, j1, ..., jm € {1, ... 2m}, &5 "
denotes the Kronecker tensor; for 1 < 4,5 < 2m, Vg == 0;0;, and oy,
is the m-th elementary symmetric function of the eigenvalues A\; = X;(u),
1 < j < 2m, of the Hessian matrix H(u) := [0;0;u], that is,

(0.1.4) om (V) = > Njy o Ao -
1<1 <2< .. <jm<2m

We often abbreviate

(0.1.5) U = (u1, ... ,um), NUy) == N(u1, ... ,um);

in addition, we introduce the convention

(0.1.6) N (ugkl), ,uz(okp)) = N(Ut, oo UL, e Upy o, Up)
k1 factors kp factors

with k1 + --- + k, = m. Finally, we set A := — V;u
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2: The Equations. In Lemma 0.1.5 below, we shall show that the
elliptic equation

(0.1.7) A™f = — M(u)

can be uniquely solved, in a suitable functional frame, for f in terms of wu,
thereby defining a map u +— f := f(u). Let T > 0 and set Q7 := [0, T]xR>™.
Given a source term ¢ defined on Qr, we consider the following two Cauchy
problems, one of hyperbolic type and the other of parabolic type. In the
hyperbolic case we wish to determine a function u on Qp, satisfying the

equation

(0.1.8) uge + A™u = N(f(w),u"™ V) + NV ),
and subject to the initial conditions
(0.1.9) u(0) = ug, ut(0) = uq

where g and u; are given functions defined on R?™. We refer to this Cauchy
problem as “problem (H)”. In the parabolic case we wish to determine a
function v on @7, satisfying the equation

(0.1.10) we+ A = N(f(u), u™ ) + N (e, 0),
and subject to the initial condition
(0.1.11) u(0) = ug .

We refer to this Cauchy problem as “problem (P)”. In the original von
Karman system on R? the equations under consideration are (7.2.7) and
(7.2.9), with f(u) given by (7.2.6), all written for m = 2 instead of m = 1.
In this model the unknown function u represents the vertical displacement
of the plate, and the corresponding term f(u) represents the so-called Airy
stress function, which is related to the internal elastic forces acting on the
plate and depends on the deformation u of the plate (see, e.g., Ciarlet and
Rabier [9]).

3: Basic Function Spaces. For k > 0, we define the space H* as the
completion of C§°(R?™) with respect to the norm

| AR/ 24 if  kiseven,
(0.1.12) u = |lullz =
|V AR=1)/2q), if  kisodd,
with corresponding scalar product
(0.1.13)
(AF/2q, AF/24)) if  kiseven,
(u,v)z :=

(VAE=D/2q, 7 AK=1)/2y) if  kisodd.



4 Von Karman Equations

In the sequel, to avoid unnecessary distinctions between the cases k even
and odd, we formally rewrite (0.1.13) and (0.1.12) as

(0.1.14) (u,v)z =: (VEu, V) | HUH% = (VFu, VFu) .

We also consider in H* := H¥(R?*™) the norm
k 2 2\ /2
(0.1.15) H* 5w (ul2+ ) = fuly

which is equivalent to the standard norm of H¥, as can be seen by means of
the Fourier transform. The main properties of the spaces H* are described
in

Proposition 0.1.1. 1) Let k > 0. Then H* — H”; the equivalency

(0.1.16) ue HY «— oFue L2
holds, and if v € H*,
(0.0.17) lully < 10%ully < € ully

with C' independent of .
2) Let s1 > 8> 89, and u € H* N H®2. Then u € H*, and the interpolation
inequality

(0.118) lulls < O lulls Jullls?, 6= 2=,

S1—82

holds, with C' independent of u.
3) Ifu € H™*h h >0, then 081y € L™, 902u € L™, and

(0.1.19) max{ |0 u|om, |08 ul,} < C |07 huly < C el -

Proof. The first assertion is obvious. To show (0.1.16), assume first that

u € H* and let o = (a1, ... ,a2,) be such that |a] = k. Then, since
€] < |€] for 1 < i < 2m,
(0.1.20)

/|€1|2°‘1 o Eam * o |a(€) [ g §/|£|2'“ [a(€)| d¢

2
= [lePHla©Pds = [ R de = jakulf = ul?.

This shows that F(0%u) € L?; therefore, 0%u € L?, as well. The converse in
(0.1.16) is obvious. Inequality (0.1.18) is proven exactly in the same way as
(1.5.48) of Proposition 1.5.3, with the factor 1+ |¢|? replaced by |¢]2. Finally,
(0.1.19) corresponds to the limit cases of the Sobolev imbeddings H™ ! —
L?™ and H™ 2 < L™ (see imbedding (1.5.54) of Theorem 1.5.3); indeed,
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the estimates follow from the Gagliardo-Nirenberg inequalities (1.5.42), with
0 =1 and C; = 0 because 2 = R?™, O

4: Properties of N and I. From (0.1.1), we deduce that the quantity
N(ui, ... ,up) is completely symmetric in all its arguments. Using inte-
gration by parts, the antisymmetry of Kronecker’s tensor, and Schwarz’s
theorem on the symmetry of third order partial derivatives, we see that the
same is true for I; in fact,

(0.1.21)

I(“la 7um7 um-i—l)
— (SRR’ J1 Jm—1 j
= — / 5]1 JZ V,L-l Uy ... V,L-::_l Um—1, Vlm U, V]m Tm— dz

=J (Vgula e s VU1, Vi, Vi) -

For a proof of this identity, in which the particular structure of the operator
N plays a crucial role, we refer to Lemma 1 of Cherrier and Milani [2].

We now establish various estimates on the function N(uj, ..., uy) in
the Sobolev spaces H" h > 0. The cases 0 < h < 2 and h > 2 require
different kinds of assumptions on the functions u;, due to the restrictions
imposed by the limit cases of the Sobolev imbeddings. In any case, we note
that, by the density of C5°(R*™) in H", it is sufficient to establish these

estimates when w1, ... ,un, € C§°(R?™). For future reference, we also note
that for h > 0, ¢ = (q1, - .. ,gm) € N™, and a € N™ such that |a] = h, we
can decompose OY N (uy, u2, ... ,un) as a sum of the type
(0.1.22) OSN (up,ug, -+ Upy) = Z Cy N(VTuq, ..., VI™uy,) ,

la|=h

for suitable constants C,. In the sequel, whenever a constant C' appears in
an estimate, unless explicitly stated otherwise, it is understood that C' is
independent of each of the functions that appear in the estimate.

Lemma 0.1.1. [Case h = 0.] Let Uy, = (u1, ... ,up) € (H™H™. Then
N(Up) € L?, and

(0.1.23) INUm)llo < C T lsllimr -
j=1

Proof. By Holder’s inequality,

(0.1.24) IN(Um)llo < C TTIV?wsl2m ,

j=1
from which (0.1.23) follows, by (0.1.19) with h = 1. O
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REMARK. We explicitly remark that (0.1.23) does not require the special
structure of NV, as it is sufficient to use the fact that N is the sum of products
of second order derivatives of the functions u;’s. On the other hand, from
(0.1.21) and (0.1.19) we deduce that

(0.1.25)
m—1
|I(u1, ey Uy, um+1)| < C H |v2Uj|m |vum|2m |vum+1|2m
j=1
m+1 m+1

<C [ lluslm < € T llgllm
i=1 j=1

and this estimate, which requires less regularity of the u;’s, does use the

special structure of N. o
Lemma 0.1.2. [Case h = 1.] Let Uy, = (uy, ... ,uy,) € (H™2n g™,
Then N(Uy,,) € H', and
m m
(0.1.26) IVNWm)llo < €D l1uj iz [ T il -
=
Proof. Since uy, ... ,u, € H™! Lemma 0.1.1 implies that N(U,,) € L.
When h = 1, we can write (0.1.22) as
m
(0.1.27) VN(Unm)=> CjN(uy, ..., Vug, ... ),
j=1
and, recalling (0.1.19), we estimate
(0.1.28)
IN(u1, oy Vg, oo )| < ClOZuilam -+ |05ujlom -+ [03um|2m
< Cluslizrs [T luills -
%
Adding all estimates (0.1.28) for j =1, ... ,m yields (0.1.26). O

Lemma 0.1.3. [Case h > 2.] 1) If m > 2 and h > 2, or if m = 2 and
h>2, let Up = (u1, ... ,upm) € (H™ 0 H™™. Then N(Uy,,) € H", and

(0.1.29) VN (U)o < C T max {J[u; llmm, vz} -
j=1
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2) If m = h = 2, let uy € H> N H?, and let ug € H* N H%.  Then
N(u1,us) € H%, and

(0.1.30)  [[V2N (u1, ug)llo < Cmax {||lu1]ls, lurlls} max {[Juslls, [|uszllz} -

Proof. 1) Since each u; € H™" N ™ 1 < J < m, by interpolation (part
(2) of Proposition 0.1.1) it follows that u; € H™*1. Thus, by Lemma 0.1.1,
N(Un) € L2

2) We refer to the decomposition (0.1.22). If ¢; < h —1 for all j =

1, ... ,m, recalling (0.1.19) and the interpolation inequality (0.1.18), with
0; = qjh )
(0.1.31)

m m
IN(Vur, o, VImug ) < C T IV9Pujlom < O] I lmgger
j=1 i=1

m m
1-6; 0;
< C I sl sl < C I max {lusllm 1wz}
j=1 j=1

as desired in (0.1.29). If g1 = h, so that ¢; = 0 for 2 < j < m, we proceed
2mim—1) 5o that Ly m-l — 1 and, by

m—2 D
the Gagliardo-Nirenberg inequalities and (0.1.19), with A, = # < 1,

-1

as follows. If m > 2, we set p :=

we estimate

m
IN(Viur,ug, .. um)la < C V" 2|y [T 102u4l,
j=2

m
h A -
< Ol [ 107 us15" 10205,

=2

(0.1.32) o .
< g T Mg 12l 1
=2

A

m
< C ||U1Hm7+hHmaX{HUJHW7 ”u]”m} ’
j=2

again as desired in (0.1.29). An analogous estimate holds if ¢; = h for
2 <j<mand ¢ =0 for i # j; adding all these estimates to (0.1.31) yields
(0.1.29). Next, suppose that m =2 and h > 2. If ¢y = h and ¢3 = 0, using
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once more the Gagliardo-Nirenberg inequalities we obtain

IN(Viug,ug)la < C 00 2uy | [02usg] o

2/h 1-2/h
< Ol llggy 100 2usls ™ [02us ]y~
(0.1.33) " o
< C lunllg lual220 sy
< Clua|lggg max {||luallg, luallzrr} -

In the same way, if ¢ = 0 and g2 = h,

IN(u1, Viug)la < Cl07ui|oo |00 2usls
(0.1.34)

< C max {||u1lg, Juillsz } Nuzllsgy -

Finally, if 1 < ¢1, g2 < h — 1, estimate (0.1.31) still holds; namely,

2
(0.1.35) [N (VBuy, V%us)lo < O | [ max {|lusl, llujllzz} -
j=1

Adding (0.1.33), (0.1.34) and (0.1.35) yields (0.1.29) for m =2, h > 2.

3) Let now m = h = 2, and refer again to (0.1.22). Then, recalling
(0.1.19) and the interpolation inequality (0.1.18),

IN(V2ur,up)l < C|0qur]a|02usls < C lluslls ||uslls

(0.1.36) < Cllullz flualy? ually?
< Cllur|lz max {||luzllz, [|Juz|l7} :

in the same way, by (0.1.18),
IN(Vuy, Vug)z < Cl03us]4|03uz|s < Cllur i ||uellz

(0.1.37)

IN

2/3 1/3
Clur |2 lun |3 [Juallg

IN

C max {||lu1llz, u1llz} lluzllz;
and finally, by the Gagliardo-Nirenberg inequalities,
(0.1.38)
2 2 4 5. 12/3 192, 11/3 94
[N (u1, Vug)l2 < Cl0puteo [Opuzle < C'|07ur]y” |0zurly ™ |05 usle

2/3 1/3
< C flun |2 [fur | sl

< C max {||u1llz, [[uall5} [[uzllz -

Adding (0.1.36), (0.1.37) and (0.1.38) yields (0.1.30). This concludes the
proof of Lemma 0.1.3. [l
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If h > m > 2, the results of Lemma 0.1.3 can be somewhat improved; this
is essentially due to the fact that H” is an algebra if h > m.

Lemma 0.1.4. [Case h > m > 2.] Let Uy, = (u1, ... ,up) € (H™+h=1n
H™)™. Then N(U,,) € H", and

(0.1.39) V"N (Um)llo < € ] ] masx {llu; . s I} -
j=1

Proof. Since m+h—1 > m+1, we first deduce that N (U,,) € L?, as in part
(1) of the proof of Lemma 0.1.3. Then, referring again to the decomposition
(0.1.22), we need to consider three different cases; namely:

1) There is j such that ¢; = h, and ¢; = 0 for i # j;

2) There are j and k such that ¢j =h —1, gy =1 and ¢; = 0 for i # j
and i # k;

3)Forallj=1,...,m,q¢ <h-—2.

CASE 1. Assume, e.g., that g = h and ¢; = 0 for 2 < j < m. Then,
with 0, := 725 €]0,1[ and X, := =2 € [0, 1[, by the Gagliardo-Nirenberg
inequalities and the interpolation inequality (0.1.18),

m
IN(Vhur uz, . )l < 18 2urls ] 16201
j=2
m
h— %
< Cllullrs [T 102 usld 10201

j=2

1-X A 1-6
< Cllull = I 7 HH%H g |y

(0.1.40)

m
< CHmaX{HUjHWaHume}’
j=1

as desired in (0.1.39). An analogous estimate clearly holds for the other
indices, that is, for 2 < j7 < m.

CASE 2. Assume, e.g., that 1 = h—1,¢2 = 1,and gj =0 for 3 < j < m.
Define p, r > 2 by }3 = _m=2_ 1 _ __m3 _ (ifym =3 we take r = +00),

m(m—1)" r 2m(m—1)
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so that % + % + mT_Q = % Then, with ny, := % €10,1],
(0.1.41)
m
IN(V* g, Vg, ug, . um)l2 < COF ur|m [03ualy [T 10%us]
j=3
m
< CloPHtuly [T 107 g 3 1075, ™
j=2
m
1,
< Cllwllsr—t ]lllujllm"h ot 2
]:
m
< C ] max {[lusllom llus gz} -

j=1
again as desired in (0.1.39). An analogous estimate clearly holds for the
other similar choices of indices.
CaseE 3. Assume now that ¢; < 2 for all indices j. Then, with v, :=

Lt e)o,1],

(0.1.42)

m
i+2
IN(VEur, . V) < C T 10F ujlom
j=1

m m
m+q;+1 h=1, Vi 92, |1=%jn
< CIT10 " ugle < C T 107 sl 102
Jj=1 Jj=1

m m
17 . .
< T lhujlls ™" luj| 25— < C T max { sl llws iz} -
j=1 j=1

again as desired in (0.1.39). Adding all estimates (0.1.40), (0.1.41), and
(0.1.42) yields (0.1.39). This ends the proof of Lemma 0.1.4. O

5: Elliptic Type Estimates on f. We now turn to equation (0.1.7),
which defines f(u) in both problems (H) and (P), and show that estimate
(0.1.29) can be somewhat improved if u; is replaced by f(u1).

Lemma 0.1.5. Let u € H™. There exists a unique S H™, which is a
weak solution of (0.1.7), in the sense that for all ¢ € H™,

(0.1.43) (fro)m = —(M(u), o -
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The function f satisfies the estimate
(0.1.44) 1fllm < C llullz
with C' independent of u.

Proof. We first note that if w € H™, then 0?u € H™ 2 — L™; thus, by
(0.1.19) and Hélder’s inequality, M (u) is at least in L', as we see from the
estimate

(0.1.45) (M () < C|03uli < Cllull -

Consequently, the right side of (0.1.43) makes sense if ¢ € L. Note that
since the space dimension is N = 2m, the imbedding H™ — L° does not
hold; hence, neither does the imbedding H™ < L. On the other hand, by
(0.1.25), if ¢ € C§°(R?™) — L% N H™ the estimate

(0.1.46) (M (u), p)| = [I(u, ... ,u, )| < Clullz [ollm

holds, with C' independent of u and ¢. By the density of C§°(R?™) in H™,
(0.1.46) also hold for all ¢ € H™; hence, by Riesz’ representation theorem,
there is a unique f € H™, solution of (0.1.43). Taking ¢ = f in (0.1.43),

which is admissible because f € H™, and using (0.1.46), we obtain (0.1.44).
O

We now establish further regularity results for f.

Lemma 0.1.6. 1) Letu € H™ " NH™, and let f € H™ be the weak solution
of (0.1.7), given by Lemma 0.1.5. Then f € H™" for 0 < h < m, and

(0.1.47) 1F e < C Nl ™ Ml -

2) Let h > m, and v € HM' 0 H™. Then f € H™™", and
(0.1.48) £l < € (max{fJulla, lully, lullz})™ -
3) Ifuc H™hnH™, h >0, then
(0.1.49) 1F I < C i ™ Nl -
In (0.1.47), (0.1.48), and (0.1.49), C' is independent of u.
Proof. 1) If u € H™™! Lemma 0.1.1 implies that A™f = — M (u) € L?; in
addition, by (0.1.24),
(0.1.50) £l = [[A™ fllo = [[M (w)]lo < C [Jul[ T -
This implies (0.1.47) for h = m. If 0 < h < m and u € H™" N H™,

we obtain (0.1.47) from the case h = m and (0.1.44), by means of the
interpolation inequality (0.1.18), that is,

(0.1.51) 1f e < C I AIRE™ YA

2m m
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2) If h > m and uw € H""' N H™, we write h = m 47, 7 > 0. Then u €
H™ 10 H™ which implies, by interpolation (part (2) of Proposition 0.1.1),
that w € H™T L0 g™ 0 ™t N H™. Thus, we can apply Lemma 0.1.2
if r =1, or Lemma 0.1.3 if r > 1, to deduce that M (u) € H". Consequently,
V'A™f = — V" M(u) € L?, which means that f € H?>™" = H™h. To
estimate || f|| 77, we (formally) multiply (0.1.7) in L? by A" f, to obtain

(0.1.52)
£ = IV f Il = (A™ f, A )

= = (M(u), A"f) = = (V""" M (u), V*Hf)
If r=h—m=1,(0.1.52) and (0.1.26) imply that

flmsr = fllzmrr < CIVM ()l

Cllullzz llullm ™ = C llulli lullgr -

(0.1.53)

IN

from which (0.1.48) follows. If » > 2 and m > 2, or if r > 2 and m = 2, by
(0.1.52) and (0.1.29),

1l < CIV M ()lo < C (max{]|ullm, [|ullmw})™

(0.1.54) -
= C (max{|lullm, [[ullz})™

which again yields (0.1.48). Finally, if » = m = 2, so that h = 4, we use
(0.1.30) to obtain

Ifllmm = 7l
C (max{|lully, [[u[s}) (max{[[u]lz, [ullz})
C (max{|Jullz, llullg, |ul5})*

C (max{lullm, [lully, lulz?)

IN

(0.1.55)

IN

2
)

which is (0.1.48).
3) If h = 0, (0.1.49) coincides with (0.1.44). If 0 < h < m and u €

H™hn 7™ (0.1.49) follows from (0.1.50), (0.1.44) and the interpolation
inequality

1/h

1-1/h
(0.1.56) lullr < C lulla " el 22
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If h > m, we use interpolation to modify estimate (0.1.31) (with u; = u for
all j) into

m
ViMoo < ¢ Y ] el
(0.1.57) lal=h=m j=1
1. -
1-6; 6,
< ¢ Y ITluls ™ i -
lql=h—m j=1
11 m
where 0; = 9= €]0,1[. Thus, noting that Y 6; =1,
j=1
(0.1.58)
_ 1-6; 0; _
IV =M )llo <€ 3 (ulET ulZE = ¢ lullm
lg|=h—m
as claimed in (0.1.49). O

Using (0.1.19), we deduce the following consequence of part (1) of the
proof of Lemma 0.1.6.

Corollary 0.1.1. Let v € H™, and let f = f(u) be the corresponding
solution of (0.1.7). Then 92f € L™. Ifu € H™' N H™, then O2f € L*™.
In addition, the estimates

(0.1.59) 102 flm < C || £l » 102 flom < C Il f s
hold, respectively, with C' independent of u and f.

Proof. If w € H™, the claim follows by Lemma 0.1.5, which implies that
f € H™ so that 02f € H™ 2 — L™, and the first of (0.1.59) holds.
Likewise, if u € H™*' 0 H™, part (1) of Lemma 0.1.6, with h = 1, implies
that f € H™"! and the second of (0.1.59) is a consequence of (0.1.19). O

0.2. The Hyperbolic System

0.2.1. Local Existence.

In this section we give a local existence result for problem (H). For h
and k € N with k£ < h, and given T > 0, we consider the space

(0.2.1) HMH(T) == C([0,T); H") n ([0, T); HY)
endowed with its natural norm
(0.2.2) [ qnax, (lue @17 + lu@)7) -

We claim:
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Theorem 0.2.1. Assume that ug € H*™, u1 € H™, and ¢ € C([0,T]; H*™)
ifm>2, p€C([0,T); H¢), e > 0, if m = 2. There exist . €]0,T] and a
unique u € H*™™(1.), with f(u) € C([0, 7); H*™), solution of problem (H).
This solution depends continuously on the data {ug,u1, p}.

Proof. We loosely follow Cherrier and Milani [5], and proceed along the lines
of the linearization and fixed point method described in section 3.2 of Chap-
ter 3. For simplicity of exposition, whenever we write ¢ € C([0,T]; H*™),
we tacitly understand that, if m = 2, we mean to write ¢ € C([0,T]; H**¢),
e > 0. We proceed in five steps: Linearization, Contractivity, Picard’s Iter-
ations, Continuity, and Well-Posedness.

1: Linearization. Given 7 €]0,7] and R > 0, we define
(0.2.3)
B (7, R) == {u € H*™™(1) | [wl[p2mmy < R, u(0) = uo, ue(0) =wur}.

As we remarked after Proposition 3.2.1, for any R > (||u[2, + ||uOH%m)1/2
there exists 7 = 7(R) €]0,T] such that the ball B,,(7, R) is not empty.
Choose such a pair (R, 7). For fixed w € By, (7, R), we consider the linearized
equation

(0.2.4) uy + A™u = N(f(w), w'™ 2 u) + N(e™m v),

with initial data (0.1.9). We first show that the function ¢ — M (w(t)) is
continuous from [0, 7] into L?. For ¢ and tq € [0, 7], we decompose

(0.2.5)

M (w(t)) — =Y N(w(t) — wlto), (w(t) ™™, (w(te) )

k=1

m
Z Wy (t, to)
k=1

and, recalling (0.1.23), we estimate

[Tkt to)lz < Cllw(t) = w(to) lme [w(®)lm 1w to)llnty

< CR™Hw(t) — w(to)lm+1 -

(0.2.6)

Since w € C([0,T); H*™) — C([0,T]; H™*!), (0.2.6) yields the asserted
continuity. By Lemma 0.1.6, f(t) := f(w(t)) € H*™ for all t € [0, 7], and
O2f(t) € L*™, because w(t) € H*™. In fact, by (0.1.47), for 0 < h < m,

(0.2.7) If Ol < Cllw®)[s < CR™,
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and (0.2.6) implies that f € C([0,7]; H*™), because the function ¢
A™f(t) = — M(w(t)) is continuous from [0,7] into L?. From this obser-
vation it follows that for all ¢ € [0, 7], the map u +— N(f(t), (w(t))™ 2, u)
is well defined and continuous from H?™ into L2. In fact, by (0.1.23) and
(0.1.47) with h = 1, omitting the variable ¢,

IN(f,w™ 2 w)s < Cl i w753 e

(0.2.8) < Cllwlin lwlimt lullmes
< CR*™ Y ||ufla -
Likewise, the map v — N (go(mfl),u) is well defined and continuous from

H?™ into L?, with
(0.2.9) IN(™ D )y < Clllgn llullam -

As a consequence, for each w € B, (7, R) the existence and uniqueness of a
solution u € H2™™(7) to problem (0.2.4)+(0.1.9), with f € C([0, 7]; H*™),
can be established by methods analogous to those of Chapter 2. As in section
3.3.1, this allows us to define the map w — u =: I'(w) from B,,(7, R) into
HQm,m(T)'

Proposition 0.2.1. There exist 79 €]0,T] and R, > 0 such that for all
T €]0,70], T maps the ball B, (1, Ry) into itself.

Proof. 1) Multiplying (formally) equation (0.2.4) in L? by 2 A™u; and inte-
grating by parts, we obtain, abbreviating again f := f(w),

d
37 (el + Ilel37)

(0.2.10) = 2(N(f,w™ 2 u) + N(™ D u), A™u,)

= 2(V™N(f, w(m*Q), u) + VmN(go(mfl), w), V™) .

= Am =: Bm

We estimate A, and B,, by means of Lemma 0.1.3. If m > 2, we use
(0.1.29), with h = m > 2, as well as (0.2.7) with h = 0 and h = m, to obtain

[Amla < [VN(f, w20l
(0.2.11) < C max{| fllm, | fllgm} 1wl * llull2m
< CR™ Y |ullzm .
Similarly,

(0.2.12) |Bml2 < Cllllsn " ullom -
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If m = 2, by (0.1.30), (0.2.7) with & = 2, and (0.1.48) with h = 3,
[Azls < IVPN(f,u)llo

(0.2.13) < C(max{|[fllz, [l /lI5}) (max{{jullg, [lu]z})
C R? |Julls ,

VAN

IN

in accord with (0.2.11). To estimate Bg, we make use of the imbedding
H?*¢. H? — H? and estimate

(02.14)  [Bel2 < [N(p,u)l2 < Cll03¢ )24 03ullz < Cllpllase Nulla,

in accord with (0.2.12).
2) Inserting (0.2.11) and (0.2.12) into (0.2.10), we obtain

(0.2.15)

d 2 2 ) « o (R2m-1) m—1 2 2

37 Ul + llullz) < +llellzm ) (luellm + lullzn) -
Multiplying (0.2.4) in L? by 2uy, and recalling (0.2.8) and (0.2.9),

d _ m—
(0.216) ()2 + lullZ) =2 (N(f w™ 2, u) + N, u), ug)

<€ (B0 4 Jpllgy) (el + ruli3n)

Finally,
d
(0.2.17) 37 1ells = 2 (s we) < [lullg + [luells -

Adding (0.2.17) and (0.2.16) to (0.2.15), recalling (0.1.15), and assuming
that R > 1, we obtain

(0.2.18)

L e, + ) < € (B0 1 ol (el + )
Integrating (0.2.18) yields, by Gronwall’s inequality, that for all ¢ € [0, 7],
(0.2.19)

a2, + Na®) 3 < () + uol,) exp (€ B2+ ¢, ) ) |

where

C max [lo(t)]5," it m>2,
(0.2.20) C, = o

C max [o(t)lla+e if  m=2.

Thus, if we define (for example) R, by
(0.2.21) R = max {1,4 (|luall7, + [luoll3,) } -
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and then 79 €]0,7] by

In4
(0.2.22) 70 := min} 7(R,), ,
crIm Y4,

we deduce from (0.2.19) that for all 7 €]0, 79|, I' maps By, (7, R.) into itself.
This ends the proof of Proposition 0.2.1. U

2: Contractivity. We now prove that a further restriction on 7 makes
the map I' a contraction with respect to the lower order norm of H"™°(7).

Proposition 0.2.2. There exists . €10, 7] with the property that for all
w, W € By (7w, Ry),

(0.2.23) I (w) = (@) [ 3gmo(ry < 5 lw = Bllggmogs,) -

Proof. Let 7 €]0,70], and w, W € By, (7, Ry); set u = I'(w), @ := I'(w),
vi=w—w, z:=u—1a, f:= f(w), f:= f(w), and g :== f — f. Taking

the difference between the equations satisfied by u and 4, and recalling the
symmetry of N, we see that z and ¢ solve the system

(0.2.24) 2+ A"z = F4+ N(e™m™ 2y,
(0.2.25) A"y = -G,
where F = F(g,z,u, @, w,w, f, f) and G = G(v, w,w) are defined by
m—1

(0.2.26) o

+ N(f, w2 2) = 3 F,

k=1
and
(0.2.27) G:=>» N(ww™P a" ) =>"q,.
k=1 k=1

We multiply (0.2.24) in L? by 2 z, to obtain

d -
(0.2.28) 3 (2l + [1215) = 2(F + N (™, 2), 21)

To simplify notations in the estimates that follow, we denote by w either one
of the functions w or @, and by @* a generic product (in N) of k; factors w
and ko factors w, with k1 + ko = k; we use a similar notation for .

1) We first consider the term at the right side of (0.2.26) with F;. By
(0.1.23),

(0.2.29) 1Fillo < Cllgllmr ol lullmes < € RE gl -
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We can estimate g in H™T! as in (0.1.47), obtaining

(0.2.30) l9llzrt < C Il 1@t [0llm < C BRI [[0]lm ;

more precisely, multiplying (0.2.25) in L? by A g and recalling (0.2.27), we
obtain

(0.2.31) 9277 = — (G, Ag) = = (Gr,Ag) .
k=1

Each of the terms at the right side of (0.2.31) has the form I(v, W™ !, Ag);
thus, recalling (0.1.25),

[I(v,w™ L, Ag)|

IN

C ’Vzw’rmn_2 |V2w|2m IVulom [VAgG|m
(0.2.32)

IN

C ]2 (1 llmr [[v]lm [0 ~2V Agla

from which (0.2.30) follows, recalling (0.1.16). Replacing (0.2.30) into (0.2.29)
we conclude that

(02.:33) 11l < C R o

2) Next, for 2 < k < m — 1 we see that each term Fj of (0.2.26) has
the form F), = (f,v (™3 4). To estimate these terms, we proceed
as follows. If m > 2 SO that H?"=2 — [P for all p € [2,4+00], we let
p:% (so that 5— + -~ +7 %; if m = 3, we take p = +00), and,

by (0.1.47) with h = 1

1Fillo < CIV2Flam V20l V0[5 [V2ul,
(0.2.34) "
< Cllflggr ol 0115 lullam < € R o]l
Analogously,
[Fmllo < C |v2f|2m |V2d’|m_2 |V2Z|m
(0.2.35) » 2m—1)
< Cllflmmr @52 zlm < € R ||z -

If instead m = 2, (0.2.26) and (0.2.27) reduce to
(0.2.36) F = N(g,u)+ N(f,z), G = N(v,w+w);
thus, at first, recalling (0.2.30),

IV (g, w)llo

IN

CV2gla|V?uls < Cllgllz [lulls
(0.2.37)

A

Cllwlls [[vllz [[ulls < C B [[v]l2
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in accord with (0.2.33). Next, by (0.1.48) with h =3 > m = 2, and (0.1.44),
IN(F.2)lo < CIV2leo [V22]o < CIVPFI32 (V2152 19220
(0.2.38) < CIFIZPIFIY? =02 < Cllaly ally” 112112

< CRYl2]2,

in accord with (0.2.35). In conclusion, from (0.2.33), ..., (0.2.38), we obtain
that

2(m—1
21(F,z)| < CRE™Y (ol + [I2llm) |20

IN

(0.2.39)

IN

C R (|[o]lZ, + 120 + l1213) -

3) We estimate the last term of (0.2.28) in a similar way. If m > 2, with
2 1
p= 220 (50 that L 4 L = 1),

2|(N (", 2), 20)| < 2N, 22 |zl
< 2C 10700y " 107 2]m |21l
(0.2.40) < 2C |10 lI55 12 1072l lm—2 120
<2Clelz " ll2llm llzllo

Co (=l + Nlzll5) .
where C,, is as in (0.2.20). If instead m = 2,
2[(N(p,2),2)] < 2C1070l00 [072]2 |22

(0.2.41)

IN

20 [lplla+e lI2ll2 N2t llo

o (=g +11213)

in accord with (0.2.40). Inserting (0.2.39) and (0.2.40) into (0.2.28), adding
the inequality

IN

d
(0.2.42) T 1211 = 2 (2, 20) < llzllg + 1z:]15
and recalling that R, > 1, we obtain
(0.2.43)

d m—
= 3+ 1212) < (CRD +.¢4) (Il + 1202, + 1=03) -
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From this, recalling that z(0) = u(0) — @(0) = wp — up = 0 and, similarly,
2:(0) = 0, by Gronwall’s inequality we obtain that for all ¢ € [0, 7],

(0.2.44)

It + 101 < 2(Re) s [0, ) ¢ expr(e )0

where (R, @) := C R Y 4 C,. Thus, choosing 7, €10, 79] such that

(0.2.45) Y(Ry, ©) Tv exp(Y( Ry, ) Tx) < % )
we deduce from (0.2.44) that for all ¢ € [0, 7],

0246)  flu(t) ~ 5 (I + lult) — 5(1)]% < § max (02

SUST
Recalling that v = I'(v) and @ = I'(@), and that v = w — W, we see that
(0.2.46) implies (0.2.23). Thus, I' is a contraction on By, (7x, R.), with re-
spect to the weaker norm of H™°(z,), as claimed. O

3: Picard’s Iterations. We now consider the Picard’s iterations of I,
that is, the sequence (u"),>¢ defined recursively by u"*! = I'(u"), starting
from an arbitrary u® € By, (7, R.). Explicitly, the functions u™** are defined
in terms of u”, by the equation

(0247) e A = N(F7, ()2, ) 4 N (D, ),
where f" := f(u"), and by the initial conditions
(0.2.48) u"H0) = g, u ™ (0) = uy .

1) By Proposition 0.2.1 the sequence (u™),>¢ is bounded in H?™™(z,),
because u" € By, (7x, Ry) for all n > 0. Thus, there is a subsequence, still de-
noted (u™),>0, and a function u € L (0, 7i.; H*™), with u; € L*°(0, 7; H™),
such that

(0.2.49) u" —u in L0, 7. H*™) weak"
(0.2.50) uy — U in L*0,7;H™) weak”.
By Proposition 0.2.2, u™ — u in H™(7,); that is,

(0.2.51) u" —u in C([0,7]; H™),
(0.2.52) ull — uy in  C([0,7]; L?).

By Proposition 1.7.1, (0.2.49) and (0.2.51) imply that u € Cy([0, 7.]; H*™),
and (0.2.50) and (0.2.52) imply that u; € Cy([0,7]; H™); moreover, the
maps t — ||u(t)||2m and t — ||us(t)]|;, are bounded on [0, 7]. We set
(0.2.53) R} = S (lue@®17 + lu®)13) -

<t<T
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From (0.2.49) and (0.2.51) we deduce that for 0 <r <m —1,
(0.2.54) u" —u in C([0,7); H™) :
indeed, by interpolation, for all ¢ € [0, 75,

(0.2.55)

™ (8) = w() s < C () = u(®) 50" " () = w(@)3, /™
< O (Ru+ Ro)"/™ [|u" () — u(t)ll, "™

so that (0.2.54) follows from (0.2.51). In the same way, (0.2.50) and (0.2.52)
imply that for 0 <r <m —1,

(0.2.56) up — Uy in C(0,n];H").

2) As from (0.2.5) and (0.2.6), with w replaced by u, we know that
M (u) € C([0,7]; L?); we now show that

(0.2.57) M@u") — M(u) in C([0,7]; L?).

Indeed, setting z" := u" — u we decompose, as in (0.2.5),

(0.2.58) M (u” ZN mymk) (1)

)

thus, acting as in (0.2.6),

HM(un) - M(U)HC([O,T*];L2)

(0.2.59) moo
< CZRT FRE lut — ullcgo,m ) M) 5
k=1

and (0.2.57) follows from (0.2.54) with » = 1. Let f := f(u). Recalling that
fm = f(u"), (0.2.57) implies that
(0.2.60) "= f in C([0,7]; H*™).
3) We proceed to show that
(0.2.61)  N(f™ ™)™ 2 ") S N(f,u™ D)y in C([0,7]; L?) .
To this end, if m > 2 we compute that
N(F?, () m=2), 1) = N (f, umD)

= N(fn -/ (un)(me)j un+1)
(0.2.62)

m—1
+ Z N(f’ u(k_Q)) u" — u, (Un)(m_k_l), ’LLn+1)
k=2

+ N(f,ulm=2) gyt —qy) = NY 4+ NP 4 NS
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By (0.1.23) and interpolation, since u™ and u™*! € B, (7., R.),

m—1
INUlo < ClF™ = flligr (H HunHm-H) [ P

k=2
(0.2.63) < CRIM™ = fligr
< ORI = fll - I
By (0.1.44),
(0.2.64) 1" = fllm < 1"l + | fllm < C R

consequently, (0.2.63) and (0.2.60) imply that NY = 0in ([0, 7.]; L?).
Acting likewise, and setting

(0.2.65) Ry = max || f(t)[lg

0<t<T«

(which makes sense, by (0.2.60)), we see that

m—1

(02.66)  [INPo < CRp Y REZRIF|u™ = uflmyir
k=2

(0.2.67) INOo < CRyRE™? 1w =t 5

thus, by (0.2.54) with » = 1, also N2 and NP — 0 in C([0,7]; L?), and
(0.2.61) follows. If instead m = 2,

(0.2.68)  N(f"u"™) — N(f,u) = N(f* — f,u™™) + N(f,u" —u),
and by (0.1.23), since f™ — f in H? by (0.2.60) and (0.2.64),
(0.2.69)

IN(f* = fu )2 <O = flig lu"Hls < R = fllz — 0,
as well as, by (0.2.54) with r =1,
(0.2.70) IN(f,u"™ =)l < O fllg [u* —ulls —0.

4) From (0.2.61) and (0.2.49), it also follows that the sequence (uf,)n>0
is bounded in L>(0, 7,; L?); consequently, we can suppose that

(0.2.71) Uy — Uy in L>°(0,7,; L?)  weak® .
We can then let n — +00 in (0.2.47); more precisely, by (0.2.49) and (0.2.61),
(0.2.72)

i = — AT N, () ) 4 N, )

— — A"+ N(f,u™ D) + N (M )
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in L>(0, 7.; L?) weak*. Comparing (0.2.72) with (0.2.71) we deduce that
u satisfies equation (0.1.8) in L?, at least for a.a. t € [0,7.]. Moreover,
u satisfies the initial conditions (0.1.9), because by (0.2.48), (0.2.51) and
(0.2.52), u™(0) = up — u(0) in H™ and u?(0) = u3 — u¢(0) in L2

4: Continuity. We now proceed as in the proof of Lemma 2.3.2, to
show that u € C ([0, 7]; H*™) and u; € C([0,7]; H™). Setting

(0.2.73) E(t) == [lue() 12, + l[u(t)]|3, -
we deduce from (0.1.8) that for all ¢, ¢ty € [0, 7],
(0.2.74)

E(t) — E(to) =2 /t<vm (N(f, u™m) + N(cp(m_l),u)) V™) df

to

As in the proof of Proposition 0.2.1 (replacing w with u in the estimate of A,,
in (0.2.11)), we see that V™ (N(f,u(m_l)) + N(go(m_l),u)) € L>(0, 7y; L?);
since also V™ u; € L>(0, 7.; L?), the integrand at the right side of (0.2.74)
is in L'(0,7,). Thus, F is continuous on [0, 7.]. We set further

(0.2.75) F(t,to) == [[ue(t) — ue(to) I, + [u(t) — ulto) |3, -

Recalling that u; € Cy ([0, 7]; H™) and u € Cy ([0, 7..]; H*™), it follows that
as t — to,

(0.2.76)
F(t,to) = E(t) + E(to) — 2 (we(t), we(to))m — 2 (u(t), u(to))2m

— B(to) + E(to) — 2lut(to) 17 — 2 [ulto)3m

=0.
Thus,
(0.2.77) 0 < Jug(t) — ue(to)|?, < Flt,to) — 0,
(0.2.78) 0 < Ju(t) —ut)|?, < F(t,to) —0,

from which it follows that, indeed, u € H2™™ (7).

5: Well-Posedness. We conclude the proof of Theorem 0.2.1 by show-
ing that the solutions of problem (H) depend continuously on their data.

Proposition 0.2.3. Let ug, iig € H*™, let uy, 41 € H™, and let ¢, $ €
C([0,T); H*™) (if m = 2, let p, ¢ € C([0,T]; H**¢)). Assume that problem
(H) has corresponding solutions u, & € H*™™ (1), for some T €]0,T]. Then,
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the difference u — 4 satisfies the estimate

(0.2.79)

= gz ey < 1, 6,T) (Iluo = T lom

+ s = @l + e = Blloqoryem )
where h € K and
(0.2.80) p = max {1, |[ullpzmmiry, |@lpzmmm}
(0.2.81) 0 = maX{WP”C([o,T};H?m)aH@HC([O,T];H%)} .
In particular, there is at most one solution of problem (H) in H>™™ (7).
Sketch of Proof. 1) We consider first the case m > 2. With notations
analogous to those of the proof of Proposition 0.2.2, let z := u—1a, f := f(u),

f:=1f@),g:=f—Ff ¢:=¢—@ By the symmetry of N, z and g solve
the system

(0.2.82) i+ A"z = F+O,
(0.2.83) A"y = -G,
where now (compare to (0.2.24) and (0.2.25))
(0.284)  Fi=N(g,ul" )+ 3 N(f zu™ M, aD) =3 R,
k=2 k=1
(02.85) @ :=N(z,0™ D)+ > N(i,p, " H, a2,
k=2

(0.2.86) G = N(z,u(m*’f), a(k—l)) '

M-

We multiply (0.2.82) in L2 by 2 Az, to obtain

~—

(0.2.87) (lzelZ + 112]25) = 2 (V™ (F + @), V™2).

&l e

By (0.1.29) with h = m,

(0.2.88) 1F [l < € max {lgllm, llgllzm ullz " -

From (0.2.83) and (0.2.86), as in (0.1.44), and recalling our notation for 4,
(0.2.89) gl < Cllzllm @l < C o™ 2llm ;
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and as in (0.1.50), by (0.1.23),
lgllzm < CIUN(z @™ Yo

(0.2.90)

< Clellmr lallniy < € o™ 2l -
Thus, from (0.2.88),
(0:2.91) vl < € 02D 2

Likewise, for k > 2, by (0.1.44) and (0.1.50), with f and w replaced by f
and ,

|| E% [l

IN

¢ max { || Flm 1 Flze } 112 1215572

Cp™ |zllzm p™ 2 < C o 2|2

(0.2.92)

IN

In conclusion, from (0.2.91) and (0.2.92) we deduce that

(0.2.93) 1Pl < € p* ™Y 2|2 -

2) The estimate of ® is simpler, since H?>=2 < H™ and H*" 2 is an
algebra if m > 2. Recalling (0.2.85), (0.2.80) and (0.2.81),

1@l < IN(2, 0™ D) [l2m- 2+ZIIN &) l2m—2
k 2
C [1022ll2m—2 103153

+ Cl|0%ll2m—2 1030 |2m—2 102015, 2

IN

(0.2.94)

< COmHzllam + C p ™2 [ |2m -
Replacing (0.2.93) and (0.2.94) into (0.2.87) yields

d
(0.2.95) 3 el + 112155) < Cv (1@ lam + [12ll2m) ll2elm

where, here and in the sequel, C, Co, ... denote suitable constants depend-

ing on p and 4. We proceed as in the proof of Proposition 0.2.2. Start-

ing from identities analogous to (0.2.28) and (0.2.42), we can obtain as in

(0.2.43), that also
d 2

(0.2.96) 37 Ul=ellg + 112115) < Co (1l + l1zllm) [z

Adding (0.2.95) and (0.2.96) we deduce that

d
3 (el + 120120) - < Cs ([¥llom + 2 ll2m) llzellm

< Gsll¢l, +2Cs (127 + 1213,) -

(0.2.97)

A
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Integrating this, we obtain that for all ¢ € [0, 7],

()l + 120 B
(0.2.98) ) . 2 o
< (12 + 120)B + O3 T 112 o 11120y ) 7

from which (0.2.79) follows, with
(0.2.99) h(p,8,T) := max{1,/Cs(p,d) T} e3P

if m > 2. If m =2, we rewrite

(0.2.100) F = N(gu)+N(f,2)=F +F,
(0.2.101) d = N(p,2)+N,a) =+ .
By (0.1.30),

(0.2.102) | Fi1llz < € max {[|gll3, [lgllz} [lull4-
When m = 2, (0.2.83) and (0.2.86) yield that

(0.2.103) A%g = — N(z,u+1);

thus, by (0.1.26),

IN

g1l ClIVN(z,u+a)lo

(0.2.104)

IN

C(Izlla llu+ alls + ll=]l3 [Ju + all4)

IN

Cllallall=la-
Recalling also (0.2.89), it follows from (0.2.102) and (0.2.104) that

(0.2.105) IFil5 < Cp*|l2lla -
Similarly,
(0.2.106) IRy < C max{||f||§, Hfllg} Izlla < Cp*|l2lla -

The estimate of ® is simpler, using the imbedding H?*¢ . H? < H?. As in
(0.2.94),

(0.2.107) 1@1]lz < [IN (2, 2)ll2 < C|0Z0ll24e 102212 < Cy ll2]l4

(0.2.108) [@2]l5 < [IN (1, @)z < C|020]2+4¢ 1022 < p|2)]| 4t -

Estimates (0.2.105), (0.2.106), (0.2.107), and (0.2.108) allow us to deduce
the analogous of (0.2.95) for m = 2; we can then proceed in the same
way, and obtain (0.2.79) for m = 2 as well. This concludes the proof of
Proposition 0.2.3 and, therefore, that of Theorem 0.2.1. ([
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0.2.2. Higher Regularity.

Higher regularity results for problem (H) can be established by a suitable
generalization of Theorem 0.2.1.

Theorem 0.2.2. Let k > 0, and assume that uy € H?>™k w € H™F
¢ € C([0,T); H*™*+k). There is 7, €]0,T)], such that problem (H) admits a
unique solution u € H>MTFMHE (7).

The proof of this theorem follows the same arguments of the proof of The-
orem 0.2.1, based on a priori estimates similar to the ones we establish in
the proof of Proposition 0.2.4 below. Note that Theorem 0.2.1 corresponds
to Theorem 0.2.2 when k = 0, with 79 = 7, (and the additional assumption
¢ € C([0,T); H**9) if m = 2). In this section we show that the regularity
result of Theorem 0.2.2 is uniform in k, in the sense that infy~g7m > 7.
Roughly speaking, this means that increasing the regularity of the data
does not decrease the life-span of the solution. This is a consequence of the
following time-independent a priori estimate:

Proposition 0.2.4. Let k > 0, and ug, w1, ¢ satisfy the assumptions
of Theorem 0.2.2. Assume that problem (H) has a corresponding solution
u € HEm (1) N HEAERmAR (D) Cwith 0 < 7/ < 7 < T. There exists Ay,
depending on T but not on 7', such that

(02109) sup ()l + ) ) < AF-
SUST

Consequently, u € H*mHkm+k(r),

Sketch of Proof. It is sufficient to estimate the map

(0.2.110) 0,715 ¢ = [lue(®) |2 + u(®) 13z

independently of 7/. We proceed by induction on k£ > 0, and assume, for
simplicity, that ¢ = 0. If £k = 0, we have already remarked that we can take
7/ =7, and (0.2.109) holds, with

(0.2.111) Af = sup ([lue(®)l7, + llu(@®)ll3,) -

0<t<r
Thus, we can assume that ug € H2"tF+t1 € H™HE+1 and that, corre-
spondingly, problem (H) has a solution
(0.2.112) u € HEHRmAR () g 2mklmAkL (77
with 0 < 7/ < 7, satisfying (0.2.109), with Ay independent of 7’; in partic-
ular,

(0.2.113) sup ([ue(t) 174k + lu() 3 ) < AF -
0<t<t
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We wish to show the existence of Ay 1, independent of 7/, such that (0.2.109)
holds with k replaced by k + 1; that is, explicitly,

(0.2.114) S (e s + @) Brsr) < A -

To this end, we multiply equation (0.1.8) in L? by 2 A™*+*+1ly; to obtain

d
at (”“th+k+1 T H“”2m+k+1>

(0.2.115) — o (VLN (f, u(m ), R L

< 2 ||N(f7 U(m_l))HerkJrl ”ut||m+k+1 >

where f:= f(u). If m > 2, we estimate N(f,u(™ 1) by means of (0.1.39)
of Lemma 0.1.4, with h = m + k£ + 1 > m, which yields

(0.2.116)  [IN(f,u"™ gy < © max {||fllam | llgmrr} el -
By (0.1.48) with h =m +k > m,

(0.2.117) 1/ llzmrz < Cllullimrers < Cllullzmsn s

thus, using also (0.1.44), by (0.2.113) we obtain from (0.2.116) and (0.2.117)
that

m— 2m—1
(0.2.118) NG u™ D) s < C A
Replacing this into (0.2.115) yields
(0.2.119)

+ [ful] < C AN Mgt

dt <||uth+k+1 2m+k+1)

2 1
<A™ o lu By

thus, by Gronwall’s inequality, for all ¢ € [0, 7],
(0.2.120)

lue Ol + et

2(2m—1
< (lulrgr + luolmeerr + O A"V 7) & = Ay,

from which (0.2.114) follows. If m = 2, we use instead (0.1.29) of Lemma
0.1.3 with h =3+ k > 2, to obtain

(0.2.121) INCf, )z < C max {[| £llg 1 £ llz7 ) Nulls -
By (0.1.48),
(0.2.122) 1 ll5% < Cllulliir < CAR;
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hence, we deduce from (0.2.121), via (0.1.44) as above, that
(0.2.123) INCf, )57 < C AR ullss -
Replacing this into (0.2.115) with m = 2, yields

d
= (el + lulds) < 20 A ullseg luellgee

O (lwel2g + el -

and we can conclude by means of Gronwall’s inequality. This ends the proof
of Proposition 0.2.4. O

(0.2.124)

IN

0.2.3. Almost Global Existence.

The estimates we established in the proof of Theorem 0.2.1 allow us
to give an almost global existence result for problem (H), in the spirit of

Theorem 4.4.1 of Chapter 4. More precisely, with E(¢) as in (0.2.73), we
claim:

Theorem 0.2.3. In the same assumptions of Theorem 0.2.1, given arbitrary
T > 0 there is § > 0 such that if E(0) < 6, problem (H) admits a unique
solution u € H*™™(T), with f(u) € C([0,T]; H*™).

Sketch of Proof. Replacing w by u in the procedure that led to estimate
(0.2.18), we deduce that on any interval [0, 7] C [0, 7] on which u is defined,
FE satisfies the differential inequality

d _ m
(02125) = B < Clul3n" lunllm + Cy lullam elm < CE™ + C,

with C, as in (0.2.20). The Bernoulli-type inequality (0.2.125) implies the
exponential inequality

d

(0.2.126) " EV"M 4 (m—1)C, BEY™ > —C(m—1),
the integration of which leads to
(0.2.127) (E@)™ > ((E(O))l—m + C%) e (m-DCet _ O

Assuming that E(0) < J, we deduce from (0.2.127) that for all ¢ € [0, 7],
C e(mfl)th(Smfl
2. m=l < L2 :
(0 2 128) (E(t)) — C(p + C(;mil _ C(Smil e(m_l)clpt

Thus, the life-span T, of u satisfies the estimate T, > Ts, where Ty is the
blow-up time of the right side of (0.2.128); that is,

— 1 C
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In particular, since Ty — 400 as § — 0, given T" > 0 it is possible to
have T, > T by choosing d, and therefore F(0), sufficiently small, so that
T.>Ts>1T. O

0.3. The Parabolic System

0.3.1. Local Existence.

In this section we give a local existence result for problem (P). For h
and k € N, with k£ < h, and given T > 0, we consider the spaces

(0.3.1)  PMMT) = {ue L*0,T;H") | u € L*(0,T; H"},
(0.3.2)  YME(T) = L20,T; HM nc(o,T); HA+R/2)
0.3.3) Y1) = L¥0,T;H") nc(o,T]; A2y
endowed with their natural norms
T
(0.3.4) lullZnnery = /0 (lleell + llellz) at
2 4 2 2
(0.3.5) [ullYnnry = /0 HUtht+0r£t8%xTHU(t)ll(h+k)/2,
T
2 o 2 2
(0.3.6) el Sk gy = /0 HUtht+Orgtag<THU(t)ll(h+k)/2'

Note that by the trace Theorem 1.7.4, u € C([0, T); HH*)/2) if 4, € PhF(T),
and, by (1.7.61),

(0.3.7) ||U||c([0,T];H(h+k)/2) <C HUHPM"(T) :
In particular, (0.3.7) implies that P?™0(T) — Y?™0(T). We claim:

Theorem 0.3.1. Assume that ug € H™ and ¢ € Y*™O(T). There exist
7 €]0,T] and a unique u € P?*™O(7,), with f(u) € ?2m’0(7'*), solution of
problem (P). This solution depends continuously on the data {ug, }.

Proof. We loosely follow Cherrier and Milani [3, 4]. In contrast to the
hyperbolic problem (H), we cannot prove Theorem 0.3.1 directly; rather,
we first prove a higher regularity result for problem (P), and then use this
result to prove Theorem 0.3.1 by means of an approximation argument. This
roundabout procedure, which we do not know to what extent is necessary, is
due to a rather drastic role played by the limit case of the Sobolev imbedding
theorem H™~! — L?™ which, as we saw in (0.1.23), allows us to estimate
N(u1, ... ,up) in L? only in terms of the u;’s in H™! (as opposed to H™;
see (0.3.31) and (0.3.33) below). Thus, we postpone the proof of Theorem
0.3.1 to section 0.3.2, and first prove
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Theorem 0.3.2. Assume that ug € H™' and p € Y*"*VU(T). There exist
1 €]0,T] and a unique u € P>™TH1(1y), with f(u) € P+, 1(
of problem (P).

T1), solution

Proof. The proof of Theorem 0.3.2 proceeds along the lines of the lineariza-
tion and fixed point method described in section 3.4 of Chapter 3, following
essentially the same steps of the proof of Theorem 0.2.1 for problem (H).
Since the methods are similar, and the required estimates are by now famil-
iar, we will occasionally omit a detailed proof of the most straightforward
steps of the proof.

1: Linearization. Given 7 € [0,7] and R > 0, we define
(0.3.8) Bm(7,R) = {u € P (1) | |lullpemiragy <R, u(0)=ug} .

Note that the condition on u(0) makes sense because u € C([0,T]; H™1),
by the trace theorem; in fact, by (0.3.7), if u € By, (7, R),

(0.3.9) max ||u(t)|lm+1 <CR.

0<t<rt
For fixed w € By, (7, R), we consider the linearized equation
(0.3.10) up 4+ A"u = N(f(w),w™ 2 u) + N(™ D ),
with initial data (0.1.11). By (0.1.23) and (0.1.26) of lemmas 0.1.1 and 0.1.2,
M(w) € L?(0,7; H'), with

2(m—1)
[ tiiar < ¢ [Tl (ol + ol)

0311) §C<mMMIMH>/HWm&

o<t<r

< CR>.

Thus, f = f(w) € L*(0,7; H*™*!). In the same way, we see that the
map u — N(f,w™ 2 u) is continuous from P?"*+1L1(7) into L2(0,7; H');
indeed, by means of (0.1.26) and (0.1.47) we can show that

QAHNMwW”%wM&

(2m-3 T
< CllEy ey ([ Nl ) Tl e
(0.3.12) 0
4(m—1) T
Ol ey ([l )
< CRYmY HUH%MHJ(T),
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(m—1)

having used (0.3.7) in the last step. Likewise, the map u — N(¢ ,u) is

continuous from P?™L1(7) into L2(0,7; H'), with

/ VN (D, )| dt
0

IN

T
C el arnmeny ([ 1ol t) o e

2(m—1)
+ el emen ([ TulBma)

Ci(p) ||u”3)2m+1,1(7_) .

(0.3.13)

A

Thus, the existence and uniqueness of a solution u € P?"+1:1(7) of problem

(0.3.10)+ (0.1.11), with f € yrmrh 1( ) can be established by methods
analogous to those of Chapter 2. As in section 3.4, this allows us to define
the map w — u := I'(w), from B,,(r, R) into P> +L1(7).

Proposition 0.3.1. There exist 79 €]0,T] and Ry > 1 such that for all
T €10, 7], I' maps the ball By, (7, R1) into itself.

Proof. Multiplying (formally) equation (0.3.10) in L? by A"y + Auy, and
integrating by parts, we obtain

3 Il + [ Vue”

mrt T HUHQerl
(0.3.14) = (N(f,w'™ 2 u) + N(o™ 1 u), A+ Auy)
= (VN(f, 0™ u) + VN (" 0), V(A™u + uy)) .

=: A’

m

We estimate A/, and BJ,, by means of lemmas 0.1.2 and 0.1.6; recalling that
forve H", r >0, ||v]jz < ||v]r, we obtain

1400 < Cllwlm™ lwli lullme
(0.3.15) + C lwllm ey lwlme [ullme

+ Cllwlli ™l il -
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Using interpolation, recalling (0.3.9) and assuming that R > 1, we obtain
from (0.3.15)

(AT, V(A u + up))|

_ 2m—2—1 1
< C (w252 s + ol 20 a3 s
_ 1-1 1
(0.3.16) 2 el ™ M) (el + 19 )

< CR2 (14 Jwllh) Tllmer (lllgr + [ 9i])

_ 1-1 1+1 1
+ C Rl ™ (el + lullgn (] ) -

From this, by the weighted Minkowski’s inequality ((1.1.12) of Proposition
1.1.1),

(0.3.17)
(AT V(A u + )|

< CR™ (14 wl3n) Nl + 5 (el + 19ul?)
Next,
(0.3.18) (Bl VA u+u)| < B lullo (Iullgss + 1Vuelo)
by (0.1.26) and interpolation,
1B/allo < C @llmr Hsoumﬂ lullmes + C lllmst sz
et

(0.3.19) <Clelmn ™ ||90H2m+1 [ | P

1
+ Cllelmt lul lullgem -
Inserting (0.3.19) into (0.3.18) we arrive at

(0.3.20)
(B s V(A™u + wy))

< (el + W5 ) Tl + 3 (ol + 1V01?)
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Inserting (0.3.17) and (0.3.20) into (0.3.14), adding (0.2.17) and integrating,
we obtain

t t
lut) 200y + 3 /0 (lalBnss + 1Vuel?) dt < Jluol%yy + /0 Jul2 do
t t 2
0320 + [ ulgao+cr [ (1+\rwr\;m) 25 d6

t 2m_
wof <||so|ml+ ||soH5;f) o2y d6

Integrating (0.2.17) we deduce that if 7 < %,

t t
(03.22) /0 lul2d0 < [luoll2 + /0 |26

adding this to (0.3.21), as well as the term %fg |ut]|2 dO to both sides, we
obtain

t t
2 ()21 + /0 (fulBss + luell?) 46 < 4 JuglfZuss +5 /0 g2 a6
t 2
(0.3.23) +CR4m/O (1+\|w||5;n) [ul|2, 11 O

3 2m_
+C/0 (H@H%%+H¢H%1> ullir 46 -

We estimate u; in L2(0,t; L?) directly from equation (0.3.10). By (0.1.23)
of Lemma 0.1.1 and (0.1.47),

luello < 1A™ullo + [IN(f,w™ 2 )l + 1N (", ) o
(0.3.24) < lull + C wlli ™ ol 1wl [l

+ Cllelmi lullm

from which
— 2(m—1
(03.25)  Jueld < € (Jull?, + B2l + Il Yl ) -

This shows that the term with u; at the right side of (0.3.23) can be absorbed
by the other terms. Thus, by the Gronwall and Holder’s inequalities, we
deduce from (0.3.23) that for all ¢t € [0, 7], 7 < 3,

t
2 |u(t) 71 +/ (lull3mss + lluallT) a6
(0.3.26) 0

_ 1
< 4||u0||72n+1 exXp (CTI m w(R7T7w790)) )
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where
(0.3.27)
1 T l/m
(R, T, w, @) := R"™ Tm + R*™ ( / w3 dt)
0

+ Co(p, T) < R™(R+TY"™) + Ca(p,T),

and
T l/m
(0.3.28) Co(e,T) :=T™ max [lo(t)|77, + ell3,, dt
OStST 0

Choosing then (e.g.) Ri := 2|ug||lm+1, and then 7y € |0, min {1,7}] such
that

(0.3.29) exp (Crg /M w(RTow, ) < 4,
we deduce from (0.3.26) that for all 7 €]0, 79}, I' maps By, (7, R1) into itself,
as claimed. 0

REMARK. As we have mentioned in the beginning of the proof of Theorem
0.3.1, the proof of Proposition 0.3.1 cannot be adapted to show the existence
of an invariant ball for T in P?"™0(7). To see this, it is sufficient to consider
the case ¢ = 0 and m = 2 (it is straightforward to see that this argument
can be carried over to the general case). Then, (0.3.14) would be replaced
by

d
(0.3.30) X lull3 + lleld + luell§ = (N (f, ), A%+ ) 5

in turn, by (0.1.23) and (0.1.47), (0.3.15) would be replaced by
IN(fw)llo < Cllifllzllully < Cllwllz [lwlls f[ullz

(0.3.31)
3/2 1/2 1/2 1/2
< Cllwlly llwlly llully Iy

Thus, (0.3.17) would be replaced by
(0.3.32)  [(N(f,u), A%u+ug)| < O R [lwlff flull3 + 5 (ullF+ lluelg) -
and, ultimately, (0.3.26) would become

t T
©333) [ (Jul} -+ ulB) 46 < 4 Juo]} exp(CRG / ||wuidt).

This last estimate is not sufficient to allow us to choose small 7, uniformly
with respect to w, so that the right side of (0.3.33) be not larger than
4 ||lugl|3, as done in (0.3.29). o

2: Contractivity. We now prove that a further restriction on 7 makes
I' a contraction on B, (7, Ry), with respect to the weaker norm of P2™9(7).
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Proposition 0.3.2. There exists 71 €]0,79] such that for all w and w €
By (11, R),

(0.3.34) IT(w) — T(@)llpamogry) < § lw — @llpamog)

Proof. Let 7 €]0,719], and w, W € By, (71, R1); as in the proof of Proposition
0.2.2, set u :=T'(w), 0 :=T(0),v:=w—w, z:=u—a, f:= f(u), f:= f(a),

and g := f — f. By difference between the equations satisfied by v and u,
and by the symmetry of N, we see that z and ¢ solve the system

(0.3.35) 4+ A"z = F+N(pmD 2),
(0.3.36) A™g = -G,

where F' and G are defined in (0.2.26) and (0.2.27). Multiplying (0.3.35) in
L? by A™z + 2, we obtain

(0.3.37)

d p—
aIIZII%Jr 12155 + l2e[15 = (F + N ('™, 2), A%z + z)

_ 1
< 2[|F + NV, 2)|[5 + 1 (2l + 11=5) -
We estimate F' as in the proof of Proposition 0.2.2, obtaining
4(m—1
(0.3.38) 1213 < € RV (Ioll2, + 1211%) -

We then modify the estimate of N(p(™~1), 2) given in (0.2.40), proceeding
instead with

ING™ D 20 < Clo2elg? 1020l 1822]m
(0.3.39) < Ol 1020l -1 1022

< Cllelimia lellzme Iz -

Inserting (0.3.38) and (0.3.39) into (0.3.37), and adding the inequality

d
(0.3.40) 3 1216 < 81105 + 5 ll2el13
(compare to (0.2.42)), we obtain
(0.3.41)
d 3 )
& 12012, + 1 HZH%‘F 3 [EAlE

4(m—1 2(m—1
< CR{™Y (ol + 11212) + C el el 12112, -
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Similarly as in (0.3.22), and recalling that z(0) = z(0) = 0,

(0.3.42) / 1212 d6 < ¢ / ]2 d6 .

Thus, integrating (0.3.41) and adding (0.3.42), if we impose further that

T < é, recalling (0.3.7) with o = 2m and k = 0, we deduce that for all
t €10,7],
t
20201+ | (el + 13) @0
0345 = ORI (IR ) o (ORI 04 Culo)
< CR Y [olfbamogy t exp (C RV 4 (o))
with
r 2
(0.3.44) Cale) = Ce) [ lelmer .

Ci(p) as in (0.3.13). Thus, if we choose 71 € ]0, £ 7] such that
(0.3.45) ch“m—U71exp<ch§"“'Wn-+cg()) L
recalling that z = u — @ = I'(w) — I'(w) and v = w — W, we see that (0.3.34)
follows from (0.3.43). This ends the proof of Proposition 0.3.2. O

3: Picard’s Iterations. We now consider the Picard’s iterations of I,
that is, the sequence (u™),>0, defined recursively by u"*! = I'(u"), starting
from an arbitrary u® € B,,(m1, Ry). Explicitly, the functions u™*! are defined
in terms of u”, by the equation

(0.3.46) w4+ A™umH = N7, ()", ) 4 N, )

where f™ := f(u™), and by the initial condition «"*1(0) = ug. By Proposi-
tion 0.3.1, the sequence (u"),>o is bounded in P>+ (r); by Proposition
0.3.2, (u"™)n>o is a Cauchy sequence in P?™%(7). Thus, there is a subse-
quence, still denoted (u™),>0, and a function u € P2m+1’1(71), such that

(0.3.47) u" —u  in L*(0,71; H*™ ) weak* and L2(0, 7y; H*™) ,
(0.3.48) ul — u;  in L2(0,7y; HY) weak* and L?(0, 7; L?) .

By the trace theorem, (0.3.47) and (0.3.48) imply that also

(0.3.49) u" —u in C(0,m];H™).
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We now show, with methods similar to those used in the proof of (0.2.57),
that

(0.3.50) M(u™) — M(u)  in L*(0,7;L?).
Indeed, recalling (0.2.58) and (0.1.23), at first

m
(0.3.51) [ M(u") = M(u)o < C Y llu" = ullmsr lu" [ Nl -
k=1

By interpolation and (0.3.49),

T [ = |5V <t — a5

(0.3.52) [|u™ — ul|ms1 < C|lu" —ull5),
with C,, — 0; likewise, with C' now depending on Ry,

u™ m—k)/m n k) (m— m—k)/m
(03.53) [l < "o SR < O a7

)

(k=1)/m —1)(m—1)/m k—1)/m
(03.54) il < llullgy V"™ full D0 < C ully,

By Holder’s inequality,

T 2 2(m—k) 2(k—1)
/0 ™ =l o™ Nl 6
m—k k—1

1
71 m 1 T 71 Tm
(/ ||u"—uu%m) (/ Hunr%m) (/ ||u|r%m)
0 0 0

1

n n 2 m
c(/o » —uuzm) |

so that (0.3.50) follows from the second of (0.3.47). Thus, (0.3.50) implies
that

(0.3.56) f*— fuw)=:f in L*0,m; H™).

(0.3.55)

IN

IN

In an analogous way, with methods similar to those used to prove (0.2.61)
and (0.3.50) we can also show that

(0.3.57)  N(f™ W)™ 2 ") S N(fu™ D) in L2(0,7; L) .

We can then proceed as in part (3) of the proof of Theorem 0.2.1, and
conclude that u solves problem (P). Finally, since u € C([0,n]; H™1),
02u € C([0,7]; H™Y) «— C([0,7]; L?™); thus, M(u) € C(]0,71]; L?) and,
therefore, f(u) € C([0,71]; H*™). Using interpolation (see (0.1.18)), we can
then deduce that f(u) € C([0,7]; H™!). To see this, let t1, to € [0,71].
Then, by (0.1.44),

(0.3.58) [[f (u(t))llm + I[f (u(t2) [l < C (lut)lm + ult2)lln) < CRY".
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From this, it follows that

(0.3.59)
1 (u(t1)) = f(u(t2) e

1

< Cllf(ut)) - f(u(tz))\l% [ F(ultr)) — Flut) ]y

1

C I utt)) — Futr) e (£ ) e+ 1 lt2)) )

IN

< ORI f(ult) — Flulta))I

Since f(u) € C([0,71); A2™), (0.3.59) shows that f(u) € C([0, m); ™) as
well. Since also, by (0.1.48) of Lemma 0.1.6,

T1 T1
[ @i <c [" i,
o 2me1) 2
(0.3.60) < C>]ﬁ a2 B dt

o(m-1) [
<CR! )A il dt

—2m+1,1

we conclude that f(u) € Y (71). This ends the proof of Theorem 0.3.2.

O

0.3.2. Proof of Theorem 0.3.1.

We now go back to the proof of Theorem 0.3.1. We proceed in two steps,
first proving the continuous dependence of solutions in P?™%(7) on their
data, and then the existence of such solutions, by means of an approximation
argument, which uses the more regular solutions given by Theorem 0.3.2.

1: Well-Posedness. We show that if problem (P) has solutions in
P?m0(7), they are unique, and depend continuously on their data.

Proposition 0.3.3. Let ug, iig € H™, and o, ¢ € Y?>™O(T). Assume that
problem (P) has corresponding solutions u, 4 € P?*™0(7), with f = f(u)
and f := f(a) € Y (1), for some T €]0,T|. Then, the difference u — 4
satisfies the estimate

(0.3.61) Hu - ﬂ”'p?m,O(T) < hl(pl, (51,T) (HUO - ﬁo”m + ”90 - @Hy2m,0(T)) 5
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where hy € K and

max{l ||U||’/)2'm0 ||UH73277L0(T)} ,

(0363) (51 = max{l,HcpHyzm,()(T),||c,5Hy2m,0(T)} .

In particular, there is at most one solution of problem (P) in P*™0(7).

Sketch of Proof. With notation analogous to those of the proof of Propo-
sitions 0.2.3 and 0.3.2, let z ;= u—1u, g := f— f, ¥ := ¢ — . By the
symmetry of N, z and g solve the system

(0.3.64) 2+ A"z = F+ @,
(0.3.65) A"y = @,

where F', ® and G are as in (0.2.84), (0.2.85), and (0.2.86). Multiplying
(0.3.64) in L? by A™z + z;, we obtain, as in (0.3.37),

(0.3.66)

d
3 1215 + l12llgs + l122llf = (F + @, A7z + 2)

1
< 4HF+‘I’HO+ (2155 + lzlI3) -

We estimate F' and ¢ as in the proof of Proposmon 0.2.3. Using (0.1.23)
and (0.1.49) and acting as in (0.2.30) to estimate g, we obtain

1Ello

A

< Cliglmr lulln it + C Il 12l Nallmd

(0.3.67)

IN

Cllalm = Nl llullimt 2l

+ Clalim ™ lall el -

Using interpolation and the weighted Minkowski’s inequality (1.1.12), re-
calling (0.3.62) and that p; > 1, we obtain from (0.3.67) that for small
n >0,

(0.3.68) 1Fllo < C pt™Hlallzm |2 + 7 |215 -

Likewise, from (0.2.85), recalling also (0.3.63) and using (0.3.7), we obtain
that

1®llo < Cllelmit Izlmrr + C lllmer @13 e llmr
(0.3.69) < C O H|llam |12l + 0 |12ll5m

(m—1)(m—2)

m m m l/m P mTﬁ 5 %
+Cp g, el I 2l N3,
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Inserting this into (0.3.66), taking small enough 7, and adding the inequality
d
(0.3.70) 3 1206 < o llz16 + 2 Nzl

with ¢ = 8, we deduce that
(0.3.71)

d
S22+ 3 (a0 + l0l?)

2(2 1) 2(m—1
< ot Nl 120 + € 57V el 112113 + 8 112113
2(m—1) 2(m—1)(m—2) 2(m—1) 2(m—2) 2
+Cp™ o " [Pl el 1Bl N3, -
=: C1(p1,01)

Integrating (0.3.70) with o = 47 twice yields

(03.72) / 12126 < [ 2(0)| + 472 / 2|26+ 1 / ]| d6

thus, integrating (0.3.71) and adding (0.3.72),

1215 + %/0 (=13 + [l2[15) 46 < (1 +T) [|2(0)I[7,
2(m—2)

2(m—1) [T
0.3.73) L i) W /Ouaugmusougm 1015, o

t
+Cz(p1,51)/0 (a3 + lleli3m) 15 o,

where

(0.3.74) Ca(p1,01) := C max {4(2 +17), p§(2m—1), 5%(7”—1)} 7
and, by (0.3.7),

(0.3.75) Uy 1= max [(0)lm < C [[$]lpamogr) -

By Hélder’s inequality, as in (0.3.55) with k = 2,

T 2 2 2
; @iz 12 llam™ 141135, 46

0376 < ( | ||u|12m) ([ |rsou2m>l ([ wiz.)

p2m, 0

3=

IN
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Inserting (0.3.75) and (0.3.76) into (0.3.73) and recalling (0.3.75), we obtain,
via Gronwall’s inequality, that for all ¢ € [0, 7],

¢
Iz(t)l17, + %/O (213 + [|zelI5) d6
2 2 2(1-32) 2
0.3.77) <[ (X +T)[[2(0)[; + Ci(p1,61) pi* 6y 191 p2m.0(r)

-empcz@ha>A wa@m+uw@»<w)-

Recalling that z = u — @ and ¥ = ¢ — ¢, and that, by (0.3.62) and (0.3.63),

(0.3.78) | Gl + lelBa) a0 < gt + 62,
we see that (0.3.61) follows from (0.3.77). This ends the proof of Proposition
0.3.3. 0

2: Regular Approximations. In this step we resort to Theorem
0.3.2 to construct a sequence (u"),>o C P*"+11(r), for some 7 €]0, T, of
approximate solutions to problem (P). We will then show that this sequence
has a limit v € P?™0(7), which is the desired solution of problem (P).
Before doing this, we note that, if u € P*™(7) is a solution of problem (P),
then, as in (0.3.24), we can use equation (0.1.10), together with (0.1.23) of
Lemma 0.1.1, to estimate u; in L?(0,7; L?) and thus deduce an inequality
of the form

(0.3.79) lullpzmory < F (lullyzmogm, I¢llyzmor)

with F' € IC. This implies that in order to show that a solution of problem
(P) is in P?™9(7) for some 7 €]0,T], it is sufficient to establish an a priori
bound on the norm of u in Y?™9(7). In fact, (0.3.79) implies that if u is a
solution of problem (P), then

(0.3.80) u e PO(r) = ue Y™O(r).

1) If up = 0, the function v = 0 is the only solution of problem (P),
with f(0) = 0, and there is nothing more to prove. Thus, we can assume
that up # 0, so that R := 4||ug|lm > 0. Denoting by C, the norm of the
imbedding P?™0(1) «— Y2™0(7) (recall (0.3.7)), and with h; as in (0.3.61),
we define

(0.3.81) K(R) :=Cihy (14+4R, 14 2|¢lly2morpy, T) .
If p #£ 0, we fix v €]0, 1] such that
4 R

0382 0<y<min{Juolm helyamon} . o <
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and choose sequences (uf}), -, C H™™! and (¢"),~o C Y*"11(T) which
approximate the data ug and ¢, in the sense that for all n > 0,

(0.3.83) gy — wollm < 4", le" = pllyzmoiry < 7"

Note that the first of (0.3.82) and (0.3.83), together with the fact that
v €]0,1], imply that ug # 0 for all n. If instead ¢ = 0, we replace the
first of (0.3.82) with 0 < v < |Jug||m, and take ¢™ = 0 for all n. In the
sequel, we assume ¢ # 0. With ug and ¢" as data, we resort to Theorem
0.3.2 to determine local solutions u™ € P#*™+1.1(7,) of problem (P), for some
T, €]0,T7.

2) We now claim that there is 7 €0, 7] such that for all n > 0,

(0.3.84) > T, [ |[yemor) < 2R.

To see this, consider the first approximation u", corresponding to the data u8

and ¢°. Since the function ¢ — [[u®(|y2m.0( is continuous and nondecreasing,
there is 7 €]0, 7p] such that

(0385) Huo”y2m,0(7_) S 2 HUOHymn,O(O) .
Recalling (0.3.5), by the first of (0.3.82) and (0.3.81) we see that

[ lyemo) = ludllm < [[ug = wollm + lluoll
(0.3.86) © " " "
< v+ luollm < 2fluollm

thus, from (0.3.85),

(0.3.87) ||UO||y2m,O(T) <A ||uo|lm=R.

Note that 7 depends on [|u|[m+1 and [|°[|yzm+1.1(7; however, 7 will remain
fixed throughout the rest of our argument.

3) We now show that if 7, < 7 the function u™ can be extended to [0, 7],
with ™ € Y?™0(7) (and, therefore, by (0.3.80), u™ € P?™9(7)). We achieve
this by showing that any extension (see section 4.2 of Chapter 4) of u™ (still
denoted by u™) to larger intervals [0, 7,,'], 7, < 7,/ < 7, satisfies the uniform
bound

(0.3.88) " |y o0, ) < 2 R

(compare to (0.3.84)). We prove (0.3.88) by induction on n. At first, we
note that (0.3.83) and (0.3.82) yield that for all n > 0,

[u (Ol = [[uGllm < lug — wollm + [luollm
(0.3.89) ° ’

IN

V' Nuollm < v+ uollm < 2luollm < R

Likewise,

(0.3.90) [[¢"lyzmory < [[0" = @llyzmory + [@lly2mor) < 2|@llyzmocry -
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For n = 0, we know that 7 < 79 < T', and (0.3.88) follows from (0.3.87).
Fix then v > 0, and assume that (0.3.88) holds for 0 < n < v, and any
Tn' €lmn,7]. If (0.3.88) did not hold for n = v + 1, there would exist
Ty4+1' =: 0, €141, 7] such that

(0.3.91) AR > ||u"™|y2mo,) > 2R.

On the other hand, the induction assumption (0.3.88) implies that for 0 <
n<v,

(0.3.92) ”'U,nHyZm,O(@y) < HunHme,O(T) <2R<4R.
We now refer to estimate (0.3.61), on the interval [0,6,], with w, @, ¢,
@, ug and g replaced by, respectively, u”, u"~t, ", @1, ug and ug_l,

0<n<v+1. By (0.3.91) and (0.3.92), recalling (0.3.62),

pr = max {1, [[u"[lp2mo,) [0 | p2mo,) }

< max{l,4R} <1+4R.

(0.3.93)

Likewise, by (0.3.90), recalling (0.3.63),

6f = max 1, [|¢"][yem.o(p), ||90n_1||)12m’0 T
(0.3.94) ' { v "

S 1 + 2 H(,DH)}Qm,O(T) .
Thus, recalling also (0.3.81), and that hy € K,

(}* k(R) .

From this, by (0.3.61) it follows that for 1 <n <wv +1,

[u" = u" " y2mog,) < Cu [0 —u" [ pamog,)
< w(R) (g = g™ I+ 6" = " ly2moqr)
(0.3.96) < w(R) (Iluf = wollm + g™ = wolm

+le" = @llyzmoery + "' - 90Hy2W0(T))
< 26(R) (" +9") < 4R(R)Y"
Since 6, < 7, (0.3.87) yields that

(0.3.97) [u° | y2mog,) < [[u’|ly2moqy < R
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thus, by (0.3.96) and the second of (0.3.82),

v+1
[ lyzmo,) <D Iu" = u"Hlyzmog,) + [60]ly2moge,)
n=1
v+1
(0.3.98) < 4R(R) YY"+ [[uflyemon
n=1

< 4k(R)—— +R<2R.

L=~
Since (0.3.98) contradicts (0.3.91), we deduce that (0.3.88) holds for n = v+1
as well. Thus, (0.3.88) holds for all n > 0. As already stated, this means
that each u" can be extended to [0,7], with u® € P?™0(7); in addition,
since (0.3.88) is independent of 7,’, we deduce that for all n,

(0399) H’U,anmn,O(T) S 2R.

In conclusion, all the approximations u™ are defined on the common interval
[0, 7], with u™ € P?™0(7), and, by (0.3.99), (u™),>0 is bounded in P?™9(7).

3: Convergence. The rest of the argument proceeds similarly to part
(3) of the proof of Theorem 0.3.2. In fact, the essential steps of that proof
are the convergence of the nonlinear terms M and N in (0.3.50) and (0.3.57),
which follow from the strong convergence u” — u in Y?™°(ry), as per the
second claim of (0.3.47), and (0.3.49). Here, acting as in (0.3.98), we see
that

oo oo
n n—1 n _
(0.3.100) ;Hu —u"Yy2mo(ry < 4K(R) ;7 =4s(B) 7

and this does imply that the sequence (u"),>¢ converges strongly to a limit
u € Y*™O(7). We can then proceed exactly as in part (3) of the proof of
Theorem 0.3.2, with 7 replaced by 7 and (0.3.57) replaced by

(0.3.101) N W)Yy = N(f,u™ V) in L2(0,7; L?),

and deduce that u is the desired solution of problem (P) in P2™0(7). This
concludes the proof of Theorem 0.3.1. O

0.3.3. Higher Regularity.

Just as for problem (H), higher regularity results for problem (P) can
be established by a suitable generalization of Theorem 0.3.2.

Theorem 0.3.3. Let k > 0, and assume that ug € H™F, o € Y?m+rk(T).
There is T, €10,T] such that problem (P) admits a unique solution u €
P2m+k’k(7'k).
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The proof of this theorem follows the same arguments of the proof of
Theorem 0.3.2, based on a priori estimates similar to the ones we establish
in the proof of Proposition 0.3.4 below. Note that Theorems 0.3.1 and 0.3.2
correspond to Theorem 0.3.3 when £k = 0 and &k = 1, with 79 = 7. In
this section we show that the regularity result of Theorem 0.3.3 is uniform
in k, in the sense that infy>o 7, > 7. Roughly speaking, this means that
increasing the regularity of the data does not decrease the life-span of the
solution. This is a consequence of the following time-independent a priori
estimate:

Proposition 0.3.4. Let k > 0, and ug € H™**, ¢ € Y?"+rk(T). Assume
that problem (P) has a corresponding solution u € P>™0(r) N P2mtkk(r7),
with 0 < 7/ < 7 < T. There exists Ay, depending on T but not on 7', such
that

(0.3.102) HuH'p2m+k,k(7—/) <Ag.

Consequently, u € P>HrF<(7),

Sketch of Proof. By a natural extension of (0.3.80), it is sufficient to estimate
[[wlly2m.k -y independently of 7”. We proceed by induction on k& > 0 and
assume, for simplicity, that ¢ = 0. If k& = 0, Theorem 0.3.1 implies that
we can take 7' = 7, and (0.3.102) holds, with (obviously) Ag = [|u[[p2m.o().-
Thus, we can assume that ug € H™ 1 and that, correspondingly, problem
(P) has a solution u € P?MHrF(7)nP2mthtLitl(z7) 0 < 7/ < 7, satisfying
(0.3.102) with A independent of 7’. In particular,

(0.3.103) ||u||7>2m+k,k(.r) S Ak .
By (0.3.7), (0.3.103) also implies that
(0.3.104) Hu|’0([07ﬂ;Hm+k) S CAk .

We wish to show the existence of Ag;1 independent of 77, such that (0.3.102)
holds with k replaced by k + 1; that is, explicitly,

(0.3.105) H'LL‘|7)2m+k+1,k+1(T/) < Ak+1 .

To this end we multiply equation (0.1.10) in L? by A™Hr+1ly + AFFtly, to
obtain

2

d 2
3 Wl + ol

+ lullgmT

+ ||Ut||iﬁ

= (VFFIN(f, um=1), VR A™ 0+ uy))
(0.3.106)

< INCE ™Dz (s + i)

< INCEum D)2 5 (2 + 2y -
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To estimate N(f,u™~1) we distinguish three cases: 1) k = 0; 2) m > 2
and k>1,orm=2and k>2;3) m=2k=1.

1) If K = 0, we improve on the estimates of Theorem 0.3.2 as follows.
We use (0.1.26) of Lemma 0.1.2, which, together with (0.1.47) for h = 2 and
h =1, yields

(0.3.107)

IVN(fut™ D)o < C I f iz el 2t + C 1 F e s 252
< Cllulliy™? a2+ Cllulliy ™l
By interpolation, and (0.3.104) for k = 0,

el = Nl o

sy (VS

el = lall e [l

(0.3.108) < Cllulla lullzs el
< N fullg lullr s
likewise,
el el 2t ez = el 22 ol s
(0.3.109) < Cllullp = fullz ullzm
< CA P fullgg ullr -
Inserting (0.3.108) and (0.3.109) into (0.3.106) for k = 0 yields
(0.3. 110)
2(2 3)
N 1 | ) R o 1 I

From thls, by Gronwall’s inequality, and recalling (0.3.103) for k = 0, we
obtain that for all t € [0, 7],

t
2
()l + /0 (Nl + Vel 2) a0
(03.111) < Juolss e (€852 [ ul, )
0

< uolpr exp (A7)
Since the right side of (0.3.111) is independent of 7/, and we already know
that u € P?™0(7), we conclude that (0.3.105) does hold for k = 0.

2) If m > 2and k > 1, or m = 2 and k > 2, we estimate N(f,u(™1)
by means of (0.1.29) of Lemma 0.1.3 with h = k 4 1, obtaining

(0.3.112)  [IN(f,u™ ) < € max {|| fllms | s} lullgn -

N

A
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By (0.1.44) and (0.3.104),

(0.3.113) [fllm < Cllully < CAG';

likewise, by (0.1.49),

(03.114)  |f g < C lullm™ lullmsirr < CAG™ [[ullmnr -

Inserting (0.3.113) and (0.3.114) into (0.3.112), by Hélder’s inequality and
interpolation we deduce that

IN(f,a D)l < CAG lulli iy + CAG i
(0.3.115) S CAT" T+ 20 A7l g

< CAF" T+ 2C AG T lulli g Nullzme

Replacing this into (0.3.106) and recalling (0.3.104) we obtain

(0.3.116) H Hm*’““ (Hu||2m+k+1 +l tHk+1>

2(2m—1 2(m—1 2(m—1
< CAO( ) + CAO( )Ak( : ||u”§m+k )
from which, by (0.3.103), we deduce that for all t € [0, 7],

t
(1] [ — /0 (Nl + 2 a6

2(2m—1)

< ”U0H72n+k+1 +C Ay T

(0.3.117)
2m—1) ;2(m—1) [
T € A2 2 /0 el 49

< ”uOH72’fL+k+1 +C A(Q)(Qm_l) T+ C A(Q)(m_l) Azm—l )

Again, the right side of (0.3.117) is independent of 7/, and we already know
that u € P?™0(7); thus, we conclude that (0.3.105) holds.

3) Finally, if m = 2 and k& = 1, we use (0.1.30) of Lemma 0.1.3, to obtain
(0.3.118)  JAN(f,u™ D)o < C max{||fl5, || fll5} max{|ullg, [[ulz} -
Acting as before, by (0.1.47), (0.1.48) with A = 3, and (0.3.104),

(0.3.119) Ifllz < Cllull3 < C A,

(0.3.120) 1£ll5 < € max{|ullg, [|ulls} < C max{|ullf, AT} ;
thus, from (0.3.118),
(0.3121) JAN(f,u™ D)o < C A3+ C Julld..
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Inserting this into (0.3.106) and using interpolation we obtain
d 2 2 2
3 etz + 2 (lullg + lludll3)

(0.3.122)

IN

CAG + Cllullg 3

IN

C NG+ C flulf3 [lull3 flullf -

Integrating, by (0.3.104) with k¥ = 1 and Gronwall’s inequality, we obtain
that for all ¢ € [0,7],

t
Ju(®)]2 + 1 /O (al2 + [[uel2) d6

(0.3.123)

IN

(luoll2 + C AST) exp (CA% / ||u||§de)
0

IN

(luoll2 + C AST) “ AT,

which allows us, as above, to deduce that (0.3.105) also holds for m = 2 and
k = 1. This concludes the proof of Proposition 0.3.4. ([

0.3.4. Almost Global Existence.

In this section we prove an almost global existence result for problem
(P), in the same spirit of the one given in Theorem 0.2.3 for problem (H);
the proof, however, is somewhat different.

Theorem 0.3.4. In the same assumptions of Theorem 0.3.1, given arbitrary
T > 0 there is 6 > 0, depending only on ||¢[|y2m.ory, such that if [|ug|lm <6,
problem (P) admits a unique solution u € P*™O(T), with f(u) € Y>™O(T).

Proof. 1) We follow a standard ODE extension method, similar to the one
we described in the first sections of Chapter 4, to which we refer for details.
In brief, the argument runs as follows. The local existence Theorem 0.3.1
yields a solution u € P#™9(7) of problem (P), for some 7 €]0,T]. If 7 < T,
by repeated applications of Theorem 0.3.1 we can extend (see section 4.2)
u to a sequence, possibly finite, of expanding intervals [0, 7,] C [0,T], 71 :=
T <1< ..., with u € P?9(7,) (with slight abuse of notation, we keep
denoting by u the successive extensions of the local solution; this is justified
by the fact that strong solutions of problem (P) are unique wherever they are
defined). If there is n > 1 such that 7,, = T', there is nothing more to prove,
because this means that u € P?™9(T), as desired. Otherwise, the essential
point to note is that, ultimately, the dependence of each length 7,41 — 7,
(with 79 = 0) on n depends only on ||u(7,)||m. In particular, for n = 0, the
dependence of 71 = 7 on ||ug||sm is seen in (0.3.85), (0.3.86), and (0.3.87).
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From this observation it follows that, in order to show that we can extend
the local solution of problem (P) to a global one, it is sufficient to prove that
we can bound the norm of w in C([0, 7]; Hm) 7 €]0,T], independently of 7.

2) To this end, we set C,, := C Hcp||c (O.T]:HmY> where C is the universal
constant appearing in (0.3.130) below; we define

T
(0.3.124) M, = exp (é Co, <T + CSO/O lellzm d9>> ,

and we claim that there is ¢ €]0,1] such that for all 7 €]0,7] for which
problem (P) has a solution u € P?™0(7), with ||u(0)||,, < J, u satisfies the
estimate

3. < .
(0.3.125) Qoax [|u(t)|lm < My 6
Since the right side of (0.3.125) is independent of 7, this yields the desired
time-independent estimate on |[u( - )]|m.-

3) We prove our claim by contradiction. Thus, assume that for all § €
10, 1] there is 75 €]0, T] such that problem (P) has a solution u € P?™9(75),
with [|u(0)||,, < 6 but

(0.3.126) My = max [fu(t) | > M3

that there is 05 €10, 75] such that for all ¢ € [0, 5],

If Ms > 2 M, 6, noting that ||u(0)||,, < 6 < M, 0 we deduce by continuity

(0.3.127) [u(@)lm <2 Mg 6 = [|u(0s)|lm -

If instead Ms < 2M,0, we set 05 := 75, so that the first inequality of
(0.3.127) still holds. We now multiply equation (0.1.10) in L? by 2 (A™u+u),
to obtain

d 2 2 2
— ulls, + 2 |ull5= + 2 ||u|5
ooimy a2l
2(N(f,u™ D)+ N ("D, u), A+ )
where, as usual, f := f(u). By (0.1.23), (0.1.47) and interpolation,
2|(N(fout™ ), A )| < 2N (f,a™ D)o ullzm

(0.3.129) < Ol Nl el < O llullin ™ ulliy s

< Cllull 7Y |lull3
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Likewise,
(0.3.130)

2|(N (Y, u), A™u)| < 2 [N (D, ) o [Jullzs

(m—1)2 m—1 m—1 m-1

—1 Iee— — — 0
< Cllelmi lullzzr lullzm < Clieln ™ lellam lulln™ g

IN

O llepl3m llullz, + llull3 -
Next, recalling (0.1.2), by (0.1.25),
2|(N(f,ul™ D) + N ("D, u), )

IN

2|1(f,ul™)| + 211"V, )|
Cll fllr Nz + C llellm = Nz

< ClullF + Collullz, -

Inserting (0.3.129), (0.3.130), and (0.3.131) into (0.3.128), and recalling the
inequality of (0.3.127), we obtain that for ¢ € [0, 5],

(0.3.132)

(0.3.131)

A

d
7 1l + el + el

IN

o ullt™ Y (llullzs + lullzs) + C (1 +Cy lloll3m) lullz,

< O (2Mp6)2 ") (|fullZ; + lull3s) + Co (1+ Co ll0l130) Il -
Thus, if we choose § €]0,1] so small that
(0.3.133) Cy (2M,0)2 M= <1
we deduce from (0.3.132) that for all ¢ € [0, 65],
d
(0.3.134) 3 1l < Co (14 Co l19113) Nlullz

and, by Gronwall’s inequality,

T
(0.3.135) Ju(®)]2 < Juol exp (qo <T+0¢ /0 ||sou§md9)>SM362.

If 65 = 75, (0.3.135) contradicts (0.3.126), while if 65 < 75, (0.3.135) for
t = 65 contradicts (0.3.127). Consequently, (0.3.125) holds, and we can
conclude the proof of Theorem 0.3.4. U
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