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An Iterative Substructuring Method for Elliptic Mortar
Finite Element Problems with Discontinuous Coefficients

Maksymilian Dryja

1. Introduction

In this paper, we discuss a domain decomposition method for solving linear
systems of algebraic equations arising from the discretization of elliptic problem in
the 3-D by the mortar element method, see [4, 5] and the literature given theirin.
The elliptic problem is second-order with piecewise constant coefficients and the
Dirichlet boundary condition. Using the framework of the mortar method, the
problem is approximated by a finite element method with piecewise linear functions
on nonmatching meshes.

Our domain decomposition method is an iterative substructuring one with a
new coarse space. It is described as an additive Schwarz method (ASM) using the
general framework of ASMs; see [11, 10]. The method is applied to the Schur
complement of our discrete problem, i.e. we assume that interior variables of all
subregions are first eliminated using a direct method.

In this paper, the method is considered for the mortar elements in the geometri-
cally conforming case, i.e. the original region €2, which for simplicity of presentation
is a polygonal region, is partitioned into polygonal subregions (substructures) £2;
that form a coarse finite element triangulation.

The described ASM uses a coarse space spanned by special functions associated
with the substructures €2;. The remaining spaces are local and are associated with
the mortar faces of the substructures and the nodal points of the wire basket of the
substructures. The problems in these subspaces are independent so the method is
well suited for parallel computations. The described method is almost optimal and
its rate of convergence is independent of the jumps of coefficients.

The described method is a generalization of the method presented in [8] to
second order elliptic problems with discontinuous coefficients. Other iterative sub-
structuring methods for the mortar finite elements have been described and ana-
lyzed in several papers, see [1, 2, 6, 12, 13] and the literature given theirin. Most
of them are devoted to elliptic problems with regular coefficients and the 2-D case.
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The outline of the paper is as follows: In Section 2, the discrete problem ob-
tained from the mortar element technique in the geometrically conforming case is
described. In Section 3, the method is described in terms of an ASM and Theorem
1 is formulated as the main result of the paper. A proof of this theorem is given in
Section 5 after that certain auxiliary results, which are needed for that proof, are
given in Section 4.

2. Mortar discrete problem

We solve the following differential problem: Find u* € H{(£2) such that

(1) a(u*,v) = f(v), ve Hy(Q),
where
N
a(u,v) = ZPi(VU, V)2, f(v) = (f,0)L2),
=1

Q= Uivzlﬁi and p; is a positive constant.

Here Q is a polygonal region in the 3-D and the 2; are polygonal subre-
gions of diameter H;. They form a coarse triangulation with a mesh parameter
H = max; H;. In each (Q; triangulation is introduced with triangular elements e;z)
and a parameter h; = max; hgj ) where hl(.] ) is a diameter of e(] ). The resulting
triangulation of {2 can be nonmatching. We assume that the coarse triangulation
and the h;-triangulation in each Q; are shape-regular in the sense of [7]. Let X;(€;)
be the finite element space of piecewise linear continuous functions defined on the
triangulation of ; and vanishing on 9€; N 9<, and let

XMQ) = X1(Q1) x -+ x Xn ().

To define the mortar finite element method, we introduce some notation and
spaces. Let
I = (U;00;)\092
and let Fj; and Ej; denote the faces and edges of §2;. The union of Eij forms the
wire basket W; of Q;. We now select open faces v, of I, called mortars (masters),
such that
['=Un¥m and v, Ny, =0 if m #n.

We denote the face of Q; by 7,,¢;). Let vp) = Fij be a face common to 2;
and ;. Fj; as a face of ; is denoted by d,,(;) and it is called nonmortar (slave).
The rule for selecting 7,,(;; = Fji; as mortar is that p; > p;. Let Whi(F;;) be
the restriction of X;(€2;) to Fj;. Note that on Fij = vp,5) = Om(y) We have two
triangulation and two different face spaces W (Ym(i)) and Whi (Om(s))-

Let M"i(6,,(;)) denote a subspace of W"3 (4,,(;)) defined as follows: The values
at interior nodes of d,,(;) are arbitrary, while those at nodes on 9d,,;) are a convex
combination values at interior neighboring nodes:

Zaz Soz(k)a Zaz =1L

Here a; > 0, zx € 09, and the sum is taken over interior nodal points ;)
of d,,(j) such that an interval (zy, ;) is an edge of the triangulation and their
number is equal to ny; @iy is a nodal basis function associated with x;(,, for
details see [4].
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We say that w;(,) and (), the restrictions of u; € X;(€;) and u; € X;(Q;)
to 0, a face common to §2; and €2, satisfy the mortar condition if

(2) / (Wigm) — Wjm))wds =0, w € M"(6,,).

m

This condition can be rewritten as follows: Let IL,, (w;(;), v;(m)) denote a projection
from L2(8,,) on Wi (4,,) defined by

(3) /6 I (i), Vj(m) )wds = /5 Uimywds, w € M (0m)
and
(4) o (Witm) > Vi(m) ) |06, = Vj(m)-

Thus Uj(m) = Hm (ui(m),vj(m)) if Vj(m) = Uj(m) ON 85m

By V" we denote a space of v € X" which satisfy the mortar condition for each
6m C I. The discrete problem for (1) in V" is defined as follows: Find u} € V"
such that

(5) a(uj, vn) = f(vn), vy €V,

where
N

N
a(un,vn) =Y ai(win, vin) = ¥ pi(Vtin, Vi) £2(5)
i=1 i=1
and v, = {vip }X, € VR V" is a Hilbert space with an inner product defined by
a(u,v). This problem has an unique solution and an estimate of the error is known,
see [4].
We now give a matrix form of (5). Let

VP = span{®;}

where {®} are mortar basis functions associated with interior nodal points of the
substructures 2; and the mortars v,,(;), and with nodal points of 97, ;) and 99,4,
except those on 0f). These sets of nodal points are denoted by adding the index h.
The functions @, are defined as follows. For xy € Qp,, Pr(x) = pi(z), the standard
nodal basis function associated with xy. For xx € Y iyn, Px = @i on Yy C O
and I, (0x, 0) on &,,(j) = Ym(i) C 09y, see (3) and (4), and @5, = 0 at the remaining
nodal points. If z; is a nodal point common to two or more boundaries of mortars
Ym(i), then ®x(x) = ¢, on these mortars and extended on the nonmortars d,, ;)
by I, (¢k,0), and set to zero at the remaining nodal points. Let z; be a common
nodal point to two or more boundaries of nonmortars d,,(;), then ®; = II,, (0, ¢x)
on these nonmortars and zero at the remaining nodal points. In the case when
2 is a common nodal point to boundaries of mortars and nonmortars faces, @y, is
defined on these faces as above. Note that there are no basis functions associated
with interior nodal points of the nonmortar faces.
Using these basis functions, the problem (5) can be rewritten as

(6) Auj =f
where uy, is a vector of nodal values of u;. The matrix is symmetric and positive

definite, and its condition number is similar to that of a conforming finite element
method provided that the h; are all of the same order.
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3. The additive Schwarz method

In this section, we describe an iterative substructuring method in terms of an
additive Schwarz method for solving (5). It will be done for the Schur complement
system. For that we first eliminate all interior unknowns of €; using for u; € X;(€;)
the decomposition u; = Pu; + Hu;. Here and below, we drop the index h for
functions. Hu; is discrete harmonic in Q; in the sense of (yui, /v:)r2(q,) with
Hu; = u; on 99;. We obtain

(7) s(u*,v) = f(v), ve vh

where from now on V" denote the space of piecewise discrete harmonic functions
and

s(u,v) = a(u,v), u,v eV

An additive Schwarz method for (7) is designed and analyzed using the general
ASM framework, see [11], [10]. Thus, the method is designed in terms of a decom-
position of V" certain bilinear forms given on these subspaces, and the projections
onto these subspaces in the sense of these bilinear forms.

The decomposition of V" is taken as

N
(8) Vi) =v@+ Y viP@+ > S v ).

Ym CT' i=1x€EWipn

The space VTSLF)(Q) is a subspace of V" associated with the master face 7,,. Any
function of V,&F) differs from zero only on ~,, and d,,. W,y is the set of nodal
points of W; and Vk(W") is an one-dimensional space associated with xp € W;;, and
spanned by Pg.

The coarse space Vj is spanned by discrete harmonic functions ¥; defined as
follows. Let the set of substructures §2; be partitioned into two sets N; and Np.
The boundary of a substructure in Np intersects 0f) in at least one point, while
those of the interior set N7, do not. For simplicity of presentation, we assume that
0Q; N 0N for i € Np are faces. The general case when 9€Q; NI for i € Np are
also edges and vertices, can be analyzed as in [10]. The function ¥; is associated
with €; for ¢ € Ny and it is defined by its values on boundaries of substructures
as follows: W; = 1 on ¥,,(;y C 094, the mortar faces of €2;, and ¥; = II,,(1,0) on
Om(j) = Ym(i), the face common to Q; and €2;; see (3) and (4). On the nonmortar
faces Sm(i) C 094, ¥; =11,,(0, 1). Tt is zero on the remaining mortar and nonmortar
faces. We set

9) Vo = span{¥;}ien, -

Let us now introduce bilinear forms defined on the introduced spaces. bg )
associated with V,&F) X VTSLF) — R, is of the form

(10) DI (i) V(i) = Pi(VUim(s)» V(i) ) L2(020)

where u,,(;) is the discrete harmonic function in €; with data u,,;) on the mortar

face v, (i) of €, which is common to €2;, and zero on the remaining faces of €2;.

We set b;W"') : Vk(W"') X Vk(W"’) — R, equals to a(u,v).
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A bilinear form bg(u,v) : Vo x Vy — R, is of the form

H; _ o
bo(’u,, ’U) = Z (1 —+ 10g F)Hipi Z (ozjuj — ui)(ozjvj — ’Ui) +

i€ENT Om (i) COQ
H; _
(11) + > (1+log F)Hipi > w;
i€Np ¢ S (i) CO

Here 6,,(;y = Ym(y) is the face common to §2; and Qj, a; = 0 if d,,(5) = V() C 08
and j € Np, otherwise o; =1,
(12) u = Z u;V;, v= Z e
iENT iENT
and @; is the discrete average value of u; over 0y, i.e.
(13) =S w@)/m,
€I

and m; is the number of nodal points of 9€;,.

Let us now introduce operators T&F), T,EW’") and Ty by the bilinear forms bgf ),

béw") and by, respectively, in the standard way. For example, T&F) (V- Vn(qF), is

the solution of

(14) bVINT Dy, v) = a(u,v), ve V.
Let
N
T=To+ Y T +3 Y 1"
Ym CT =1z, €EWip
The problem (5) is replaced by
(15) Tu* =g

with the appropriate right-hand side.
THEOREM 1. For all u € V!
(16) Co(1 + log %)72a(u,u) < a(Tu,u) < Cra(u,u)
where C; are positive constants independent of H = max; H;, h = min; h; and the
jumps of p;.
4. Auxiliary results

In this section, we formulate some auxiliary results which we need to prove
Theorem 1.
Let for u € V", uy € V; be defined as

(17) Uy = Z u; ¥,
1ENT
where the @; are defined in (13).
LEMMA 2. For ug € Vy defined in (17)
(18) G(UO, Uo) < Cb()(’u,o, UQ)

where by(.,.) is given in (11) and C is a positive constant independent of the H;,
h; and the jumps of p;.
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PRrROOF. Note that ug on 92;, i € Ny, is of the form
(19) up =W + Y 1,0,
J
where the sum is taken over the nonmortars d,,;y = Ym(;) of i and 7,,(; is the
face common to §2; and ;. In this formula ¥; = 0 if j € Np. Let us first discuss
the case when all j € Ny in (19). Note that ¥; + 3, ¥; = 1 on 99;. Using this,

we have
piltoli ) = piluo — Wil oy <C D pilay — )95
O (s) CO 00(6'"( >)
It can be shown that
o,
(20) N4 ||2 < CH;(1 4 log —).
J Hgy (8rm(i)) ’ hi

For that note that W; = II,,,(1,0) on 6,,(;) and use the properties of II,,; for details
see the proof of Lemma 4.5 in [8]. Thus

H;
(21) Pt|u0|H1(Q )y < CH; Z (1+1Ogh_)(7 _uz)z-
O (1) COQ
For i € Ny with j € Np, we have
H;
piluolF o,y < CH; Z pi(1+log h—)(%uj —u;)?
Om (i) O
where a; = 0 if 6,,(5) = Ym(;) C 985 and j € Np, otherwise a; = 1. For i € Np
H;
piluolFr o,y < CH; Z pi(1+ log h—)ﬂz
5m(,‘,)CBQ
Summing these inequalities with respect to 7, we get

H;
(UO, ’LLO < C{ Z 1 + log I ) iPi Z (Oéj’ljj — ’17,7;)2 +
i€ENT O (3) O

+ Z 1+10g1§) iPi Z ’U,?},

i€ENB 5,n(,)CBQL

which proves (18). O

LEMMA 3. Let Yy (i) = Om(j) be the face common to 2 and €, and let u;(y,)
and wj(m) be the restrictions of u; € X;(2;) and uj € X;(Q5) to Yy and dp(jy,
respectively. Let w;p)y and wj(,y,) satisfy the mortar condition (2) on &,,¢jy. If wim)
and wj(pmy vanish on 0vy iy and 06,,(;), respectively, then

||wm||2 <C||umn||2
T 38 i) T3 e
where C' is independent of h; and h;.

This lemma follows from Lemma 1 in [3]. A short proof for our case is given
in Lemma 4.2 of [8].
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LEMMA 4. Let Oy be a function defined in Section 2 and associated with a nodal
point xy, € W; C 0Q;. Then

1y
a(@k,fbk) < C‘hlpz Z (1+10g h—z)
Vm (i) CO J
where C' is independent of h; and p;, and V(i) = dpm(j)-
The proof of this lemma differs slightly from that of Lemma 4.3 in [8], therefore

it is omitted here.

5. Proof of Theorem 1
Using the general theorem of ASMs, we need to check three key assumptions;
see [11] and [10].
Assumption (iii) For each x € Q the number of substructures with common x
is fixed, therefore p(e) < C.

Assumption (ii) Of course w = 1 for b,iWi)(u, u), u € Vk(Wf'). The estimate
a(u,u) <wbg(u,u), ueVp

follows from Lemma 2 with w = C.
We now show that for u € Vi), see (10),

(22) a(u,u) < CbUE) (u,u).
Let vi(m) = 0;(m) be the mortar and nonmortar sides of 2; and €, respectively.
(F)
For u € V,;; 7, we have

— ai (1w s s ) < Nlags |12 Mags 12 .
a(ua u) az(uza Uz) =+ a; (u17 u]) > C(szuz'lHO%O(%(m)) +pj ||u‘]||H0%0(6j('m)))
Using now Lemma 3 and the fact that p; > p; since v,,(;) is the mortar, we get
(22), ie. w=_C.
Assumption (i) We show that for u € V", there exists a decomposition

N
(23) U= up + Z u'(’f)—’_z Z UECWi)7

Ym CT 1=1 2, €Wip,

where ug € V), ug,f) € Vn(@F) and u,iwi) € Vk(W"), such that

N
bo(ug, uo) + Z bg)(ug)’ ug)) + Z Z b]iW7)(u]iW7)’ u](€W7))
Ym CT =1z €Win
H 2
(24) < C(1+log %) au,u).

Let ug be defined by (17), and let w; be the restriction of w = u — ug to Q;. It
is decomposed on 9€2; as

(25) w; = Z wz( 7 +w§ ), wz( ) = Z w; (zk) Py,
FijCBQi xR €Wip,
where wEF’”) is the restriction of w; — wEW’") to Fjj, the face of €;, and zero on

To define ug), let Fij = Ym(i) = Om(;) be a face common to §2; and ;. We set

ug) — {ngij) on 0€; and wj(-F”) on 8(2]-}
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and set it to zero at the remaining nodal points of I'. The function u,iWi) is defined
as

(26) ul" (@) = wi(ax) i ().

It is easy to see that these functions satisfy (23).
To prove (24), we first show that

H
(27) bo(uo, uo) < C(1 +log ﬁ)a(ua u).
Note that, see (11), for d,,¢;y C 6§, i € Ny with j € Ny when 0,,(;y = Fi; is a face

common to €2; and €,
2 —1 2 2
Hipi(uj —u;)” < CH; {pilluill7200,) + pillujlT2000,) -
Using the fact that the average values of u; and u; over d,,(;y = Vm(j) = Fi; are
equal to each other, and using the Poincare inequality, we get

Hipi(; — :)* < C{piluwilFri o) + piluslFo,)}-
For i € N; with j € Np we have similar estimates:
Hipi(ayu; — ai)* < Clpiluil o) + pjlujlFn o) }-
Here we have used the Friedrichs inequality in ©;. Thus
(28) Z Z Hipi(ajﬂj — ’17,7;)2 < Ca(u,u).
PENT 6y (3) COQ;
In the similar way it is shown that for i € Np
Hipiw; < Cpiluilin o, + pilujlina, }-
Summing this with respect to ¢ € Np and adding the resulting inequality to (28),
we get (27).
(F)

Let us now consider the estimate for u;, ' € VJ\(;) when Y, ;) = Om(;) = Fijs
the face common to §2; and Q;. We have, see (10),

b (i), i) < ol 2
Hozo('Ym(i))
Note that on Fj; = vy,;

’ngij) = Ihi, (eFi,j uz) - Ihi (eFij ’U,O)

where 6, = 1 at interior nodal points of the h;-triangulation of Fj; and zero on
OF;j, and Iy, is the interpolant. Using Lemma 4.5 from [9], we have

.
In. (05 w)||? < C(1 4 log =2)2|u,||? .
Oy < OO+ log Tl g
To estimate the second term, note that ug = 4; ¥; = 4; on Fij since it is the mortar.
Using Lemma 4.4 from [9], we get

HnOr,uo)ll* = (@) |Hn,Or, | <
! Ho (Fij) ' TUHE (Fiy)

_ H;
< CH; '(1+log #)||Ui||i2(aﬂi)-
Thus

Fiy H; _ H;
WP ) < O Tog Pl + Hi 0+ o il oo -
Hoo(’Ym(i)) () T
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Using now a simple trace theorem and the Poincare inequality, we have
(Fi3) 2 Hi o o
[lwi™ 711 4 < O(1 +log —)"|uil g (q,)-
' Hi (Ym(i)) h; K (224)

Multiplying this by p; and summing with respect to v,,, we get

H
(29) Z b () )y < O(1 + log E)Qa(u,u).
YmCT
We now prove that
N

, ; ; H
(30) oD ™ ™) < 0+ log ) %a(u, ).
=1z €Win

We first note that by (26) and Lemma 4
b,(cwi)(u,(cwi),u,(cw")) < Cw?(xr)a(®r, ®1) < Cpihi(1 4 log %)w?(mk)
Summing over the xx € Wy, we get Z
> @ ™) < Cpil1 -+ o 5 ) el gy

h.
R €Wip, ¢

(31) +h; Z ud(zr)}.

T €EWin

Using a well known Sobolev-type inequality, see for example Lemma 4.3 in [9], we
have

H;
(32) [|uil P2 w,) < C(1 + log F)||ui||%-[1(ﬂ,¢)'
(3
To estimate the second term, we note that, see (17),
(33) hi Y ug(ek) < CHi(w)* < Clluil 31 q,)-
R €EWin

Here we have also used a simple trace theorem. Substituting (32) and (33) into
(31), and using the Poincare inequality, we get

>0 o™ ™) < O+ log il o,
T EWin !
Summing now with respect to i, we get (30).
To get (24), we add the inequalities (27), (29) and (30). The proof of Theorem
1 is complete.
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