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Index

Symbols

N (whole numbers) 3
Q (rational numbers) 146
R (real numbers) 96
Z (integers) 146
an (a to the n-th power) 224√
a (square root of n) 205

n! (n factorial) 55
n|m (n divides m) 204
n 6 | m (n does not divide m) 204
p∗ (mirror reflection of p) 146
x · y (the product of x and y) 165
|x| (absolute value of x) 188
B : G (the ratio of B to G) 105
[a, b] (segment on number line) 9
[a, b] (closed interval) 189
(a, b) (open interval) 189
P (n, k), nPk (k-permutation of n

objects) 136
C(n, k), nCk,

(
n
k

)
(binomial coefficient)

138
< (less than) 15
≤ (less than or equal to) 184
> (greater than) 15
≥ (greater than or equal to) 184
‖ (parallel) 288
∼= (triangle congruence) 289
∠AOB (angle with vertex O) 255
A ⊂ B (A is contained in B) 211
|G| (geometric measurement of G) 342
PQ (the segment joining P to Q) 254
|PQ| (the length of segment PQ) 270
LPQ (the line joining P to Q) 240
RPQ (the ray from P to Q) 246
−→
PQ (the vector from P to Q) 262
∪ (union) 343

∩ (intersection) 210
⇐⇒ (is equivalent to) 34
=⇒ (implies) 185

A

AA criterion (= angle-angle criterion) 320,
323–326, 324, 328–329

absolute error 191–192
absolute value 158, 188–197, 358, 372
abstract algebra 14, 209
abstract (abstraction) xiii, xviii, 1, 2, 4, 13,

14, 53, 72, 139, 145, 146, 148, 155,
177, 181, 209, 230, 231, 252–253, 261,
288, 289, 333, 339

acute angle 237
acute triangle 237, 238
addition

complex fractions 89
decimals (finite) 47–49
fractions 43–47, 44, 51, 89, 94, 98
rational numbers 147–159, 153, 160, 184–

185
rational quotients 180
vectors 150–152

addition algorithm
for fractions 45, 94
for (finite) decimals 47–50

additive property (geometric measurements)
343

additive structure of whole numbers 220–221
additivity 64, 66, 67, 343, 349
Alexandria 165
algorithm xxi, 2, 25, 38, 172, 204, 208, 209,

213, 348, 350
addition (for decimals) 47–50, 55
addition (for fractions) 43, 94
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cross-multiplication 34–35, 41, 52, 63,
69, 88, 100, 104, 107, 108, 180, 217,
219, 224, 330

division (in abstract algebra) 209
Euclidean 203, 208, 209, 214,

216, 219
generalized cross-multiplication 89,

108, 115, 116
long division 81–87, 209
multiplication (for decimals) 68
multiplication (for whole numbers)

105
subtraction (for decimals) 53, 55
subtraction (for whole numbers) 53

alternate interior angle 312–316, 357–358
altitude (on a side) 295, 296, 320, 337,

358, 361
angle(s) 140, 236–238, 240–241, 246, 247,

255–258, 268, 274, 284, 285, 300,
313, 337, 375

acute 237
alternate interior 312–316, 357, 358
base 295, 296
central 140
corresponding 313–316
degree of 257–258, 268
equal 247, 258, 291
exterior 317, 331
full 276
obtuse 237
of a triangle 316
opposite (of a parallelogram) 319, 358
opposite (of two intersecting lines)

285, 313, 315
opposite interior 317
right 237, 238, 328, 330–332
sides of 255
straight 257, 258, 276, 317
top 295, 296
vertex of 255

angle bisector 237, 238, 247–248, 277,
296–297, 300, 375

angle of rotation 284
angle-angle criterion (= AA criterion) 320,

323–326, 324, 328–329
Anno-Mori 122, 125, 127, 134, 381
approximating sequence 354
approximation 95, 311, 312, 318, 352–355,

367–372
arc 257
Archimedes 380
area 13, 63–68, 69, 88, 96, 100, 119, 139–140,

145, 186, 197, 330, 331, 339–348, 356–
377

additivity of 64, 66, 67, 343–346
and dilation 372-374
of congruent figures 343, 345, 346, 358,

363, 369
area formula 339, 340, 357–361, 362, 370, 374

for a circle 96, 368–370
for a parallelogram 360–361
for a rectangle xvii, 56, 63, 65–67, 68, 69,

88, 145, 186, 197, 346, 348, 350, 357
for a region in the plane 364
for a trapezoid 361
for a triangle 358–359, 362, 364

area formula of a disk 96, 368–370
art appreciation 233
ASA criterion for congruence 291, 295, 300,

325–327, 357
Askey, Richard A. xv, 6, 381
associated double-inequality (of an absolute

value) 190
associative and commutative laws for addi-

tion 143–144
for fractions 44, 45
for rational numbers 155–159
for real numbers 98, 198, 200

associative and commutative laws for multi-
plication 143–144
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for fractions 60
associative and commutative laws for

multiplication (cont.)
for rational numbers 165, 170
for real numbers 98, 198, 200

assumption(s) 98, 115, 131, 136, 200, 243
about basic isometries 285, 290
on multiplication of rational numbers

165
auxiliary line 296–297
average rate 115

of lawn-mowing 115
of water flow 115

average speed 91, 97, 111–114, 120
axiomatic geometry 229, 230, 231, 252
axis of symmetry 233, 238, 275–277,

283–285, 300, 323, 371

B

Babylonians 339, 370
base of

cone 377
parallelogram 360
rectangular prism 376–379
trapezoid 361
triangle 295, 358–361, 368–369

base angles 295, 296
basic isometries 252–285, 253, 287–288,

290, 298, 322
assumptions about 285, 290

basic rules (for doing exercises) 18, 26, 40
Beck, Anatole 364, 381
Behr, Merlyn 4, 5, 381
between (two points) 254
bigger than (= greater than) 15, 31–35,

52, 68, 69, 146, 184, 236, 302
bilateral symmetry (= reflectional sym-

metry) 275–277, 285, 300
binomial coefficients 55, 138

Birkhoff, Garet 199, 381
birthday problem 121–123, 128, 131–133,

136–137
Bleicher, Michael N. 364, 381

C

calculator 41, 42, 54, 69, 132, 136, 137,
173, 236, 304, 318

California Exam for Teachers, 1875 108
cancellation law 30, 41, 88, 181

generalized 89, 180
cancellation rule 61, 73, 74, 81, 83, 84, 180
Carpenter, Thomas P. 14, 381
Cavalieri, Bonaventura 380
Cavalieri’s Principle 380
CCSSM (= Common Core State Standards

for Mathematics) xi, xiv–xv, xvii, 13,
235, 381, 383

center of
a circle 275
a cube 378
a square 378

center of dilation 301–310
center of rotation 277–279, 284
China, Chinese 17, 339, 370
Chung, Kai Lai 55, 122, 381
circle(s) 96, 236, 275

center of 249, 275
radius of 96, 275, 370
tangent to a side 237, 238

circular cone 342, 377
circumcircle (of a triangle) 237, 251
circumference of a circle 96, 106, 353–355,

356, 369–370, 372
Clavius, Christopher 17
clockwise 258, 278–280, 282, 286, 322
closed half-plane 255
closed interval 189, 193
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CMA (= cross-multiplication algorithm) 33–
35, 41, 52, 63, 69, 88, 100, 104, 107,
108, 180, 217, 219, 224, 330

cognitive connections 5, 6
cognitive disruption 21
coherence, coherent 1, 2, 6, 182, 233, 234, 325

importance of xvi–xvii
collinear 238, 255–257, 282, 302, 305, 350
Common Core State Standards for Mathe-

matics (= CCSSM) xi, xiv–xv,
xvii, 13, 235, 381, 383

common denominator 45–47, 54, 100
least (= LCD) xii, 2, 43, 46–47, 51, 98

common divisor 30, 207, 208, 210
greatest (= GCD) 47, 203, 207–217,

219, 226, 227
common multiple 45–46, 227

least (= LCM) 46, 227
common unit (for two fractions) 31
commutative law (see also associative and

commutative laws for addition and
associative and commutative laws
for multiplication) 143–144

for vectors 152
compare fractions 31, 42
compass 10, 235, 239, 245–251

and ruler constructions 245–251
complete expanded form 48–49
complete ordered field 14, 201
complex fraction 88–95, 89, 98–101,

103–105, 108, 115, 116, 145, 180
denominator of 89
numerator of 11, 17, 30, 179

composite (number) 205–207
composition (of transformations) 284, 287,

322, 323, 374
of isometries 287–289, 292–295,

298–299, 323, 335
concatenation 14, 24–25, 43–44, 50, 52, 58,

145, 151–153

condition (BC) 340, 364
cone 377

base of 377
circular 342, 377
height of 377
right circular 377
top vertex of 377
volume formula for 378, 379

congruence xii-xiii, xv-xvii, 19, 63, 229,
231, 233–235, 253, 287–301, 288,
315, 322–326, 331–332, 335, 343,
348, 374

triangle 289, 291
congruence criterion for right triangles 300
congruence criteria for triangles 290, 291,

300
constant rate 97, 99, 108, 112, 117–118, 120

of lawn-mowing 116
of water flow 115

constant speed 97, 112–115
constructions using plastic triangles 239–245
constructions using ruler and compass 245–

251
of a line from a point perpendicular to a

line 246–247
of a line through a point parallel to a line

248
of a regular hexagon in a circle 249–250
of an equilateral triangle on a given side

249
of the angle bisector of an angle 247
of the perpendicular bisector of a line seg-

ment 247
of the tangents to a circle from a point

250
contradiction, proof by 206–207, 208, 223,

225, 283, 331–332
convention 10, 12, 17, 106, 256, 259, 289, 323,

356, 362
convergence 346–347
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of areas 364, 367, 368, 374
of geometric figures 346–347
of lengths 353
of numbers 346

converse 33
of the Pythagorean Theorem 331–333

conversion of a fraction to a decimal 81–86

conversion of an absolute value inequality
to a double inequality 190

conversion of units 117–118
coordinate 232, 259, 272, 286

system (in the plane) 3, 231, 259
corner 350–351
corresponding angles (of a transversal)

313–316
corresponding parts 289, 291, 296, 313
count 22, 127–129, 131, 132, 134–136
countable 199
counterclockwise (see also clockwise) 258,

278–280, 282, 294, 329
Courant, Richard 351, 381
CPCTC 289
cross-multiplication algorithm (= CMA)

34–35, 52, 63, 69, 88, 100, 104,
108, 180, 217, 224, 330

generalized 89, 104, 115–116
Crowe, Donald W. 364, 381
cryptography 221
cubic inch 376
curricular coherence 182, 233, 234
cylinder(s) 339, 340, 342, 376–379

D

data points 310–312, 318
decimal(s) (finite) (= terminating decimal)

xii, xv, 5, 17–18, 31, 220, 227,
350, 353

addition algorithm for 47–50

complete expanded form of 48–49
conversion to fractions to 81–86
division of 81-86
fractions equal to 223–225
multiplication algorithm for 68–69
notation of 17
subtraction algorithm for 53, 55

decimal digit 18
decimal fractions 17
decimal point 17
definitions xxi

importance of xii, xv, 2, 5, 6, 26, 39,
76–77, 101, 102–103, 104, 111,
115, 132–133, 288–289, 321, 335

degree of angle 234, 247, 248, 257–258,
268, 274, 276, 277–285, 287, 291,
314–317, 319

degree of rotation 277–278, 279–285, 288
clockwise 278–279
counterclockwise 278–279
negative 280

denominator xii, 17, 30, 179
common 45–47, 54, 100
complex fractions 89
least common (LCD) xii, 2, 43, 46–47,

51, 98
rational quotient 180

Descartes, René 122
diagonal 97, 198, 301, 319, 357, 358, 378
diameter 106, 251, 275, 276, 372
dice (plural of die) 128–133
die 128–133

fair 128
special 130
super- 136–137

difference (of fractions and rational numbers)
52, 73

dilated image 302, 303, 305, 309, 312, 354,
373

dilation xiii, 234, 301–319, 325–328, 354, 356
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and area of a region 372–374
center of 301
and degrees of angles 315, 373
and direct measurement 304, 307
scale factor of 301
and similarity 321–323

dimension analysis 117–118
Diophantus 165, 169, 171
direction (of a vector on number line) 149
discrete rate problems 108
disjoint 255
disk 265, 339, 341, 342, 364–370, 372, 377
distance between

parallel lines 360
points 146, 189, 260–270

distance-preserving 261, 297
distributive law 59–60, 70, 79, 98, 143–

144, 145, 165–169, 171, 198, 200,
332

for subtraction 172
divide (as in “a whole number divides

another”) 204, 210–218, 221, 222,
224, 226,

divide into equal parts 10, 21–22, 28–29,
36–37, 64–66, 78, 101–102, 106–
108, 248–249, 251, 257, 320

dividend 21, 23, 85–86, 209
divisibility rules 217–218
division of

complex fractions 90, 98
decimals (finite) 81–86
fractions 72, 73–78, 75
rational numbers 174–179, 177
rational quotients 182

division as multiplication 79, 178
division between arbitrary whole

numbers m and n 24–26, 61, 72
division by 0 72, 77
division interpretation of a fraction 21–26
division of integers 178–179

division-with-remainder 16–17, 50, 71, 72,
82–85, 203, 208–215, 218

division
measurement interpretation of 23, 71

division, partitive 23
divisor 204, 209
document camera 262
Don Quixote xvii
dot between numbers (for multiplication)

165, 189
double inequality 189–190, 193, 195–196
draw tangents to a circle from a point 250
drawing, freehand 235–238
dropping a perpendicular from a point to

a line 237, 241, 246–247

E

edge 335, 337, 342, 350, 363
Egypt, Egyptian 165, 339
endpoint(s) of

curve 343, 352
segment 3, 7–9, 189, 190, 237, 245,

254, 297
vector 149–153, 262

enlargement 333–334
equal

angles 247, 258, 291
figures 265
lengths 9
numbers 15
segments 248
sets 211
vectors 149

equal parts 257
equal sign 14, 23, 87
equality of sets 211
equation xiv, 233
equidistant

points 9, 146, 297, 300
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parallel lines 306, 366
equilateral triangle 239, 249, 319, 337
equiprobable (in probability) 133, 139–141
equispaced (points) 3, 7, 9, 10
equivalent (statements) 34
equivalent fractions 28–31, 30

fundamental theorem on 28, 30
Escher, M. C. 267, 284
estimated value 191
Euclid 102, 209, 216, 219, 221, 229, 381
Euclidean Algorithm 203, 208, 209, 214,

216, 219
even (whole number) 218
even chance 123
event (in sample space) 133, 137–139

probability of 134
excluded middle, law of 207
experiment (in probability) 133
experimental geometry 229 ff.
exponent 17, 224
exponential notation 17
extended place value 49
exterior angle 317, 331

F

factor 204, 221
factorial 55, 135
factorization 82, 83, 204
fair coin 122
fair die 128
fair special die 130
fair super-die 131
FASM (= Fundamental Assumption of

School Mathematics) 93, 95,
97–98, 103, 106, 113, 197–201,
200, 207, 357

Fermat, Pierre 122, 220, 382
Fermat’s Last Theorem 122, 220
FFFP (= Fundamental Fact of Fraction-

Pairs) 11, 35, 44, 45, 52

figure (= geometric figure) 64
additivity of area 64, 66, 67
equal 265

figure paved by geometric figures 64
finite decimals xii, 5, 47, 17–18, 30–31, 53,

55, 56, 68, 70, 81, 220, 223, 224,
227, 350, 353

finite probability 121–141
fixed (point) 274
folding transformation 260, 261,
foot of the perpendicular 237
fraction(s) 1–10, 11–18, 21

addition of 43–47, 44, 51, 89, 94, 98
as division 21–26
as quotient 21
comparing 15, 31–35
conversion to infinite decimals 84–86
division of 70–78, 75
equivalent 28–31, 30
“improper” 11, 50, 54, 69
in lowest terms xii, 30, 41, 203, 204,

208, 223, 224, 226
multiplication of 56–63, 58
notation of 16
“proper” 11, 50-51, 80, 86
reduced form 204, 208, 209, 217
subtraction of 51–53, 52, 89, 160
unit 11, 170

fraction bar 16, 72
fractions equal to finite decimals 223–225
fraction phobia 22
fractional multiple 76, 80, 86, 90
Francis, Larry 290, 292, 329, 330, 331
FTA (= Fundamental Theorem of Arithmetic)

203, 205, 219–227, 220
full angle 276
fun (mathematics as) xi, xiii, xvii, 122, 230
function xiii, xiv, 14, 108, 112, 114, 231, 270,

321
Fundamental Assumption of School Mathe-
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matics (= FASM) 93, 95, 97–98, 103,
106, 113, 197–201, 200, 207, 357

fundamental assumptions on multiplication
165

fundamental counting principle 127–129, 131,
132, 134, 135

Fundamental Fact of Fraction-Pairs (= FFFP)
11, 35, 44, 45, 52

Fundamental Principles of Geometric
Measurement 342–347

fundamental principles of mathematics
xv–xvii

Fundamental Theorem of Arithmetic
(= FTA) 203, 205, 219–227, 220

Fundamental Theorem of Similarity
302–303

G

Gauss, Carl Friedrich 221, 381
GCD (= greatest common divisor) 47,

203, 207–217, 219, 226, 227
generic “work problem” 116–117
generalized cancellation law 89
generalized cross-multiplication

algorithm 89, 108, 115, 116
generalized invert-and-multiply 182
generalized product formula 90
geometric figure (= figure) 64
geometric measurement 340–347, 341,

351–355, 364–368
additivity property 64, 66, 67,

343–346, 349
congruence property 343, 374
convergence property 346–347, 353,

364–367
unit figure in 342

geometry (in school curriculum) xii, xiii,
xviii, 1, 10, 145, 229–235, 339–340

Ginsburg, Jekuthiel 17, 381
graph xiii, xv, xvii, 231, 233, 321
graph paper 370–372
greater than (= bigger than) 15, 31–35,

52, 68, 69, 146, 184, 236, 302
greatest common divisor (= GCD) 47,

203, 207–217, 219, 226, 227
Greenes, Carole 233, 382
grid 365–368, 370–372
grid squares 365
gut feeling 15, 252, 283

H

half-plane 255, 256, 257, 260,
closed 255, 256, 257, 276, 287

hands-on (activities, experiments) xii,
xiii, 5, 230, 234, 253, 258, 261,
288–290, 303, 304, 312, 372

Hartshorne, Robin 231, 381
have opposite signs (numbers) 195
have the same sign (numbers) 185, 196
height, of

cone 377
parallelogram 360
solid 376–379
trapezoid 361
triangle 358–361, 368–369, 373

Heitin, Liana xiv, 381
Hindu-Arabic numeral system 17
house-painting problems 115, 116
Hypatia 165
hypotenuse 96, 198, 238, 240, 244, 300,

328, 337, 357

I

identity transformation 259, 261, 302, 322
if and only if 33
image (under a transformation) 259, 260,

265, 266, 268, 274, 280, 284–285, 318
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dilated 302, 303, 305, 309, 312, 354, 373
reflected 270–271, 274
rotated 278, 280
translated 265

improper fraction 11, 50, 54, 69
as mixed number 50

Indian 339
inequality 69, 85, 94, 95, 98, 159, 180, 184–

188, 189–196, 200, 254
double 189–190, 193, 195–196
isoperimetric 197, 340
triangle 192, 195, 196

inequality (cont.)
weak 195

infinite decimal 5, 81, 85, 350, 353
inscribe in a circle 351, 364, 368, 375
inscribed polygon 351, 353, 354, 355,

364, 368–370
integers (Z) 146, 178–179, 204, 209
integral linear combination 209, 214–216
integral multiple 204
interpolation 312
intersection (of sets) 210, 255–256, 343
interval (on number line) 189, 190, 193,

198
closed 189, 193
open 189, 190
time 97, 109–118
unit 198

intuition, the need of 234–235
inverse (= multiplicative inverse) 76, 175,

176–178, 181
inverse operation xvi, 77
invert and multiply 2, 73–76, 78–79, 90

general form 182
irrational number 1, 93, 96, 97, 99, 106,

198–201, 225–227
isometry 260

basic 253, 261
isoperimetric inequality for rectangles

197, 340
isosceles triangle 295–296, 297, 320, 368,

369
base of 295
base angles of 295
top angle of 295
top vertex of 295

J

Jensen, Gary, xii, 381

K

Katz, Victor J. 339, 381
Kazarinoff, Nicholas D. 197, 381
kite 301
Koswatta, Sunil 150, 265, 272, 280
k-permutations 136

L

Lang, Serge 378
law of excluded middle 207
lawn-mowing problems 115–116
LCD (see least common denominator)
LCM (see least common multiple)
least common denominator (= LCD) xii,

2, 43, 46–47, 51, 98
least common multiple (= LCM) 46, 227
Least Upper Bound Axiom 200
left-pointing (vector) 149
leg(s) (of a right triangle) 96, 238, 240,

244, 277, 300, 328, 337, 358
lemma xxi
length of

curve 341, 351–353
polygonal segment 350
segment in the plane 268, 270, 274,

284, 285
segment on the number line 6, 7, 9, 13,

14, 23, 36, 43, 52, 58
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vector 262
Lesh, Richard 4, 5, 381
less than (= smaller than) 15, 146, 184
limit 191, 200, 201, 347, 353, 354, 364
line (straight) 236 ff.

joining two points 240
line of symmetry 275
linear equations xiii, xvii, 231, 233
linear function without constant term xi,

108, 114
locate a fraction on the number line

16–17, 94–95
logarithm, natural 199
long division 81–88, 209
lowest terms (fractions) 30, 204, 223–225

M

Mac Lane, Saunders 199, 381
magnify, magnification (also see dilation)

310–312, 333, 335
manipulatives 290
map, mapping 259, 260, 265, 271, 274,

280, 289, 301, 314, 323, 328, 333
mathematical coherence 1, 2, 6, 182,

233, 234, 325
importance of xiv–xv

mathematical reasoning ix, xi, xix, 98
importance of xiii, 2, 5, 6, 15, 26, 34,

39–40, 58, 80, 93, 102, 104, 105,
109, 111, 114–115, 127, 182, 200,
229–231, 233, 235, 259, 283

mathematical structure 199
max 210
measurement (geometric) 340–347, 341,

351–355, 364–368
measurement interpretation of division

23, 71
median 230, 295, 296, 375

memorize, memorization xiii, xv, 11, 38–
40, 59, 61, 113, 162, 229, 233, 289

mensuration formulas 339
Merseth, Kay K. 333, 335, 381
mesh 353
mid-section of a unit cube 378–379
midpoint 236–238, 247, 295, 304
midpoint theorem 304
minus (rational number) 161
minus sign (see also negative sign) 166,

174
mirror reflection 146–147, 153, 155, 157,

166, 169, 259, 271
mixed numbers 20, 50–51, 79–80, 86,

162, 164
addition 54
as improper fraction 50
multiplication 69
subtraction 53

modeling 13
mph 109
multiple (of a unit fraction) 10, 11

whole number 76, 83
multiple interpretations 4, 5, 6
multiplication algorithm for finite

decimals 68
multiplication

complex fractions 90, 92–93
decimal (finite) 68
fractions 56–63, 58
mixed numbers 69
rational numbers 164–172
rational quotients 180

multiplicative inverse 76, 175, 176–178, 181
multiplicative structure of whole numbers

220–221

N

National Mathematics Advisory Panel 2, 382
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natural logarithm 199
NCTM (National Council of Teachers of

Mathematics) xiv
necessary and sufficient condition 33
negative degree rotation 280, 282
negative fractions 1, 95, 146, 148
negative numbers 146
negative sign (see also minus sign) 147, 175
negative times negative 145, 166–168, 171
neighboring parallel lines 306
n-gon 350, 354, 364, 369
notation for decimal fractions 17, 18
numbers 3, 9

comparing 146, 184, 200
irrational 1, 93, 96, 97, 99, 106, 198–201,

226
rational xii, xvii, 1, 4, 53, 93, 95, 96, 98,

143, 145–147, 146, 150, 153–201, 204,
225–227, 381

numbers (cont.)
real 1, 65, 96, 205, 226

number line xii, 3–4, 6–7, 15, 16, 43–44,
50, 52, 94-97, 145–147, 149–150,
184, 189, 198–199, 254, 257, 258,
271

numerator 11, 17, 30, 179
of a complex fraction 89

numerator of rational quotient 180

O

obtuse angle 237, 238
obtuse triangle 236–238, 237
odd (whole number) 218
of (as in m

n
of a number) 35–38, 36, 59

one-to-one correspondence 334–335
open interval 189, 190
opposite angles (of a parallelogram) 319,

358
opposite angles (of two intersecting lines)

285, 313, 315

opposite interior angles 317
opposite (of a rational number) 161
opposite signs (numbers) 195
order (among numbers) 15, 55, 143, 144,

146, 162, 184, 200, 220
outcomes (of an experiment) 124–137
outcomes that are not equiprobable

139–141

P

pairing 289, 334
parallel lines 243–244, 248, 262, 268, 302,

305, 309, 312–317, 319, 320, 360
equidistant 306, 366

Parallel Postulate 243, 288, 305, 309, 314,
316, 331

parallelogram 319–320, 358, 360–362, 373
area 360–361
base 360
height 360

part-whole 7, 21
partitive division 23
parts of a whole 4
Pascal, Blaise 55, 122, 382
Pascal’s triangle 55
pave, paving 64, 66–67, 345–346, 356
percent xv–xvi, 92, 99–105, 101
perfect n-th power 227
perfect square 225
perimeter 69, 88, 197, 339, 340, 350, 353,

362, 369
permute 137
permutations and combinations 121, 133,

136–137
perpendicular 236–238, 241–242, 246–247,

270–272, 296, 306, 376
perpendicular to a family of parallel lines

360
perpendicular bisector 237, 238, 247, 270,

271, 277, 296–300
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π 354–355, 368–372, 370
approximations to 355, 368–372

pizza (in the teaching of fractions) xvi, 4,
13, 20, 22, 34

plastic triangles 239–243, 248, 249, 251,
269, 304

polygon 234, 324, 342, 350–351, 362,
363–365, 373–374

inscribed 364
polygonal region 342, 351, 363–369, 374

converging to a region 364
polygonal segment 340, 342, 348, 350–351,

352–355, 362, 364, 369
corners 351
on a curve 351
on a curve converging to curve 353
vertices 351

positive numbers 98, 146–147, 171, 179,
185, 197, 205

positive square root 205
Post, Thomas 4, 5, 381
Postelnicu, Valentina xiii, 233, 382
power 17
power of 10 5, 17, 217, 218, 224
pre-mathematics 4
precise definitions xxi

importance of xii, xv, 2, 5, 6, 26, 39,
76–77, 101, 102–103, 104, 111,
115, 132–133, 288–289, 321, 335

precision xvi
examples of xviii, 39, 40, 104, 182,

187, 234–235, 256, 262, 288–289,
321

prime (number) 205–207, 219, 220–227
is 1 a prime? 205
relatively prime 207, 210, 213, 216–

217, 222
prime decomposition 220–226
prime divisor 205, 206, 219

probability 1, 121–143, 123, 124, 134,
381

of an event 134
theoretical 123

problem-solving 2, 39–40, 59, 61
product formula xvii, 60, 61, 63–68, 90
product (of fractions and rational

numbers) 56–63, 58
professional development xi, xiv, xv,

xviii, 19, 21, 43, 61
proof by contradiction 206–207, 208,

223, 225, 283, 331–332
proper divisor 205–207
proper fraction 11, 50–51, 80, 86
proportional (sides) 324
proportional reasoning 108, 111, 335
proposition xxi
protractor 235, 236, 282, 285, 324
purposefulness xvii

examples of 17, 31–33, 35–36, 50,
91–93, 95–98, 100–101, 109–111,
147–149, 164–165, 197–200, 252–
253, 301, 321–322, 340–347, 364

pyramid, pyramids 377, 378
Pythagorean Theorem 96, 198, 199, 201,

320, 321, 328–332, 329, 337

Q

quadratic function xiii, 321
quadrilateral 238, 301, 318–320, 362, 373
quotient

of fractions 4, 16, 21, 23, 71, 75, 82,
84–86, 112, 115, 118

of rational numbers 175, 177, 179,
192, 197

R

radial direction 303
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radius 96, 106, 198, 245–250, 257, 275,
300, 353, 354, 370, 377, 379

rate xv, 92, 97, 99, 108–109, 112–117
ratio xv, 4, 5, 7, 21, 34, 92, 99, 105–

106, 107–108, 119–120, 123, 124,
126, 128, 232, 372

rational numbers (Q) xii, xvii, 1, 4, 53,
93, 95, 96, 98, 143, 145–149, 146,
150, 161, 198–200, 225–226, 382

addition 153–155, 160, 184, 185
as division of integers 178–179
division 174–177
multiplication 164–166, 170–171
order (compare) 146, 184
subtraction 160–163

rational multiple 177
rational quotients 88, 92–94, 98, 145,174, 179,

180–182, 200

ray 241, 246, 255, 268, 274, 284, 285, 301–
303, 305, 309,

vertex 255
real numbers (R) xii, 3, 96–98, 143–144,

197–201, 226
reasoning (= proofs) xi, xv, xxi, 98

importance of xv, 2, 5, 6, 15, 26, 34,
39–40, 58, 80, 93, 102, 104, 105,
109, 111, 114–115, 127, 182, 200,
229–231, 233, 235, 259, 283

reciprocal 76
rectangle xvii, 29–30, 63–64, 69, 100,

119, 197, 319, 338, 340, 357
area xvii, 56, 63–68, 69, 88, 145,

186, 197, 346, 348, 350, 357
in the grid 365

rectangular prism 376–377, 379
reduced form of a fraction 204, 208, 209,

217
reducing fractions xii, 30, 39

reduction (scale drawing) 333, 335
reflected image 145, 271, 274
reflection (across a line) 270–277, 285,

287, 296
reflectional symmetry (= bilateral symmetry)

275–277, 285, 300
region in the plane 255, 342, 344,

364–368, 372–374
area 364

regular hexagon 239, 249–250, 351,
362–363, 375

regular octagon 284
regular pentagon 239
regular polygon 351
regular tetrahedron 378
relative error 192, 372
relatively prime (whole numbers)

207, 208, 213, 216–217, 222
remainder (see also division-with-

remainder) 209, 210–213
removing parentheses 162, 172
repeating block (in a decimal) 86
reproduce a line segment (with ruler

and compass) 245
reproduce an angle (with ruler and

compass) 246
rhombus 301
right angle 237, 238, 328, 330–332
right circular cone 377
right circular cylinder 377
right cylinder 376–377

top of 377
right-pointing (vector) 149
right pyramid 378
right triangle 198, 237, 300, 328–333

congruence criterion for 300
rigid motion 260, 292–294
Robbins, Herbert 351, 381
Rosenlicht, Maxwell 201, 382
Ross, Kenneth A. 201, 382
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rotated image 278, 280, 283, 284
rotation (around a point) xii–xiii, 233,

234, 279, 282–285, 314
center of 277–279, 284
clockwise, counterclockwise 258,

278–280, 282, 294, 329
degree of 277-278, 279-285, 288
of negative degree 280, 282
of positive degree 280, 282

rotational symmetry 283–284, 300
Rudin, Walter 201, 382
ruler and compass 10, 245–251

S

same shape xii, 231, 234, 252, 288, 312,
321, 322

same sign (numbers) 185, 196
same size xii, 13, 231, 234, 245, 288, 312,

333
sample space 133, 134, 137–139, 141, 142
SAS criterion for congruence 291–295, 300,

328
SAS criterion for similarity (= SAS for

similarity) 326–328
scale drawing 320, 321, 333–337, 334
scale factor

in a scale drawing 334, 336
of a dilation 301–305, 310, 312, 325–

328, 336, 337, 354, 355, 372–374
of a similarity 322

Schoenfeld, Alan 230, 382
Schubert C Major quintet xvi
segment (in the plane) 254, 268, 274,

284, 285
equal 248
intercepted on a line by parallel lines

360
length 270

segment (on the number line) 3, 9, 10, 36,
43, 52, 58

unit 3, 7, 342–343, 348–350, 355
sequence of equispaced points 3, 7, 9, 10
sequence of n-ths 9, 10, 11, 29
Serra, Michael 234, 382
set(s) 210–211, 260, 321, 323, 341, 343

equality of 211, 283, 300, 302, 308, 336
intersection of 343
union of 343

short segment 7, 8, 38
shrink (also see reduction) 310–312
Shulman, Lee 108, 382
side (of a line in the plane) 255
side (of a triangle or polygon) 236–238,

249, 350
altitude on 295
median of 295
proportional 324

Silver Edward 4, 5, 381
similar figures 322–323

drawing 312
similar triangles xii–xiii, 323–328
similarity xv–xvii, 231, 234, 303, 309–312,

320–337, 322, 355, 374
and dilation 321–323

slope (of a line) xiii, xv, xvi, 231–235, 324
identification from the graph 233

small part 24–25
small squares 370
smaller than (= less than) 15, 146, 184,

189
solving equations xiv, 148
special die 130
sphere 339, 340, 342, 376, 379, 380
spinner 139–141, 143
square 320
square cm 356
square inch 356
square root 205, 225, 226
SSS criterion for congruence 291, 295–299
standard assumptions 131, 133, 136
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standard representation 7–8
starting point (of vector) 149–153, 262
Stein, Mary Kay 99, 104, 382
straight angle 257, 258, 276
straightedge 235, 239
sub-units 345–346, 350, 356
subtraction

decimals (finite) 53, 55
fractions 51–53, 52, 89, 160
mixed numbers 53
rational numbers 51–53, 52, 89, 160
rational quotients 180

subtraction algorithm for finite decimals
53, 55

subtraction as addition 160–163, 178
sum of

degrees of angles in a triangle 316–317
fractions 43
rational numbers 153
vectors 150

super-die 131–133, 136–137
fair 131

surface 340, 342, 344, 378, 380
symbol(s)

correct use of xiv, xviii
division 26
fraction 11, 27, 29, 35, 78, 178

symmetry
axis of 233, 238, 275–277, 283–285, 300,

323, 371
bilateral 275–277, 285, 300
line of 275
reflectional 275
rotational 283–284, 300
translational 266–267, 285

symmetry of two figures being similar 323

T

tangent 237, 250
terminating decimal (= finite decimal)

xii, xv, 5, 17–18, 31, 68–69, 220,
227, 350, 353

addition algorithm for 47–49
complete expanded form of 48–49
conversion of fractions to 81–84
division of 81–86
fractions equal to 223–225
multiplication algorithm for 68–69
notation of 17
subtraction algorithm for 53, 55

Textbook School Mathematics (= TSM)
xi–xviii, 2, 13, 14, 15, 21, 26, 30,
34–36, 46–47, 49, 50, 57, 62, 68,
71, 77, 88, 91–94, 97–99, 101, 102,
104–109, 111, 113–117, 119, 127,
145, 176, 178, 182, 200, 229–231,
233, 235, 289, 321, 333, 335, 339,
340, 342, 372

top angle (of isosceles triangle) 295, 296
top vertex (of cone) 377, 378
top vertex (of isosceles triangle) 295, 296
tossing coins 121, 122, 133
transformation(s) (of the plane) xii–xiii,

253, 258–263, 265, 269, 287, 288,
301, 302, 322

translated image 265, 266, 268, 269
translation along a vector (= translation

from A to B) xii–xiii, 9, 233–235,
259, 262–270, 274, 288, 289, 300,
313, 323, 329

translational symmetry, translationally
symmetric 266–267, 285

transparency, transparencies 234, 253,
261–263, 268, 269, 273, 274, 277,
280, 282, 289, 293, 310

transversal 306, 307, 312–315
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trapezoid 361
area 361
base 361
height 361

tree diagram 125–130
triangle 230, 233, 236–238, 289–295

acute 237, 238
area formulas 358–359
circumcircle of 237, 251
congruence 289, 291
equilateral 239, 249, 319, 337
isosceles 295
obtuse 236, 237, 238
Pascal’s 55
plastic 239–245, 248, 249, 269
right 198, 237, 300, 328–333
side of 236–238, 249
sum of degrees of angles 316–317

triangle Inequality 192, 195, 196
triangulation 363
trichotomy law 184, 217
trisect (an angle) 248
true value 191–192, 372
TSM (= Textbook School Mathematics)

xi–xviii, 2, 13, 14, 15, 21, 26, 30,
34–36, 46–47, 49, 50, 57, 62, 68,
71, 77, 88, 91–94, 97–99, 101, 102,
104–109, 111, 113–117, 119, 127,
145, 176, 178, 182, 200, 229–231,
233, 235, 289, 321, 333, 335, 339

TSM (cont.) 340, 342, 372
two-column proofs 229, 230
two-sided number line 145–147

U

union (of sets) 317, 343, 344, 363–366,
369, 376–378

unique, uniqueness 31, 75, 77, 79, 90,
174–177, 180, 181, 183, 199, 201,

203–205, 216, 220–222, 224, 226,
254, 258

unit (also see dimension analysis) 3, 12–
13, 35–36, 111, 113, 117–118,
342, 345–346, 349

unit
circle 257–258, 354, 370–372
cube 342–343, 376, 378, 379
disk 370, 372
figure 342, 356
fraction 11, 170
interval 198
rate 114–115
segment 3, 7, 10, 342–343, 348–350
square 29, 63–66, 97, 198, 342-346

V

variable xiv, xvii–xviii
vector (on the number line) 147, 149–

159, 164, 185
direction 149
endpoint 149
left-pointing 149
right-pointing 149
starting point 149

vector (in the plane) 195, 252, 253, 262–
270, 285, 286, 288, 293, 297, 336

endpoint 262
equal 149
length 262
starting point 262
sum 150
translation along 252, 253, 262–270,

286, 293, 297, 336
vertex 236–237, 240—241, 292–295, 298,

300, 350, 352, 363, 365
of an angle 255
of a cone 377
of a ray 255
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top 295, 296, 377, 378
volume 339–344, 376–380
volume formula for

cone 377–379
cylinder 376–377
rectangular prism 376
sphere 379

W

water flow 115–116, 118, 120
well-defined 63, 69, 77, 177, 364
whole numbers (N) 3, 10, 15, 146, 208,

209, 219–221
whole number multiple 76, 83
whole number powers of 10 17, 217, 218
Wiles, Andrew 220
winning percentage 101

X, Y, Z

x-axis 3, 198, 286
y-axis 3, 198, 259, 260, 286
zeros, at the right end of a decimal 18, 31
Zu Chongzhi 380
Zu Geng 380
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