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Page Line Replace by ...

26 5
Show that the system (X, Γ) is minimal, admits no non-
trivial equicontinuous factor, but the relation Q is not an
equivalence relation ...

57 3
d̂(φ, ψ) =

∑∞
n=1 2−n 1

2

(
µ(φAn 4 ψAn) + µ(φ−1An 4

ψ−1An)
)
.

58 3 α(n, y) =





α(T n−1y) · · ·α(Ty)α(y) for n ≥ 1

id for n = 0

α(T ny)−1 · · ·α(T−1y)−1 for n < 0.

65 -13

Conversely, assume that π admits no non-zero invariant
vectors and suppose that m(f) 6= 0 for some function 0 6=
f ∈ Bπ. By Theorem 1.51.2(c) we can assume that f is in
AP (Γ) and, therefore, that it arises as f(γ) = 〈π(γ)x, x〉
for a finite dimensional irreducible sub-representation of
π. This however contradicts the previous lemma and we
conclude that m(f) = 0 for every function f ∈ Bπ.

68 -5

Denote weak-cls π(X) = Y ⊂ L2(µ), and ν = π∗(µ),
then, since the action of Γ on the compact space Y is
WAP and topologically transitive, we can apply Lemma
1.50 to deduce that (Y, ν, Γ) is a nontrivial isometric fac-
tor.

81 11 This is wrong; condition 2 does not imply mixing.

149 -6
... we must have π̂k+1(λ̂) = νk+1. The assumption that Γ

is abelian implies that λ̂ is Γ-invariant. Set λ = σk+1(λ̂);
...

218 -10 Here and in the sequel replace C(X) by Aut (X).

223 6 Here and in the sequel replace n by r.

223 17 Here and in the sequel replace 3 by r.

292 1

A subset A ⊂ X is called uniform if

limN→∞ ess supx

∣∣∣ 1
N

∑N−1
0 1A(T ix)− µ(A)

∣∣∣ = 0.

A partition α is uniform if every set in ∪∞n=0α
n
−n is uni-

form.

PART II
Replacement for Chapter 15, Section 2.
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2. Kakutani, Rohlin and K-R towers

Let X be a dynamical system and B ⊂ X; an array c = {B, TB, . . . , TN−1B}
with T jB, 0 ≤ j < N pairwise disjoint is called a Rohlin tower or a column over
B of height N . The set B is called the base of the tower and TN−1B is its roof .
Let |c| = ∪N−1

j=0 T jB, the carrier of the tower t. A collection (finite or countable) t

of disjoint columns ck (with bases Bk and heights Nk) is called a tower and we let
|t| = ∪∞k=0|ck|. The union of the bases B = ∪kBk is the base of t, and the union of the
roofs is the roof of t. We sometimes write (a bit imprecisely) t = {ck : k = 1, 2, . . . }.
The sets {T ix : 0 ≤ i < Nk(x)} for x ∈ B are called the fibers of t.

Given a tower t with columns {ck : k = 1, 2, . . . }, base B = ∪kBk, and a finite
(or countable) partition α = {A1, . . . , At}, we define an equivalence relation on B
as follows: x ∼ y iff x and y are in the same Bk and for every 0 ≤ j < Nk, T jx
and T jy are in the same element of α; i.e. x and y have the same (α, Nk)-name.
We now consider each equivalence class Bk,a, with a a name in αNk−1

0 , as a basis
of a column ck,a = {Bk,a, TBk,a, . . . , T

Nk−1Bk,a} and say that the resulting tower

tα = {ck,a : a ∈ αNk−1
0 , k = 1, . . . } is the tower t refined according to α. When

α = {C,X \C}, C a subset of X, we write tα = tC and say that t is refined according
to C.

A subset B of X is called a sweeping set if ∪n≥0T
nB = X. For an ergodic system

every set of positive measure is sweeping. Given any set B of positive measure,
define the return time function rB : B → N ∪ {∞} by

rB(x) = min{n ≥ 1 : T nx ∈ B},
when this minimum is finite and rB(x) = ∞ otherwise. Let Bk = {x ∈ B : rB(x) =
k} and note that by Poincaré’s recurrence theorem B∞ is a null set. We let ck be the
column {Bk, TBk, . . . , T

k−1Bk} and we call the tower t = t(B) = {ck : k = 1, 2, . . . },
the Kakutani tower over B. Thus the Kakutani tower t is a partition of the set |t|.
For a sweeping set B, |t| = X and the Kakutani tower over B is then a partition of
the whole space. If the Kakutani tower over B has finitely many columns (i.e. the
function rB is bounded) we say that B has a finite height and we call the Kakutani
tower over B a K-R tower . The number max rB is called the height of B or the
height of the K-R tower.

Note that for an ergodic Z-system X, either the space X consists of a finite set
of points on which µ is equidistributed, or the measure µ is atom-less. In the first
case the system is called periodic, and it is called non-periodic in the latter. The
next we present the famous “Rohlin lemma”. We shall prove it in the ergodic case
but in fact it holds for every aperiodic Z-system (see Halmos’ book [113]).

Theorem 2.1 (Rohlin’s lemma). Let X be a non-periodic ergodic system, N a posi-
tive integer and ε > 0, then there exists a subset B such that the sets B, TB, . . . , TN−1B
are pairwise disjoint and µ(∪N−1

j=0 T jB) > 1− ε.

Proof. Let C ⊂ X be a set with measure 0 < µ(C) < ε/N . Consider the Kakutani
tower t(C) over C. For every k ≥ N divide the column ck = {T iCk : 0 ≤ i < k},
starting from its base Ck = {x ∈ C : rC(x) = k}, into blocks of size N . Mark
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the first level of each of these blocks as belonging to B. Taking the union of these
marked levels over the columns ck, k = N, N + 1, . . . , gives us a set B with rB ≥ N .
Clearly q = {B, TB, . . . , TN−1B} is a Rohlin tower; i.e. the sets T jB for 0 ≤ j < N
are disjoint. Now |t| \ |q| = X \ |q| is composed of the first N columns ck of height
k < N and some top levels from the other columns, with a contribution of at most
N − 1 levels from each. A simple calculation shows therefore that

µ(X \ |q|) < Nµ(C) < ε.

¤

Theorem 2.2. Let X be a non-periodic ergodic system.

(1) For any positive integer N there exists a set C of finite height such that the
K-R tower t(C) satisfies range rC ⊂ {N, N + 1}.

(2) Given a K-R tower with base C and height N , for any sufficiently large n
there is a bounded K-R tower with base D contained in C whose column
heights are all at least n and at most n + 4N .

Proof. 1. Let n > 10N2 and use Rohlin’s lemma to construct a Rohlin tower q =
{B, TB, . . . , T n−1B}. Thus the return time function rB(x) is greater than 10 · N2

on B. Let
Bk = {x ∈ B : rB(x) = k}.

When Bk is non-empty one can therefore write k as a positive combination of N
and N + 1, say

k = Nuk + (N + 1)vk.

Now consider the Kakutani tower over B and divide the column ck = {T iBk : 0 ≤
i < k} into uk blocks of size N and vk blocks of size N +1. The set C is now defined
as the union over the various columns, of the first levels of these blocks. Clearly the
function rC takes only two values, either N or N + 1 as required.

2. Start with a Rohlin tower q = {B, TB, . . . , TM−1B} with M = 10(n + 2N)2,
and look at the unbounded (in general) Kakutani tower t over B. As can be seen
by the proof of Rohlin’s lemma we can choose B ⊂ C. Refine this tower according
to C and call the refined tower tC . For each m ≥ 10 (n + 2N)2, the column qm over
Bm = {x ∈ B : rB = m} in t, is split in tC into a finite number of columns so that
each level is either a subset of C or of Cc.

As in the first part of the proof we partition each column of the tower tC into
blocks of sizes n + 2N and n + 2N + 1. Since we want the base D of the K-R tower
we construct to belong to C we move the base level of each block (up or down) to
the nearest level that belongs to C. Since the height of C is N we do not move these
levels more than N − 1 steps. The new blocks, with bases in C, are of size between
n and n + 4N , and we let D be the union of these bases. ¤


