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Asymptotic Stability of Plane Diffusion Waves for the 2-D
Quasilinear Wave Equation

Corrado Lattanzio and Pierangelo Marcati

Abstract. In this paper we consider the asymptotic stability of the solutions
to the nonlinear damped wave equation in 2-D of space. In particular we deal
with initial data which are small perturbation (in Sobolev norms) of a self-
similar plane diffusive profile which solve a related parabolic equation. The
results are achieved by using the classical energy method and in addition we
provide polynomial rates of convergences.

1. Introduction

The present paper is part of a general program of understanding the connections
between nonlinear nonhomogeneous hyperbolic systems and nonlinear parabolic
equations. Concerning these problems, there are several points of view which can be
pieced together in order to have a good comprehension of the underlying dynamics.
Here we are concerned with the large time behavior of the solutions to the following
nonlinear wave equation with a frictional damping term

wtt − div [ϑ (|∇w|)∇w] + αwt = 0,
t ≥ 0, (x, y) ∈ R2,

(1.1)

where α > 0, w = w(x, y, t) ∈ R and ϑ(λ) > 0 is a smooth nonlinear function such
that σ(λ) = ϑ(λ)λ satisfies σ′(0) > 0, σ′′(λ)λ > 0 for any λ 6= 0. As usual, we
denote

wx(x, y, t) = v(x, y, t), wy(x, y, t) = m(x, y, t), wt(x, y, t) = u(x, y, t),

then the equation (1.1) can be reformulated as the following nonlinear hyperbolic
system 

vt − ux = 0
mt − uy = 0
ut − div [ϑ (|p|) p] = −αu,

(1.2)

where p = (v,m).
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2 CORRADO LATTANZIO AND PIERANGELO MARCATI

We consider solutions of (1.2) which are small perturbations in Hs of a plane
diffusion wave obtained from the caloric self-similar solution to the 1-D parabolic
system related with (1.2) {

vt − ux = 0
αu = [ϑ (v) v]x ,

(1.3)

with limiting conditions

v(±∞, t) = v±, u(±∞, t) = 0.(1.4)

We wish to prove that these perturbed solutions to the full system (1.2) converge
asymptotically, in higher order energy norms, to a related solution of the parabolic
equation (1.3). Actually, this large-time dynamic is somehow decoupled into a
typical 1-D phenomenon (see [HL92, HL93, Nis96]) and a more genuine 2-D
convergence.

This type of analysis has been initiated by the previously mentioned papers
of Hsiao and Liu [HL92, HL93] and later continued by Nishihara [Nis96] in one
space dimension. All of these papers are based completely on the use of the classical
energy techniques and they provide stability and polynomial decay rates. Recently,
in [MM], it has been proved a related result concerning the initial-boundary value
problem.

The asymptotic study for weak solutions of hyperbolic systems with damp-
ing has been carried out in [MM90, MMS88], by introducing an appropriate
parabolic-type scaling and then by studying the related relaxation problem via the
theory of compensated compactness. The general 2 × 2 case is treated in [MR],
together with some multi-D results. Recently, the convergence obtained in [MR]
in the general 2× 2 case, which can be viewed as a convergence “in the mean”, has
been improved in [LR97] to an almost pointwise convergence, by following an idea
of [SX97] for the p-system with linear damping. Related results for semiconductors
hydrodynamic models have been obtained in [MN95, Nat96, LM, Lat, JR].

In the present paper, we prove that a 2-D perturbation of the plane wave
v(x, t) converges as t ↑ +∞ with polynomial rates to the 1-D solution of [HL92,
Nis96]. In particular, let us denote by ṽ(x, t) this solution, our analysis is based
on the splitting between the 1-D component and the 2-D component of the initial
perturbation ψ(x, y) = v(x, y, 0)− ṽ(x, 0), by using the condition∫ +∞

−∞
ψ(x, y)dx ≡ 0.

This zero-mean condition is necessary to avoid interactions between the one dimen-
sional and the two dimensional dynamics, which could destabilize the convergence
process.

In the next section, we will recall some properties of the self-similar solution of
the parabolic equation [HL92] and of the solution of the 1-D hyperbolic problem
[HL92, Nis96], which will be useful in the proof of the decay estimates.

The section 3 is devoted to prove the energy estimate which will show the
convergence of the 2-D perturbation of ṽ(x, t) as t ↑ +∞, thanks to the results of
[HL92, Nis96], the convergence of the solutions of (1.2) toward the self-similar
solutions of the parabolic system (1.3).
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STABILITY OF PLANE DIFFUSION WAVES 3

2. Statement of the Problem and Main Results

In this section we recall the main results regarding the 1-D problem [HL92,
PVD97, Nis96]. Let us consider the nonlinear diffusion equation

ft = − 1
α

(ϑ(f)f)xx,(2.1)

with the following conditions at ±∞

f(±∞, t) = v±, v+ > v− > 0.(2.2)

The problem (2.1)-(2.2) has a caloric self-similar solution

v(x, t) = ϕ

(
x√

1 + t

)
, ϕ(±∞) = v±, ϕ(ξ) > 0.(2.3)

This solution verifies the inequalities [HL92]

3∑
k=1

∣∣∣∣ dkdξkϕ(ξ)
∣∣∣∣+ |ϕ(ξ) − v+|ξ>0 + |ϕ(ξ)− v−|ξ<0 ≤ C|v+ − v−|e−cαξ

2
,(2.4)

and the pointwise decay estimates for all the derivatives of v can be easily obtained
by differentiating (2.3) in x and t

vx =
ϕ′(ξ)√
1 + t

, vt = − ξϕ′(ξ)
2(1 + t)

.(2.5)

Then, let us consider a solution (ũ, ṽ) of the 1-D system{
ṽt − ũx = 0
ũt − [ϑ (ṽ) ṽ]x = −αũ,(2.6)

which verifies

ṽ(±∞, 0) = v±, ũ(±∞, 0) = u±.(2.7)

Thus, it is known [HL92, Nis96] that the shift x0 and the correctors û and v̂ have
the following expressions

x0 =
u+ − u−
α(v+ − v−)

+
1

v+ − v−

∫ +∞

−∞
(ṽ(x, 0)− v(x, 0)) dx,

û(x, t) = e−αt
[
u+ + (u+ − u−)

∫ x

−∞
m0(ξ)dξ

]
,

v̂ =
u+ − u−
−α e−αtm0(x),

wherem0 is a nonnegative test function such that
∫ +∞

−∞
m0(x)dx = 1. Let us denote

Ṽ (x, t) =
∫ x

−∞
(ṽ(ξ, t)− v(ξ + x0, t)− v̂(ξ, t)) dξ,

z̃(x, t) = ũ(x, t)− û(x, t)− u(x+ x0, t).
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4 CORRADO LATTANZIO AND PIERANGELO MARCATI

With this notation, the problem (2.6)-(2.7) becomes

Ṽt − z̃ = 0

z̃t −
[
ϑ(Ṽx + v + v̂)(Ṽx + v + v̂)− ϑ(v)v

]
x

+ αz̃ = −ut = − 1
α

[ϑ(v)v]x
Ṽ (x, 0) = Ṽ0(x)
z̃(x, 0) = z̃0(x)
Ṽ0(±∞) = z̃0(±∞) = 0.

(2.8)

Hence, the following theorem holds [HL92, Nis96].

Theorem 2.1. Suppose δ = |v+ − v−| + |u+ − u−| and ‖Ṽ0‖3 + ‖z̃0‖2 are
sufficiently small. Then there exists a unique global solution (Ṽ (x, t), z̃(x, t)) to
(2.8) which satisfies

Ṽ ∈W i,∞([0,+∞);Hi), i = 0, . . . , 3,

and moreover
3∑

k=0

(1 + t)k‖∂kx Ṽ (·, t)‖2 +
2∑

k=0

(1 + t)k+2‖∂kx z̃(·, t)‖2

+
∫ t

0

 3∑
j=1

(1 + τ)j−1‖∂jxṼ (·, τ)‖2 +
2∑
j=0

(1 + τ)j+1‖∂jxz̃(·, τ)‖2
 dτ

≤ C(‖Ṽ0‖23 + ‖z̃0‖22 + δ).(2.9)

Remark 2.2. By using a recursive procedure, it is possible to improve the
previous result when the initial data are more regular. In particular, the estimate
(2.9) can be achieved for a larger k. For our purposes, we will assume ‖Ṽ0‖8 +
‖z̃0‖7 ≤ δ small enough to have

8∑
k=0

(1 + t)k‖∂kx Ṽ (·, t)‖2 +
7∑

k=0

(1 + t)k+2‖∂kx z̃(·, t)‖2

+
∫ t

0

 8∑
j=1

(1 + τ)j−1‖∂jxṼ (·, τ)‖2 +
7∑
j=0

(1 + τ)j+1‖∂jxz̃(·, τ)‖2
 dτ

≤ C(‖Ṽ0‖28 + ‖z̃0‖27 + δ) ≤ Cδ.(2.10)

Remark 2.3. We know that the solution v of (2.1)-(2.2) is positive. Due to
(2.10) and due to the expression of the corrector v̂, the difference ṽ − v is O(δ).
Therefore, for δ sufficiently small, we have ṽ > 0.

Now we analyze the 2-D perturbation of this 1-D solution. Let us consider the
following 2-D system given by the wave equation (1.1)

vt − ux = 0
mt − uy = 0
ut − div [ϑ (|p|) p] = −αu,

(2.11)
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STABILITY OF PLANE DIFFUSION WAVES 5

where p = (v,m). We choose the initial data v(x, y, 0) and ṽ(x, 0) so that∫ +∞

−∞
(v(x, y, 0)− ṽ(x, 0)) dx = 0(2.12)

and we assume the following limiting conditions

v(±∞, y, t) = v±, v(x,±∞, t) = ṽ(x, t),
m(±∞, y, t) = 0, m(x,±∞, t) = 0,
u(±∞, y, t) = u±e

−αt, u(x,±∞, t) = ũ(x, t).
(2.13)

Remark 2.4. The condition (2.12) implies in particular that the new pertur-
bation due to the difference v(x, y, 0)− ṽ(x, 0) does not affect the shift of the final
plane wave. Therefore, the asymptotic profile of our 2-D solution is selected by the
1-D solution ṽ. This phenomenon provides a big advantage since it allows us to
consider directly the convergence of the 2-D perturbation of ṽ(x, t). Once we know
this kind of convergence, we can simply make use of the estimate (2.10) to show
the asymptotic behavior of the 2-D solution.

As in the 1-D case, we introduce a new set of variables

V (x, y, t) =
∫ x

−∞
(v(ξ, y, t)− ṽ(ξ, t)) dξ

M(x, y, t) =
∫ y

−∞
m(x, η, t)dη

z(x, y, t) = u(x, y, t)− ũ(x, t),

and the problem (2.11)-(2.13) can be rewritten as follows
Vt = z

M(x, y, t) = V (x, y, t) +
∫ t

0

ũ(x, s)ds+M(x, y, 0)− V (x, y, 0)

zt − div
[
ϑ

(∣∣∣∣ Vx + ṽ
Vy

∣∣∣∣)( Vx + ṽ
Vy

)
+ ϑ(ṽ)

(
ṽ
0

)]
+ αz = 0,

(2.14)

with the limiting conditions

V (±∞, y, 0) = 0, V (x,±∞, 0) = 0, z(±∞, y, 0) = 0, z(x,±∞, 0) = 0.
(2.15)

Now we can state our main theorem. We recall that

‖f‖ =
(∫ ∫

|f(x, y)|2dxdy
) 1

2

denotes the classical L2(R2) norm and the Sobolev norm is given by

‖f‖s =

 s∑
j=0

∫ ∫
|Djf(x, y)|2dxdy


1
2

,

where Dj is any differential operator of the form
∂j1

∂xj1
∂j2

∂yj2
with j1 + j2 = j.

Theorem 2.5. Suppose δ and ‖V0‖7 + ‖z0‖6 are sufficiently small. Then there
exists a unique global solution (V (x, y, t), z(x, y, t)) to (2.14)-(2.15) which satisfies

V ∈ W i,∞([0,+∞);H7−i), i = 0, . . . , 7,
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6 CORRADO LATTANZIO AND PIERANGELO MARCATI

and moreover
7∑

k=0

(1 + t)k‖DkV (·, t)‖2 +
6∑

k=0

(1 + t)k+2‖Dkz(·, t)‖2

+
∫ t

0

 7∑
j=1

(1 + τ)j−1‖DjV (·, τ)‖2 +
6∑
j=0

(1 + τ)j+1‖Djz(·, τ)‖2
 dτ

= O(1)
(
‖V0‖27 + ‖z0‖26 + δ

)
.(2.16)

Remark 2.6. In view of the Sobolev embeddings, the estimate (2.16) of theo-
rem 2.5 and the estimate (2.10) of remark 2.2 imply that the C4 norm of V (x, y, t)
and Ṽ (x, t) decays in time with polynomial rates. Therefore, the same kind of C4

convergence holds also for the quantity

V(x, y, t) =
∫ x

−∞
(v(ξ, y, t)− v(ξ + x0, t)− v̂(ξ, t)) dξ.

Hence, the full 2-D solution converges toward the plane wave with the same rates
established in [HL92, Nis96] for the 1-D problem.

3. The Proof of the Main Theorem

In this section we deal with the proof of the theorem 2.5, namely, the proof of
the asymptotic behavior (2.16). We achieve this result by using energy methods,
together with a continuation principle. As usual in this framework, we start with
an a priori assumption

N(T ) = sup
0<t<T

{
7∑

k=0

(1 + t)k
[
‖∂kxV (·, t)‖2 + ‖∂kyV (·, t)‖2

]
+

6∑
k=0

(1 + t)k+2
[
‖∂kxz(·, t)‖2 + ‖∂kyz(·, t)‖2

]}
≤ ε.(3.1)

Let us use the following notations

ϑ = ϑ

(∣∣∣∣ Vx + ṽ
Vy

∣∣∣∣), ϑ̃ = ϑ(ṽ).

In the next lemma, we establish some useful properties of the nonlinear function ϑ.

Lemma 3.1. Let ϑ be a smooth function such that σ(λ) = ϑ(λ)λ satisfies
σ′(0) > 0 and σ′′(λ)λ > 0 for any λ 6= 0. Then ϑ′(λ)λ > 0 for any λ 6= 0.

The following lemma concerns the bound of the H1 norm of the solution V .

Lemma 3.2. Suppose ε, δ and ‖V0‖27 + ‖z0‖26 are sufficiently small. Then

‖V (t)‖21 + ‖z(t)‖2 +
∫ t

0

(
‖Vx(τ)‖2 + ‖Vy(τ)‖2 + ‖z(τ)‖2

)
dτ

= O(1)
(
‖V0‖21 + ‖z0‖2 + δ

)
.(3.2)

168



STABILITY OF PLANE DIFFUSION WAVES 7

Proof. The system (2.14) can be rewritten as a hyperbolic equation for the
function V

Vtt − div
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)]
+ αVt = 0,(3.3)

which can be linearized as follows

Vtt − div
[
ϑ̃

(
Vx
Vy

)]
+ αVt = div

[
(ϑ− ϑ̃)

(
Vx + ṽ
Vy

)]
= F.(3.4)

Multiplying (3.4) for Vt + λV and integrating on dxdy one has

1
2
d

dt

∫ ∫ [
V 2
t + 2λV Vt + ϑ̃(V 2

x + V 2
y ) + αλV 2

]
dxdy

+
∫ ∫ [

(α− λ)V 2
t + λϑ̃(V 2

x + V 2
y )
]
dxdy

=
1
2

∫ ∫
ϑ̃t(V 2

x + V 2
y )dxdy +

∫ ∫
(Vt + λV )Fdxdy.(3.5)

The left hand side of the above relation clearly gives the quantity we have to
estimate, once we control the product V Vt in terms of V 2 and V 2

t , which is possible
by choosing an appropriate small value for the constant λ. Therefore, we have to
estimate the right hand side of (3.5) to conclude the proof. We start by investigating

the term
∫ ∫

zFdxdy. To this end, we introduce the functionH : R2 −→ R defined

by

H(|P |) =
∫ |P |
ev

sϑ(s)ds, P ∈ R2.

With the notation

G =
(
Vx + ṽ
Vy

)
,

this term becomes∫ ∫
zFdxdy = −

∫ ∫ (
Vx
Vy

)
t

·
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)
− ϑ̃

(
Vx
Vy

)]
dxdy

= − d

dt

∫ ∫ [
H(|G|)− ϑ̃ṽVx −

1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

+
∫ ∫ (

ṽ
0

)
t

·
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)]
dxdy

−
∫ ∫

Vx(ϑ̃tṽ − ṽtϑ̃)dxdy − 1
2

∫ ∫
ϑ̃t(V 2

x + V 2
y )dxdy

= − d

dt

∫ ∫ [
H(|G|)− ϑ̃ṽVx −

1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

− 1
2

∫ ∫
ϑ̃t(V 2

x + V 2
y )dxdy +

∫ ∫ (
ṽ
0

)
t

·
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)
− ϑ̃′

(
ṽ
0

)
Vx − ϑ̃

(
Vx
Vy

)]
dxdy.
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8 CORRADO LATTANZIO AND PIERANGELO MARCATI

With the above equality, we can rewrite the right hand side of (3.5) as follows

− λ
∫ ∫

(ϑ− ϑ̃)
(
Vx
Vy

)
·
(
Vx + ṽ
Vy

)
dxdy

− d

dt

∫ ∫ [
H(|G|)− ϑ̃ṽVx −

1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

+
∫ ∫ (

ṽ
0

)
t

·
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)
− ϑ̃′

(
ṽ
0

)
Vx

− ϑ̃

(
Vx
Vy

)]
dxdy = I1 + I2 + I3.(3.6)

Thus, we have to estimate the terms I1 + I2 + I3 in (3.6). Since

ϑ− ϑ̃ = ϑ̃′Vx +O
(
V 2
x + V 2

y

)
,

combining the result of lemma 3.1 and the a priori assumption (3.1), we get

I1 = −λO(1)
∫ ∫

ϑ̃′ṽV 2
x dxdy + λεO(1)

∫ ∫
(V 2
x + V 2

y )dxdy

≤ λεO(1)
∫ ∫

(V 2
x + V 2

y )dxdy.

The Taylor expansion of the functions H(|P |) and ϑ(|P |)P yields

H(|G|)− ϑ̃ṽVx −
1
2
ϑ̃(V 2

x + V 2
y ) =

1
2
ϑ̃′ṽV 2

x +O
(
V 3
x + V 3

y

)
(3.7)

and

ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)
− ϑ̃′

(
ṽ
0

)
Vx − ϑ̃

(
Vx
Vy

)
= O

(
V 2
x + V 2

y

)
.

Hence, in view of (2.4), (2.5), (2.10) and (3.1), the previous relation implies

|I3| = O(1)
∫ ∫

|ṽt|
(
|Vx|2 + |V 2

y |
)
dxdy =

O(1)δ
(1 + t)2

.

Finally, integrating (3.7) in dt and using again lemma 3.1 and (3.1), we get∫ t

0

I2ds =
1
2

∫ ∫
ϑ̃′ṽV 2

x dxdy + εO(1)
∫ ∫ (

V 2
x + V 2

y

)
dxdy +O(1)‖V0‖1

≤ εO(1)
∫ ∫ (

V 2
x + V 2

y

)
dxdy +O(1)‖V0‖1.

Therefore, integrating (3.5) in dt, for δ, ε and λ small enough, it follows (3.2).

The previous lemma gives a bound of the H1 norm of V , without any decay prop-
erty.We can improve the estimate (3.2) by showing the first convergence result for
the functions V and z. The proof of such property is based essentially on the decays
of the 1-D solution ṽ contained in (2.4), (2.5) and (2.10).

Lemma 3.3. Suppose ε, δ and ‖V0‖27 + ‖z0‖26 are sufficiently small. Then

(1 + t)
(
‖Vx(t)‖2 + ‖Vy(t)‖2 + ‖z(t)‖2

)
+
∫ t

0

(1 + τ)‖z(τ)‖2dτ

= O(1)
(
‖V0‖21 + ‖z0‖2 + δ

)
.
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STABILITY OF PLANE DIFFUSION WAVES 9

Proof. We multiply the linearized equation (3.4) by (1+t)Vt. Therefore, after
integrating in dxdy we obtain

1
2
d

dt

∫ ∫
(1 + t)

[
V 2
t + ϑ̃(V 2

x + V 2
y )
]
dxdy +

∫ ∫
α(1 + t)V 2

t dxdy

=
1
2

∫ ∫
(1 + t)ϑ̃t(V 2

x + V 2
y )dxdy +

1
2

∫ ∫ [
V 2
t + ϑ̃(V 2

x + V 2
y )
]
dxdy

+
∫ ∫

(1 + t)VtFdxdy = I1 + I2 + I3.(3.8)

The results of lemma 3.2 yield

I2 = O(1)
(
‖V0‖21 + ‖z0‖2 + δ

)
.

With the previous notations, we have

I3 = − d

dt

∫ ∫
(1 + t)

[
H(|G|)− ϑ̃ṽVx −

1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

+
∫ ∫ [

H(|G|)− ϑ̃ṽVx −
1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

− 1
2

(1 + t)
∫ ∫

ϑ̃t(V 2
x + V 2

y )dxdy +
∫ ∫

(1 + t)
(
ṽ
0

)
t

·
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)
− ϑ̃′

(
ṽ
0

)
Vx − ϑ̃

(
Vx
Vy

)]
dxdy.

Therefore,

I1 + I3 = − d

dt

∫ ∫
(1 + t)

[
H(|G|) − ϑ̃ṽVx −

1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

+
∫ ∫ [

H(|G|)− ϑ̃ṽVx −
1
2
ϑ̃(V 2

x + V 2
y )
]
dxdy

+
∫ ∫

(1 + t)
(
ṽ
0

)
t

·
[
ϑ

(
Vx + ṽ
Vy

)
− ϑ̃

(
ṽ
0

)
− ϑ̃′

(
ṽ
0

)
Vx − ϑ̃

(
Vx
Vy

)]
dxdy = J1 + J2 + J3.

Moreover, proceeding as in the proof of lemma 3.2, we have∫ t

0

J1ds ≤ O(1)ε
∫ ∫

(1 + t)
(
V 2
x + V 2

y

)
dxdy +O(1)‖V0‖1;

J2 ≤ O(1)ε
∫ ∫ (

V 2
x + V 2

y

)
dxdy.

Thus, (3.2) implies ∫ t

0

J2ds = O(1)
(
‖V0‖21 + ‖z0‖2 + δ

)
.

Finally, the last term can be bounded by using again (3.2) and the decay of ṽt

J3 = O(1)
∫ ∫

(1 + t)|ṽt|
(
V 2
x + V 2

y

)
dxdy = O(1)

∫ ∫ (
V 2
x + V 2

y

)
dxdy

= O(1)
(
‖V0‖21 + ‖z0‖2 + δ

)
.
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As before, we conclude the proof integrating (3.8) in dt and choosing δ, ε and λ
small enough.

Now we turn to the study of the estimates for the higher derivatives of V and z.
In the next lemma, we prove the first H2 result, regarding essentially the x and y
derivatives of V and z.

Lemma 3.4. Suppose ε, δ and ‖V0‖27 + ‖z0‖26 are sufficiently small. Then

(1 + t)2(‖Vxx(t)‖2 + ‖Vxy(t)‖2 + ‖Vyy(t)‖2 + ‖zx(t)‖2 + ‖zy(t)‖2)

+
∫ t

0

(1 + τ)
[
‖Vxx(τ)‖2 + ‖Vxy(τ)‖2 + ‖Vyy(τ)‖2

]
dτ

+
∫ t

0

(1 + τ)2
[
‖zx(τ)‖2 + ‖zy(τ)‖2

]
dτ

= O(1)(‖V0‖22 + ‖z0‖21 + δ).

Proof. We start by differentiating the linearized equation (3.4) in x and y in
order to have

Ztt − div
[
ϑ̃

(
Zx
Zy

)]
+ αZt = Fx + div

[
ϑ̃x

(
Z
W

)]
(3.9)

and

Wtt − div
[
ϑ̃

(
Wx

Wy

)]
+ αWt = Fy,(3.10)

where Z = Vx and W = Vy . We multiply (3.9) for Zt and we integrate on dxdy
and we obtain

1
2
d

dt

∫ ∫ [
Z2
t + ϑ̃

(
Z2
x + Z2

y

)]
dxdy + α

∫ ∫
Z2
t dxdy

=
1
2

∫ ∫
ϑ̃t
(
Z2
x + Z2

y

)
dxdy +

∫ ∫
ZtFxdxdy

+
∫ ∫

Zt div
[
ϑ̃x

(
Z
W

)]
dxdy = I1 + I2 + I3.(3.11)

Due to (2.4), (2.5) and (2.10), the first term is estimated as follows

|I1| = O(1)δ
∫ ∫ (

Z2
x + Z2

y

)
dxdy.

Moreover, the last term can be bounded by using also the Young inequality

I3 =
∫ ∫ [

Zt
(
ϑ̃xxVx + ϑ̃xZx + ϑ̃xWy

)]
dxdy ≤ Eα

∫ ∫
Z2
t dxdy

+ O(1)(1 + t)−2

∫ ∫
V 2
x dxdy +O(1)δ

∫ ∫ (
Z2
x +W2

y

)
dxdy,

where Eα is a small positive constant (depending only on α) which will be chosen
afterwards. Now, let us consider the second term in the right-hand-side of (3.11).
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Integration by parts yields

I2 = −
∫ ∫ (

Vxxt
vxyt

)
·
(

(ϑ− ϑ̃)
(
Vx + ṽ
Vy

))
x

dxdy

= −
∫ ∫

Vxxt

[
(ϑ− ϑ̃)x(Vx − ṽ) + (ϑ− ϑ̃)(Vxx − ṽx)

]
dxdy

−
∫ ∫

Vxyt

[
(ϑ− ϑ̃)xVy + (ϑ− ϑ̃)Vxy

]
dxdy

= J1 + J2 + J3 + J4.

Developing the x-derivative of ϑ− ϑ̃, J1 becomes

J1 = −
∫ ∫

Vxxt

[
ϑ′(Vx − ṽ)
|G| Vxx +

ϑ′Vy
|G| Vxy

+
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽx

]
(Vx − ṽ)dxdy,

where G represent again the vector
(
Vx + ṽ
Vy

)
. We examine the terms in J1 one

by one.

−
∫ ∫

Vxxt
ϑ′(Vx − ṽ)2

|G| Vxxdxdy = −1
2
d

dt

∫ ∫
ϑ′(Vx − ṽ)2

|G| Z2
xdxdy

+O(1)(ε + δ)
∫ ∫

Z2
xdxdy.

We emphasize that the total derivative with respect to t in the above relation has
the “right” sign for ε small enough, because

ϑ′(Vx − ṽ)2

|G|

∣∣∣∣
Vx=Vy=0

= ϑ̃′ṽ > 0,

thanks to lemma 3.1. The last term in J1 can be treated as follows

−
∫ ∫

Vxxt(Vx − ṽ)
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽxdxdy

=
∫ ∫

Vxt(Vx − ṽ)x

(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽxdxdy

+
∫ ∫

Vxt(Vx − ṽ)
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽxxdxdy

+
∫ ∫

Vxt(Vx − ṽ)
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
x

ṽxdxdy.(3.12)

Since
ϑ′(Vx − ṽ)
|G| − ϑ̃′ = O (|Vx|+ |Vy |) ,

in view of (2.4), (2.5) and (2.10) and using the Young inequality, the first two terms
in (3.12) are bounded by

O(1)
∫ ∫

|Zt||Vx| (|ṽxx|+ |ṽx||Vxx + ṽx|) dxdy ≤ Eα
∫ ∫

Z2
t dxdy

+O(1)(1 + t)−2

∫ ∫
V 2
x dxdy.
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Evaluating the x-derivative in the last part of (3.12) we prove that this quantity is
controlled by

O(1)
∫ ∫

|Zt||ṽx| [|Vxx|+ |ṽx| (|Vx|+ |Vy|) + |Vy ||Vxy|+ |Vxx| (|Vx|+ |Vy |)] dxdy

≤ Eα
∫ ∫

Z2
t dxdy +O(1)(1 + t)−2

∫ ∫ (
V 2
x + V 2

y

)
dxdy

+O(1)δ
∫ ∫ (

Z2
x + Z2

y

)
dxdy.

The remaining term of J1

−
∫ ∫

Vxxt
ϑ′(Vx + ṽ)
|G| VyVxydxdy(3.13)

can not be bounded for the moment: it will become a part of a total derivative
with respect to t. Let us turn now on

J2 =
∫ ∫

Vxxt(ϑ− ϑ̃)Vxxdxdy −
∫ ∫

Vxxt(ϑ− ϑ̃)ṽxdxdy.

An integration by part in the last term gives∫ ∫
Zt
[
(ϑ− ϑ̃)xṽx + (ϑ− ϑ̃)ṽxx

]
dxdy

= O(1)
∫ ∫

|Zt|
[
|ṽx||Vxx|+ |ṽx||Vy||Vxy|+ |ṽx|2 (|Vx|+ |Vy |)

+ |ṽx||ṽxx| (|Vx|+ |Vy|)] dxdy

≤ Eα
∫ ∫

Z2
t dxdy +O(1)(1 + t)−2

∫ ∫ (
V 2
x + V 2

y

)
dxdy

+O(1)δ
∫ ∫ (

Z2
x + Z2

y

)
dxdy,

by using also ϑ− ϑ̃ = O (|Vx|+ |Vy|). Moreover, the first term is equal to

− 1
2
d

dt

∫ ∫
(ϑ− ϑ̃)Z2

xdxdy +
1
2

∫ ∫
(ϑ− ϑ̃)tZ2

xdxdy

= −1
2
d

dt

∫ ∫
(ϑ− ϑ̃)Z2

xdxdy +O(1)(ε + δ)
∫ ∫

Z2
xdxdy.

Proceeding in the same way, we bound J4

J4 = −1
2
d

dt

∫ ∫
(ϑ− ϑ̃)Z2

ydxdy +
1
2

∫ ∫
(ϑ− ϑ̃)tZ2

ydxdy

= −1
2
d

dt

∫ ∫
(ϑ− ϑ̃)Z2

ydxdy +O(1)(ε + δ)
∫ ∫

Z2
ydxdy.

Finally, the last term is

J3 = −
∫ ∫

Vxyt

[
ϑ′(Vx − ṽ)
|G| Vxx +

ϑ′Vy
|G| Vxy

+
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽx

]
Vydxdy.
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As before, the term

−
∫ ∫

Vxyt
ϑ′(Vx − ṽ)
|G| VxxVydxdy(3.14)

will be considered later. By using arguments similar to the previous ones, we get

−
∫ ∫

Vxyt
ϑ′V 2

y

|G| Vxydxdy = −1
2
d

dt

∫ ∫
ϑ′V 2

y

|G| Z
2
ydxdy

+O(1)(ε + δ)
∫ ∫

Z2
ydxdy

−
∫ ∫

VxytVy ṽx

(
ϑ′(Vx + ṽ)
|G| − ϑ̃′

)
dxdy

= −
∫ ∫

VxtVyy ṽx

(
ϑ′(Vx + ṽ)
|G| − ϑ̃′

)
dxdy

−
∫ ∫

VxtVy ṽx

(
ϑ′(Vx + ṽ)
|G| − ϑ̃′

)
y

dxdy.(3.15)

As before, the first term of (3.15) is bounded by

O(1)
∫ ∫

|Zt||ṽx||Wy| (|Vx|+ |Vy|) dxdy ≤ Eα
∫ ∫

Z2
t dxdy

+O(1)δ
∫ ∫

W2
ydxdy,

while the second is studied by developing the y-derivative∫ ∫
VxtVy ṽx

(
ϑ′(Vx + ṽ)
|G| − ϑ̃′

)
y

dxdy

= O(1)
∫ ∫

|Zt||ṽx||Vy| (|Zy |+ |Wy||Vy |) dxdy

≤ Eα
∫ ∫

Z2
t dxdy +O(1)δ

∫ ∫ (
Z2
y +W2

y

)
dxdy.

Grouping together (3.13) and (3.14) we get

−
∫ ∫

ϑ′(Vx − ṽ)
|G| Vy (VxxtVxy + VxytVxx) dxdy

= − d

dt

∫ ∫
ϑ′(Vx − ṽ)
|G| VyZxZydxdy +O(1)(ε + δ)

∫ ∫ (
Z2
x + Z2

y

)
dxdy.

Therefore, the relation (3.11) becomes

1
2
d

dt

∫ ∫ [
Z2
t + ϑ̃

(
Z2
x + Z2

y

)]
dxdy + α

∫ ∫
Z2
t dxdy

≤ Eα
∫ ∫

Z2
t dxdy +O(1)(ε + δ)

∫ ∫ (
Z2
x + Z2

y +W2
y

)
dxdy

− 1
2
d

dt

∫ ∫ [
ϑ′(Vx − ṽ)2

|G| Z2
x + (ϑ− ϑ̃)(Z2

x + Z2
y ) +

ϑ′V 2
y

|G| Z
2
y

+2
ϑ′(Vx − ṽ)
|G| VyZxZy

]
dxdy +O(1)(1 + t)−2

∫ ∫ (
V 2
x + V 2

y

)
dxdy.(3.16)
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We pass now to the estimates regarding the quantity W = Vy. Multiplying (3.10)
by Wt and integrating by part one has

1
2
d

dt

∫ ∫ [
W2
t + ϑ̃

(
Z2
y +W2

y

)]
dxdy + α

∫ ∫
W2
t dxdy

=
1
2

∫ ∫
ϑ̃
(
Z2
y +W2

y

)
dxdy +

∫ ∫
WtFydxdy = I1 + I2.(3.17)

As we did in the previous estimate, the first term is easily bounded in the following
way

|I1| = O(1)δ
∫ ∫ (

Z2
y +W2

y

)
dxdy.

Moreover,

I2 = −
∫ ∫ (

Vxyt
vyyt

)
·
(

(ϑ− ϑ̃)
(
Vx + ṽ
Vy

))
y

dxdy

= −
∫ ∫

Vxyt

[
ϑy(Vx − ṽ) + (ϑ− ϑ̃)Vxy

]
dxdy

−
∫ ∫

Vyyt

[
ϑyVy + (ϑ− ϑ̃)Vyy

]
dxdy

= J1 + J2 + J3 + J4.

Hence,

J1 = −
∫ ∫

Vxyt(Vx + ṽ)
[
ϑ′(Vx + ṽ)
|G| Vxy +

ϑ′Vy
|G| Vyy

]
dxdy

= −1
2
d

dt

∫ ∫
Z2
y

ϑ′(Vx + ṽ)2

|G| dxdy +O(1)(ε + δ)
∫ ∫

Z2
ydxdy

−
∫ ∫

ϑ′(Vx + ṽ)
|G| VyVxytVyydxdy,

where, as before, the first term has the “right” sign, while the last term will be
studied in the sequel. The terms J2 and J4 are similar to those we considered
above

J2 = −1
2
d

dt

∫ ∫
(ϑ− ϑ̃)Z2

ydxdy +O(1)(ε + δ)
∫ ∫

Z2
ydxdy;

J4 = −1
2
d

dt

∫ ∫
(ϑ− ϑ̃)W2

ydxdy +O(1)(ε + δ)
∫ ∫

W2
ydxdy.

Evaluating ϑy in J3, we get

J3 = −
∫ ∫

VyytVy

[
ϑ′(Vx + ṽ)
|G| Vxy +

ϑ′Vy
|G| Vyy

]
dxdy

= −1
2
d

dt

∫ ∫
W2
y

ϑ′V 2
y

|G| dxdy +O(1)(ε + δ)
∫ ∫

W2
ydxdy

−
∫ ∫

ϑ′(Vx + ṽ)
|G| VyVyytVxydxdy.

176



STABILITY OF PLANE DIFFUSION WAVES 15

Finally,

−
∫ ∫

ϑ′(Vx − ṽ)
|G| Vy (VxytVyy + VyytVxy) dxdy

= − d

dt

∫ ∫
ϑ′(Vx − ṽ)
|G| VyZyWydxdy +O(1)(ε + δ)

∫ ∫ (
Z2
y +W2

y

)
dxdy.

Thus, (3.17) can be rewritten as follows

1
2
d

dt

∫ ∫ [
W2
t + ϑ̃

(
Z2
y +W2

y

)]
dxdy + α

∫ ∫
W2
t dxdy

= O(1)(ε + δ)
∫ ∫ (

Z2
y +W2

y

)
dxdy

− 1
2
d

dt

∫ ∫ [
ϑ′(Vx − ṽ)2

|G| Z2
y + (ϑ− ϑ̃)(Z2

y +W2
y ) +

ϑ′V 2
y

|G| W
2
y

+2
ϑ′(Vx − ṽ)
|G| VyZyWy

]
dxdy.(3.18)

Now we multiply (3.9) for λZ, where, as in lemma 3.2, λ is a small, nonnegative
constant which will be chosen at the end. Integration in dxdy yields

1
2
d

dt

∫ ∫ [
λαZ2 + 2λZZt

]
dxdy + λ

∫ ∫
ϑ̃
(
Z2
x + Z2

y

)
dxdy

− λ
∫ ∫

Z2
t dxdy = λ

∫ ∫
Z div

[
ϑ̃x

(
Z
W

)]
dxdy

+ λ

∫ ∫
ZFxdxdy = I1 + I2.(3.19)

Young inequality implies

I2 = −λ
∫ ∫

Zxϑ̃xVxdxdy + λ

∫ ∫
Wyϑ̃xVxdxdy

≤ λE
eϑ

∫ ∫ (
Z2
x +W2

y

)
dxdy + λO(1)(1 + t)−1

∫ ∫
V 2
x dxdy,

where E
eϑ is a small, positive constant, depending only on the (positive) quantity

min {ϑ(v) : v ∈ [−‖ṽ‖∞,+‖ṽ‖∞]} ,

which will be chosen afterwards. Moreover,

I2 = −λ
∫ ∫ (

Vxx
vxy

)
·
(

(ϑ− ϑ̃)
(
Vx + ṽ
Vy

))
x

dxdy

= −λ
∫ ∫

Vxx

[
(ϑ− ϑ̃)x(Vx − ṽ) + (ϑ− ϑ̃)(Vxx − ṽx)

]
dxdy

− λ
∫ ∫

Vxy

[
(ϑ− ϑ̃)xVy + (ϑ− ϑ̃)Vxy

]
dxdy

= J1 + J2 + J3 + J4.

177



16 CORRADO LATTANZIO AND PIERANGELO MARCATI

As in the previous calculations,

J1 = −λ
∫ ∫

Vxx

[
ϑ′(Vx − ṽ)
|G| Vxx +

ϑ′Vy
|G| Vxy

+
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽx

]
(Vx − ṽ)dxdy

≤ λO(1)ε
∫ ∫ (

Z2
x + Z2

y

)
dxdy + λO(1)

∫ ∫
|Zx||ṽx| (|Vx|+ |Vy |) dxdy

≤ λO(1)ε
∫ ∫ (

Z2
x + Z2

y

)
dxdy + λE

eϑ

∫ ∫
Z2
xdxdy

+ λO(1)(1 + t)−1

∫ ∫ (
V 2
x + V 2

y

)
dxdy,

since the first term in J1,

−λ
∫ ∫

ϑ′(Vx + ṽ)2

|G| V 2
xxdxdy,

is negative for ε sufficiently small, as we pointed out previously. Moreover,

J2 = −λO(1)ε
∫ ∫

Z2
xdxdy + λE

eϑ

∫ ∫
Z2
xdxdy

+ λO(1)(1 + t)−1

∫ ∫ (
V 2
x + V 2

y

)
dxdy;

J4 = λO(1)
∫ ∫

Z2
ydxdy.

Finally,

J3 = −λ
∫ ∫

Vxy

[
ϑ′(Vx − ṽ)
|G| Vxx +

ϑ′Vy
|G| Vxy

+
(
ϑ′(Vx − ṽ)
|G| − ϑ̃′

)
ṽx

]
Vydxdy

≤ λO(1)ε
∫ ∫ (

Z2
x + Z2

y

)
dxdy + λO(1)ε

∫ ∫
Z2
ydxdy

+ λO(1)
∫ ∫

|Zy||ṽx||Vy| (|Vx|+ |Vy |) dxdy

≤ λO(1)ε
∫ ∫ (

Z2
x + Z2

y

)
dxdy + λE

eϑ

∫ ∫
Z2
xdxdy

+ λO(1)(1 + t)−1

∫ ∫ (
V 2
x + V 2

y

)
dxdy.

Thus, the relation (3.19) becomes
1
2
d

dt

∫ ∫ [
λαZ2 + 2λZZt

]
dxdy + λ

∫ ∫
ϑ̃
(
Z2
x + Z2

y

)
dxdy

− λ
∫ ∫

Z2
t dxdy ≤ λEeϑ

∫ ∫ (
Z2
x + Z2

y +W2
y

)
dxdy

+ λεO(1)
∫ ∫ (

Z2
x + Z2

y

)
dxdy

+ λO(1)(1 + t)−1

∫ ∫ (
V 2
x + V 2

y

)
dxdy.(3.20)
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A similar estimate can be achieved for the quantity W , by multiplying (3.10) by
λW . Therefore, proceeding as before, we end up to a relation of the form

1
2
d

dt

∫ ∫ [
λαW2 + 2λWWt

]
dxdy + λ

∫ ∫
ϑ̃
(
Z2
y +W2

y

)
dxdy

− λ
∫ ∫

W2
t dxdy ≤ λO(1)ε

∫ ∫ (
Z2
y +W2

y

)
dxdy.(3.21)

Summing the estimates (3.16), (3.18), (3.20) and (3.21) we get

1
2
d

dt

∫ ∫ [
Z2
t + ϑ̃

(
Z2
x + Z2

y

)]
dxdy + (α− λ)

∫ ∫
Z2
t dxdy

+
1
2
d

dt

∫ ∫ [
W2
t + ϑ̃

(
Z2
y +W2

y

)]
dxdy + (α− λ)

∫ ∫
W2
t dxdy

+
1
2
d

dt

∫ ∫ [
λαZ2 + 2λZZt

]
dxdy + λ

∫ ∫
ϑ̃
(
Z2
x + Z2

y

)
dxdy

+
1
2
d

dt

∫ ∫ [
λαW2 + 2λWWt

]
dxdy + λ

∫ ∫
ϑ̃
(
Z2
y +W2

y

)
dxdy

≤ Eα
∫ ∫

Z2
t dxdy +O(1)(ε + δ)

∫ ∫ (
Z2
x + Z2

y +W2
y

)
dxdy

− 1
2
d

dt

∫ ∫ [
ϑ′(Vx − ṽ)2

|G| Z2
x + (ϑ− ϑ̃)(Z2

x + Z2
y ) +

ϑ′V 2
y

|G| Z
2
y

+2
ϑ′(Vx − ṽ)
|G| VyZxZy

]
dxdy +O(1)(1 + t)−2

∫ ∫ (
V 2
x + V 2

y

)
dxdy

+O(1)(ε + δ)
∫ ∫ (

Z2
y +W2

y

)
dxdy

− 1
2
d

dt

∫ ∫ [
ϑ′(Vx − ṽ)2

|G| Z2
y + (ϑ− ϑ̃)(Z2

y +W2
y ) +

ϑ′V 2
y

|G| W
2
y

+2
ϑ′(Vx − ṽ)
|G| VyZyWy

]
dxdy + λE

eϑ

∫ ∫ (
Z2
x + Z2

y +W2
y

)
dxdy

+ λεO(1)
∫ ∫ (

Z2
x + Z2

y

)
dxdy + λO(1)(1 + t)−1

∫ ∫ (
V 2
x + V 2

y

)
dxdy

+ λO(1)ε
∫ ∫ (

Z2
y +W2

y

)
dxdy.

At this point, we choose λ, ε, δ, Eα, E
eϑ sufficiently small and we control the

products ZZt and WWt in order to have

d

dt

∫ ∫ [
Z2
t +W2

t + ϑ̃
(
Z2
x + Z2

y +W2
y

)
+ λ(Z +W)

]
dxdy

+
∫ ∫ [

Z2
t +W2

t + λϑ̃
(
Z2
x + Z2

y +W2
y

)]
dxdy

≤ −1
2
d

dt

∫ ∫ [
ϑ′(Vx − ṽ)2

|G| Z2
x + (ϑ− ϑ̃)(Z2

x + Z2
y ) +

ϑ′V 2
y

|G| Z
2
y
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+2
ϑ′(Vx − ṽ)
|G| VyZxZy

]
dxdy +O(1)(1 + t)−2

∫ ∫ (
V 2
x + V 2

y

)
dxdy

− 1
2
d

dt

∫ ∫ [
ϑ′(Vx − ṽ)2

|G| Z2
y + (ϑ− ϑ̃)(Z2

y +W2
y ) +

ϑ′V 2
y

|G| W
2
y

+2
ϑ′(Vx − ṽ)
|G| VyZyWy

]
dxdy

+ λO(1)(1 + t)−1

∫ ∫ (
V 2
x + V 2

y

)
dxdy.(3.22)

Hence, we integrate (3.22) in dt and, using the relations

|ϑ− ϑ̃| = O(1)ε

|Vy| = O(1)ε

ϑ′(Vx − ṽ)2

|G| > 0 for ε << 1,

we get the first H2 estimate

‖Vxx(t)‖2 + ‖Vxy(t)‖2 + ‖Vyy(t)‖2 + ‖zx(t)‖2 + ‖zy(t)‖2

+
∫ t

0

(
‖Vxx(τ)‖2 + ‖Vxy(τ)‖2 + ‖Vyy(τ)‖2 + ‖zx(τ)‖2 + ‖zy(τ)‖2

)
dτ

= O(1)
(
‖V0‖22 + ‖z0‖21 + δ

)
.

Moreover, we first multiply (3.22) by (1 + t) and then we integrate in dt to get
(using the relations and the estimate above)

(1 + t)
[
‖Vxx(t)‖2 + ‖Vxy(t)‖2 + ‖Vyy(t)‖2 + ‖zx(t)‖2 + ‖zy(t)‖2

]
+
∫ t

0

(1 + τ)
[
‖Vxx(τ)‖2 + ‖Vxy(τ)‖2 + ‖Vyy(τ)‖2 + ‖zx(τ)‖2 + ‖zy(τ)‖2

]
dτ

= O(1)
(
‖V0‖22 + ‖z0‖21 + δ

)
.

Finally, we consider (3.22) for λ = 0 and we multiply it by (1 + t)2. Integrating the
relation obtained in dt and using all the relations above, we end up with the last
estimate we need to conclude the proof.

The differentiation of the equation (3.4) with respect to t gives a better asymptotic
result, contained in the following lemma. This phenomenon follows from the fact
that the t-derivatives of v (and hence of ṽ) have better asymptotic decays than the
x-derivatives of v.

Lemma 3.5. Suppose ε, δ and ‖V0‖27 + ‖z0‖26 are sufficiently small. Then

(1 + t)2‖z(t)‖2 + (1 + t)3(‖zt(t)‖2 + ‖zx(t)‖2 + ‖zy(t)‖2)

+
∫ t

0

[
(1 + τ)2(‖zx(τ)‖2 + ‖zy(τ)‖2) + (1 + τ)3‖zt(τ)‖2

]
dτ

= O(1)
(
‖V0‖22 + ‖z0‖21 + δ

)
.

The proof of this lemma follows step by step the proof of lemma 3.4 and it
is omitted. Finally, iterating the procedure, it is possible to prove the following
lemmas.
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Lemma 3.6. Suppose ε, δ and ‖V0‖27 + ‖z0‖26 are sufficiently small. Then, for
any k ≤ 6,

(1 + t)k+1‖Dk+1V (t)‖2 + (1 + t)k+1‖Dkz(t)‖2

+
∫ t

0

(1 + τ)k‖Dk+1V (τ)‖2dτ +
∫ t

0

(1 + τ)k+1‖Dkz(τ)‖2dτ

= O(1)
(
‖V0‖2k+1 + ‖z0‖2k + δ

)
.

Lemma 3.7. Suppose ε, δ and ‖V0‖27 + ‖z0‖26 are sufficiently small. Then, for
any k ≤ 6,

(1 + t)k+2‖Dkz(t)‖2 + (1 + t)k+2‖Dk−1zt(t)‖2

+
∫ t

0

(1 + τ)k+1‖Dkz(τ)‖2dτ +
∫ t

0

(1 + τ)k+2‖Dk−1zt(τ)‖2dτ

= O(1)
(
‖V0‖2k+1 + ‖z0‖2k + δ

)
.

Remark 3.8. Since the nonlinear function ϑ depends on Vx and Vy , in order to
compute the energy estimates, we have to bound the H4 norm of V , so we bound,
by Sobolev embedding (in 2-D), the L∞ norm of Vx and Vy . However, the trilinear
terms which appears in the energy estimates to achieve the H4 bounds are of the
form

DαV DβV DγV,

with |α| + |β| + |γ| ≤ 10. Therefore, since in all the terms of the H4 estimate we
must have α, β, γ ≤ 4, there are terms with the property α, β, γ ≥ 3. Therefore,
the H4 bounds are not enough to close the estimate and we need at least H6 to
control third derivatives in L∞. With a simple argument, we can prove that the
H7 norm is enough to close the proof. Indeed, in the H7 case, the trilinear terms
are of the form

DαV DβV DγV,

with |α|+ |β|+ |γ| ≤ 16. Thus, the terms with the maximum number of derivatives
can be reduced, by integration by parts, in one of the two following forms:

∂tD
7V D7V D1V

D7V DαV DβV,

with |α|+ |β| = 9. The first term can be written as a total derivative with respect
to t and it is controlled by the energy (using the smallness of |D1V | = O(1)ε). The
second one is no longer trilinear, since now either α or β is less or equal to 4 and
hence either DαV or DβV is controlled in L∞.
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