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Asymptotic Stability of Plane Diffusion Waves for the 2-D
Quasilinear Wave Equation

Corrado Lattanzio and Pierangelo Marcati

ABSTRACT. In this paper we consider the asymptotic stability of the solutions
to the nonlinear damped wave equation in 2-D of space. In particular we deal
with initial data which are small perturbation (in Sobolev norms) of a self-
similar plane diffusive profile which solve a related parabolic equation. The
results are achieved by using the classical energy method and in addition we
provide polynomial rates of convergences.

1. Introduction

The present paper is part of a general program of understanding the connections
between nonlinear nonhomogeneous hyperbolic systems and nonlinear parabolic
equations. Concerning these problems, there are several points of view which can be
pieced together in order to have a good comprehension of the underlying dynamics.
Here we are concerned with the large time behavior of the solutions to the following
nonlinear wave equation with a frictional damping term

(1.1) wy — div [ (|Vw|) Vw] + aw, = 0,
' t>0, (vy) €R?,
where a > 0, w = w(x,y,t) € R and ¥(A\) > 0 is a smooth nonlinear function such

that o(A\) = Y(A)A satisfies 0/(0) > 0, ¢/(A\)A > 0 for any A # 0. As usual, we
denote

wx(x7y7 t) = v(x7y7t)7 wy(x7y7 t) = m(x7y7t)7 wt(x7y7t) = u(x7y7t)7
then the equation (1.1) can be reformulated as the following nonlinear hyperbolic
system
Vv — Uy =0
(1.2) me — Uy =0
up — div[J (|p[) p] = —aw,

where p = (v, m).
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We consider solutions of (1.2) which are small perturbations in H?® of a plane
diffusion wave obtained from the caloric self-similar solution to the 1-D parabolic
system related with (1.2)

Ty — Ty =0
(1.3) { o = [0 (7) 7]

x

with limiting conditions
(1.4) U(+o0,t) = vy, T(Eoo,t)=0.

We wish to prove that these perturbed solutions to the full system (1.2) converge
asymptotically, in higher order energy norms, to a related solution of the parabolic
equation (1.3). Actually, this large-time dynamic is somehow decoupled into a
typical 1-D phenomenon (see [HL92, HL93, Nis96]) and a more genuine 2-D
convergence.

This type of analysis has been initiated by the previously mentioned papers
of Hsiao and Liu [HL92, HL93] and later continued by Nishihara [Nis96] in one
space dimension. All of these papers are based completely on the use of the classical
energy techniques and they provide stability and polynomial decay rates. Recently,
in [MM], it has been proved a related result concerning the initial-boundary value
problem.

The asymptotic study for weak solutions of hyperbolic systems with damp-
ing has been carried out in [MM90, MMSS88|, by introducing an appropriate
parabolic-type scaling and then by studying the related relaxation problem via the
theory of compensated compactness. The general 2 x 2 case is treated in [MR],
together with some multi-D results. Recently, the convergence obtained in [MR]
in the general 2 x 2 case, which can be viewed as a convergence “in the mean”, has
been improved in [LR97] to an almost pointwise convergence, by following an idea
of [SX97] for the p-system with linear damping. Related results for semiconductors
hydrodynamic models have been obtained in [MIN95, Nat96, LM, Lat, JR].

In the present paper, we prove that a 2-D perturbation of the plane wave
v(x,t) converges as t T +o00 with polynomial rates to the 1-D solution of [HL92,
Nis96]. In particular, let us denote by v(x,t) this solution, our analysis is based
on the splitting between the 1-D component and the 2-D component of the initial
perturbation ¥ (z,y) = v(x,y,0) — v(x,0), by using the condition

+oo
Y(x,y)dz = 0.

— 00

This zero-mean condition is necessary to avoid interactions between the one dimen-
sional and the two dimensional dynamics, which could destabilize the convergence
process.

In the next section, we will recall some properties of the self-similar solution of
the parabolic equation [HL92] and of the solution of the 1-D hyperbolic problem
[HL92, Nis96]|, which will be useful in the proof of the decay estimates.

The section 3 is devoted to prove the energy estimate which will show the
convergence of the 2-D perturbation of v(xz,t) as t T 00, thanks to the results of
[HL92, Nis96], the convergence of the solutions of (1.2) toward the self-similar
solutions of the parabolic system (1.3).
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2. Statement of the Problem and Main Results

In this section we recall the main results regarding the 1-D problem [HL92,
PVD97, Nis96]. Let us consider the nonlinear diffusion equation

(21) fi= == @) e

with the following conditions at +oo

(2.2) f(£oo,t) = vy, vy >v_ >0.
The problem (2.1)-(2.2) has a caloric self-similar solution

T
vV1i+t

This solution verifies the inequalities [HL92]

3
24) >
k=1
and the pointwise decay estimates for all the derivatives of T can be easily obtained

by differentiating (2.3) in = and ¢

©'(€) _ §'(§)
1+1¢ B '

(2:3) v(:n,t)—sa( ) p(d00) = vz, (€) > 0.

dr 2
@w(f)‘ T 10(6) — vrleso + [9(€) — v_]eco < Cluy — v_le—€,

(2.5) T, =

;

Then, let us consider a solution (@, ) of the 1-D system

U — Uy =0
20 R e

which verifies
27) B(d00,0) = v, @(H00,0) = g

Thus, it is known [HL92, Nis96] that the shift z¢ and the correctors & and v have
the following expressions

Uy — U 1 +oo B B
- - d
o alvy —v_) * vy —U_ / (0(2,0) —v(z,0)) da,

— 00

x
ﬂ(a:, t) = e_o‘t |:U+ + (U+ - U_)/ mo(f)df] y
—00
e e “'mo(z),
—«
+o0o
where my is a nonnegative test function such that / mo(x)dz = 1. Let us denote
—0o0

V)= [ @60 (e +m.0 006 1) de.
Z(x,t) = u(z,t) — u(z,t) —u(z + xo, ).
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With this notation, the problem (2.6)-(2.7) becomes

Vi—2=0
- ~ P BN - 1
Z - [ﬁ(Vx +7+0)(V, +7+8) — 97| +aZ = -7 = —— POV,
B5 N\ V@0 = V@)
Z(z,0) = Zo(x)
Vo(£00) = Zp(£o0) = 0.
Hence, the following theorem holds [HL92, Nis96].
THEOREM 2.1. Suppose § = |vy — v_| + |ux — u_| and |H~/0||3 + ||Zol]2 are

sufficiently small. Then there exists a unique global solution (V(x,t),Z(x,t)) to
(2.8) which satisfies
Ve Wi([0,+00); HY), i=0,...,3,

and moreover
3

YAV O + D (1 + ) ok )7

k=0 k=0

t| 3 2
+ N G i S ks

J=0

(2.9) SCW%M+W%M+5)

REMARK 2.2. By using a recursive procedure, it is possible to improve the
previous result when the initial data are more regular. In particular, the estimate
(2.9) can be achieved for a larger k. For our purposes, we will assume ||Vy|s +
||Zo]|7 < & small enough to have

8 7
YAV I+ D (1 + ) ok, )7
k=0

k=0

t| 8 !
/ZHT“II&JV( I+ 3o+ 17 9EC, )2 | dr

=0

(2.10) < O(IVollg + II%0]13 +8) < Cs.

REMARK 2.3. We know that the solution T of (2.1)-(2.2) is positive. Due to
(2.10) and due to the expression of the corrector U, the difference v — v is O(9).
Therefore, for § sufficiently small, we have v > 0.

Now we analyze the 2-D perturbation of this 1-D solution. Let us consider the
following 2-D system given by the wave equation (1.1)

Vv — Uy =0
(2.11) me — Uy =0
—div[¢ (|p]) p] = —aw,
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where p = (v, m). We choose the initial data v(z,y,0) and v(z,0) so that

+oo
(2.12) / (v(z,y,0) — v(z,0))dz =0

—0o0
and we assume the following limiting conditions
v(£o0,y,t) = vy, v(x, £oo,t) = v(x,t),
(2.13) m(+oo,y,t) =0, m(z, too,t) =0,
u(£o00,y,t) = ure ™, u(z, £oo,t) = u(x, t).

REMARK 2.4. The condition (2.12) implies in particular that the new pertur-
bation due to the difference v(z,y,0) — ¥(z,0) does not affect the shift of the final
plane wave. Therefore, the asymptotic profile of our 2-D solution is selected by the
1-D solution v. This phenomenon provides a big advantage since it allows us to
consider directly the convergence of the 2-D perturbation of v(z,t). Once we know

this kind of convergence, we can simply make use of the estimate (2.10) to show
the asymptotic behavior of the 2-D solution.

As in the 1-D case, we introduce a new set of variables

x

W%%ﬂ=/ (0(€, . 1) — D&, 1)) de

— 00

M(z,y,t) = /y m(z,n, t)dn
2(a,y,1) = ule, ,t) — (1),

and the problem (2.11)-(2.13) can be rewritten as follows

Vi=z

M(z,y,t) =V (z,y,t) + t u(x, s)ds + M(x,y,0) — V(z,y,0)

o] T ) (YT ) o (3] +a o

with the limiting conditions
V(to0,y,0) =0, V(x,+00,0)=0, z(+oo,y,0)=0, z(x,+o00,0)=0.

(2.14)
Ve +70
Vy

(2.15)

Now we can state our main theorem. We recall that

nm—(//umw%m@é

denotes the classical L?(R?) norm and the Sobolev norm is given by

o= (S [ 109 re2daay |
>/

1 9z

Oxir Qyiz

where D7 is any differential operator of the form with j1 + j2 = J.

THEOREM 2.5. Suppose § and ||Vol|7 + ||20ll6 are sufficiently small. Then there
exists a unique global solution (V(x,y,t),z(x,y,t)) to (2.14)-(2.15) which satisfies

Ve Wh([0,4+00); H™Y), i=0,...,7,
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and moreover
7 6
S A+ OFIDEVE O+ Y (14 682 DR ()12
k=0 k=0
+ 7 6
+ / S+ HDIVEDP+ Y (A + 7D a(, 7)) dr
0

j=1 j=0
(2.16)  =0@1) (Vo2 + [[20]2 + ).

REMARK 2.6. In view of the Sobolev embeddings, the estimate (2.16) of theo-
rem 2.5 and the estimate (2.10) of remark 2.2 imply that the C* norm of V (z,y, t)

and V(x, t) decays in time with polynomial rates. Therefore, the same kind of C*
convergence holds also for the quantity

V(:c,y,t) = /_x (’U(fvyat) —5(§ —I—J?(),f,) _%\(gat)) df

Hence, the full 2-D solution converges toward the plane wave with the same rates
established in [HL92, Nis96] for the 1-D problem.

3. The Proof of the Main Theorem

In this section we deal with the proof of the theorem 2.5, namely, the proof of
the asymptotic behavior (2.16). We achieve this result by using energy methods,
together with a continuation principle. As usual in this framework, we start with
an a priori assumption

7
N(T) = sup {Z(lﬂ)’“ 105V (012 + 1oy V (- )17]

0<t<T | 2o

6
(3.1) +§:u+w“2m%dumﬁ+wﬁdﬁmﬂ}é&

k=0
Let us use the following notations

N R A
(]

),5:@@)
In the next lemma, we establish some useful properties of the nonlinear function .

LEMMA 3.1. Let ¥ be a smooth function such that () = Y(A)\ satisfies
o’(0) > 0 and o’ (M)A > 0 for any A # 0. Then ¥ (M)A > 0 for any X # 0.

The following lemma concerns the bound of the H! norm of the solution V.

LEMMA 3.2. Suppose ¢, § and |Vol|2 + ||20|2 are sufficiently small. Then

VOUT + =0 +/O (Va1 + IVy (D1 + ll2(7)1I?) dr
(3.2) =0() (IVollF + llzoll* + ) -
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PrOOF. The system (2.14) can be rewritten as a hyperbolic equation for the
function V'

(3.3) Vtt—div{ﬁ(vm‘;v)—z§<g>}+th—0,
Y

which can be linearized as follows

(34) Vi —div [5( “ff; )] +aV; = div [(19 19)( Vv‘y“’ )} - F

Multiplying (3. 4) for Vi + AV and integrating on dxdy one has
5 // V2420V, + (V2 +V2) + aAv‘ﬂ dady
+ // (0 — NV2+AD(V2 + V;)} dzdy
1 ~
(3.5) = 5//1%(1/5 + V2 )dudy + //(v; + A\V)Fdxdy.

The left hand side of the above relation clearly gives the quantity we have to
estimate, once we control the product V'V; in terms of V2 and V2, which is possible
by choosing an appropriate small value for the constant \. Therefore, we have to
estimate the right hand side of (3.5) to conclude the proof. We start by investigating

the term / / zFdxdy. To this end, we introduce the function H : R?> — R defined
by

H(|P|) = [P sd(s)ds, P € R

With the notation

this term becomes

IEONICHE
(1 o
//{H 1G)) — oV, ——19(V2+V2)} dady
I ) e
// ﬁtv—vtﬁdxdy——//ﬁt (V2 + V,))dwdy
—//[H(|G|)—q%‘vx——ﬂ(VerVj)} dzdy )
b f s [ (5) B (57)
() (5)-a( )
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With the above equality, we can rewrite the right hand side of (3.5) as follows

S foo () (5 )

_ %// [H(|G|) — GOV, — V2 + V;’)] ddy

v Ve +v ~( v ~ (v
[ 100), T )-2(5)-7(5)w
~( V.
Vy
Thus, we have to estimate the terms I1 + I + I3 in (3.6). Since
0 -9 =0V, +0 (V2+V2),

combining the result of lemma 3.1 and the a priori assumption (3.1), we get
I, = —A0(1)//5’Wﬁdmdy + A50(1)//(V§ + V) dzdy

< 2e0(1) / / (V2 + V2)dudy.
The Taylor expansion of the functions H(|P|) and (| P|)P yields

-~ 1~ 1~
(3.7) H(|G|) — 90V, — 519(V33 +V)) = Eﬁ’vVﬁ +0(V2+V))

() -0(3) (5 ) oo

Hence, in view of (2.4), (2.5), (2.10) and (3.1), the previous relation implies

1 =00) [ [l Vel + V1) oy = 208

Finally, integrating (3.7) in dt and using again lemma 3.1 and (3.1), we get

t 1 .
/ Lods = 5//ﬂ'ﬁ/jdxc@+50(1)//(V;Jrvj) dady + O(1)|[Vols
0

< 60(1)// (V2 +V2) dady + O(1)||Val 1.

Therefore, integrating (3.5) in dt, for J, e and A small enough, it follows (3.2). O

and

The previous lemma gives a bound of the H' norm of V, without any decay prop-
erty.We can improve the estimate (3.2) by showing the first convergence result for
the functions V' and z. The proof of such property is based essentially on the decays
of the 1-D solution v contained in (2.4), (2.5) and (2.10).

LEMMA 3.3. Suppose &, § and |Vol|2 + ||20|2 are sufficiently small. Then
t
(L +8) (IVa @I + Va1 + [12(D)11%) +/0 (1 +7)=(r)]*dr

=0(1) (IVoll? + llzoll* +6) -
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PrOOF. We multiply the linearized equation (3.4) by (1+¢)V;. Therefore, after
integrating in dxdy we obtain

2dt//1+t V2+z9(v2+v2)]dxdy+// (1+t)V2dxdy
:5//(1+t)19t(vﬁ+vy2)dxdy+5// V2 +9(V2 +V2)| dxdy

(38)  + //(1 +OViFdedy = T + I + Is.
The results of lemma 3.2 yield

I, = O(1) ([Vollf + ll20l> +6) .

With the previous notations, we have
~ 1~
// (1+1) { (|G]) — 90V, — 519(1/9,? + V;)] dxdy
~ 1~
+ // [H(|G|) — 0V, — —ﬁ(vﬁ + V;)] dzdy

——1+t//19tV2+V2dxdy+//1+t (8) .[19<VzVJyr5>
(5o ree( o

Therefore,

L+13= ——//1+t { (G| - %Vx—%ﬁ(vﬁ+vy2)] dzdy
+//[H(|G|)—56Vm—%5(Vﬁ+Vy2)] dzdy
o oo () (57)-(0)

—0’( 0) —19(“? )}dxdy=J1+J2+J3.
Yy

Moreover, proceeding as in the proof of lemma 3.2, we have
t
/ Juds < 0(1)6//(1 1) (V2 + V2) dady + O(1)||Volr:
0
Jo < 0(1)5// (V2 +V}) dzdy.
Thus, (3.2) implies

t
/J2d8=o<1>(||vo|\%+|\zo|\2+6)-

Finally, the last term can be bounded by using again (3.2) and the decay of ¥;

Js = //1+t|vt|(V2+V2 dxdy = O // (V2 + V) dady

=0(1) (Iolff + ll=0l1* +4) -
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As before, we conclude the proof integrating (3.8) in dt and choosing J, £ and A
small enough. [l

Now we turn to the study of the estimates for the higher derivatives of V' and z.
In the next lemma, we prove the first H? result, regarding essentially the = and y
derivatives of V and z.

LEMMA 3.4. Suppose €, § and ||Vo||2 + ||20]|2 are sufficiently small. Then

L+ 82 (Vaa O + 1Vay O + Vg (D12 + llza @)1 + [l2y()]1%)
+/ (1 +7) [Vaa (DI + [ Vay (DI + Vi (7)][7] dr
0

+/ (L +7)? [lz2(DI* + l2y(D)]?] dr
0
= O()(|IVoll3 + ll=olf +0).

ProOOF. We start by differentiating the linearized equation (3.4) in = and y in
order to have

.= Zs s Z
(3.9) Zu— div [19( Z )} 0z = Fy 4+ div [ﬂx< z )}
and
s W
(3.10) Wi — div [19 ( )} +aW, =F,,
Wy

where Z =V, and W = V,,. We multiply (3.9) for Z; and we integrate on dzdy

and we obtain
l1d ) 2 2
Y [zt 9 (22 zy)} dedy +o | | Z2dzdy

:%//{9} (22+22) dxdy—k//Zthdxdy

Due to (2.4), (2.5) and (2.10), the first term is estimated as follows
|| = 0(1)5// (22 + Z7) dxdy.
Moreover, the last term can be bounded by using also the Young inequality
Iy = // {zt (&MVI F 0,2, + ﬁmwy)} dady < Ea//Zfdxdy
+ O(1)(1 +1t)72 / / V2dxdy + 0(1)5// (22 +W2) dady,

where E, is a small positive constant (depending only on «) which will be chosen
afterwards. Now, let us consider the second term in the right-hand-side of (3.11).
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Integration by parts yields
Tt 9 Vx +v
/I ) (=D (7)), e

_ //VWt [(19 — D)oV + (0 — 5)1/1,4 dedy
=Ji+J2+ J3+ Js.

Developing the z-derivative of 9 — 5 Ji becomes

= e [T e

i (T“) - {9") vx] (Ve — 0)dzdy,

where G represent again the vector ( VEV+ v ) We examine the terms in J; one
Y
by one.
ﬁ/(vx — 6)2 2
_ Vit ————2 V. dxd Z dzd
A g e m// o 2o
+O0(1) (e + 5)//z§dxdy.

We emphasize that the total derivative with respect to t in the above relation has
the “right” sign for € small enough, because

9V, — 7)?
|G|

thanks to lemma 3.1. The last term in J; can be treated as follows

= [ [Vt (Fr ) ey
- / / Vo (Ve — ), (WT””TT:)—{?’) Todady
L

=97 >0,
Vo=V, =0

/ —~ ~
(3.12) +//th(Vx — ) (W —19’) Updxdy.
Since
¥ (Vy -7 ~
% — 9 =0 (|Val + V),

in view of (2.4), (2.5) and (2.10) and using the Young inequality, the first two terms
in (3.12) are bounded by

) [ V20Vl (| + 2l Ve + Tl dady < B [ [ 22y

+O0()(1+1t)” //Vdedy
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Evaluating the z-derivative in the last part of (3.12) we prove that this quantity is
controlled by

1)//|zt||am|nvm|+|m|<|vz|+|vy|>+|vy||vxy|+|vm|<|vz|+|vy|>1 dudy

< E(,//Zfdxdy +0(1)(1 +t)_2// (V2 + V) dedy
1)5//(z§+z§) dzdy.

The remaining term of Jy

(3.13) / / - TG?_U)Vszdxdy

can not be bounded for the moment: it will become a part of a total derivative
with respect to ¢. Let us turn now on

Ty — / / Vewt (9 — 9)Vandady — / / Vot (9 — )5, dady.

An integration by part in the last term gives
/ / 2, [0~ 9)as + (9 — D)0 drdy

=001) [ [ 1241 [TullVeal + GullVyl1Vey] + [l 1Vl + [V,
+ [0e|[Vaa| (IVa| + [Vy[)] dedy

gEa//zfdxdy+0(1)(1+t)*2//(Vfﬂfj)dxdy
1)5//(z§+z§) dxdy,

by using also ¥ — 9 = O (|V,| + |[Vy|). Moreover, the first term is equal to

- z? 22
2dt//19 19 wdxdy + — //19 19 dxdy

:—55//19 0)Z2dxdy + O(1)(e + 6) //Zdedy

Proceeding in the same way, we bound Jy

_ - 2 2
= 2dt//19 ﬁdedy—l— //19 ﬁdedy
:—5%//19 ﬁZdedero (e+9) //Zdedy

Finally, the last term is
V) 19’
7V — 2V,
/ / [ G] @

+ <T”) 5) vm} V,dzdy.
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As before, the term

/ j—
(3.14) —//thwvm‘@dxdy

will be considered later. By using arguments similar to the previous ones, we get

19'Vy2 )
//nyt nydxdy th// el Z dxdy
+O(1)(5+5)//22dxdy
"(Vy +0) 3
//thV oV (%U) 5’) dxdy

(3.15) //VgctVyvgC (M —5’) dxdy.
G| y

As before, the first term of (3.15) is bounded by

1)//|zt||6x||wy|<|Vx|+|vy|>dxdygEa//Zdedy
+0(1 //W2dxdy,

while the second is studied by developing the y-derivative

/ ~
// Vit Viy Ve (719 (Ve + ) —19/> dxdy
G| y

—0(1) / / 2111V, (124] + W, 1V, |) dady

gEa//Zthxdy—l—O(l)é//(Zy2+Wy2) dzxdy.

Grouping together (3.13) and (3.14) we get

¥ (Vy—v

= —% // %Vyzzzydxdy +0(1) (e + 5)// (22 + 272) dady.

Therefore, the relation (3.11) becomes

th// |22 +9(22+ 22)| dxdy+a//32dxdy

§E(y//Zfdmdy—l—O(l)(E—l—é)//(Zﬁ—i—Zj—i—Wj) dxdy
OV —0)° V'V,
) |7

—ar + (9 — 19)(2 +Z2,)+ Gl
V(Vy —

a )VZZ}dxdy—kO( Y1 +1t)~ // (V2 +V;}) dady.

2
Zy

(3.16)  +2
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We pass now to the estimates regarding the quantity W = V,,. Multiplying (3.10)
by W, and integrating by part one has

th// W2+q9(32+w2)} dxdy+a//W2dxdy
(3.17) = 5//19(Z§+W§) dxdy—i—//WtFydxdy:Il + 1.

As we did in the previous estimate, the first term is easily bounded in the following
way

L] = 0(1)5//(z§+wj) dady.

Moreover,
Ve+o
wyt (] ( )> dxd
//( Uyyt ) < 9) Vy y Y
= _//nyt Vy(Ve —0) + (J — 79) xy} dzdy
- //Vyyt {ﬁyVy + (- g)vyy} dxdy
=J1+Jo+ Js+ Js.
Hence,

— [ (V: +7) V'V, }
- Vit (Ve +0 [ Vay + dxd
_ (Ve +9) 9
=5 // ] dxdy +0(1)(e + 5)//Zyd9[;dy

¥ (Vy +0)
// ] =V Vot Vyydxdy,

where, as before, the first term has the “right” sign, while the last term will be
studied in the sequel. The terms Jy and Jy are similar to those we considered
above

J2:—§E//19 9)22dzdy + O(1)(= + 6) //Zdedy,
J4:—§E//19 IW2dzdy + O(1) (e + 6) //Wdedy.

Evaluating 9, in Js, we get

9 (Vy + 1) 9,
/ / V[ g Vey |G|yVyy] ddy

_ 2 2
= 2dt//wy Il dmdy—l—O( )(e+9) //W dxdy

WV (Ve +7)
// el — = Vy Viyyt Varydzdy.
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Finally,
Y (Vy —v
_//%Vy (VaytViyy + Vyyt Vay) dady
, o~
= —%//WVyZyWydxdy—kO(l)(e—ké)//(Zi—H/Vg) dxdy.

Thus, (3.17) can be rewritten as follows

th// W2+z9(z2+w2)} dxdy+a//W2dxdy

:O(l)(€+5)// Z§+W§)dxdy

19/ ~ 2 9 2 2 19/V2
9 —9)Z Y 142
2&// e E O DE W)+ W
(3.18) +2%V Z,W } dzdy.

Now we multiply (3.9) for AZ, where, as in lemma 3.2, A is a small, nonnegative
constant which will be chosen at the end. Integration in dzdy yields

5T / / [(AaZ? 4+ 202 2] dady + A / / (22 + 22) dedy
—/\//zfdxdy:A//Zdiv {ﬁx ( W )] dxdy

Young inequality implies

I, = —A//Zx{gmvmdmdy—i—)\//Wy{;mvmdxdy

< )\E{g// (Z2+W2) dxdy—i—AO(l)(l—kt)’l//Vﬁdxdy,
where E5 is a small, positive constant, depending only on the (positive) quantity
min {J(v) : v € [=[[0]|oo, +[|V]| o]},

which will be chosen afterwards. Moreover,
_ Via ~( Vo+7v
e[ oo (7))
=3 [ [ Ve [0 920V =)+ (0= 9)(Ver — 52)| dady

[ [ 0=+ 0 - 9, | dody
=J1+ o+ J3+ Jy.
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As in the previous calculations,
¥ (Vy — ) 19’V
— ) / / - [ Vew + 2y,
IGI il
+ (75) — 5’) vx] (Ve — 0)dxdy
G|
<0(1 // (22 + 22) dudy + AO(1 //|z 1[50l (Vi + [V ]) dedy

< )\0(1)5// (22+2)) dxdy+AE5//z§dxdy

+20(1)(141)7" // (V2 + V) dudy,

since the first term in Jq,
¥(Vy + )
dxdy,
f [

is negative for ¢ sufficiently small, as we pointed out previously. Moreover,

Jo = —A0(1)e//z§dxdy+AE5//Zﬁdxdy

+A0(1)(1+1)7? // (V2 + V) dudy;

Jy = )\O(l)//Zdedy.
¥ (V, 19’
:—)\// . { Dy, + oy,
! |G| el

- )
+|(—=—=-9 ) vm} Vydxdy
( IGI
< A\O(1 // (22 + 22) dady + 2O(1 //Zdedy

o0 //|z IV, (Val + |V, ) dady

< )\O(l)e// (22+22) dxdy+AE5//z§dxdy
+A0(1)(1+t)—1//(v§+v;) dxdy.

Thus, the relation (3.19) becomes
5T / / [AaZ? 4+ 202 2] dady + A / / 0 (22 + 27) dedy

—)\//Zfdxdyg)\Eg// (22 + 22+ W) dady

+ )\50(1)// (22 + Z}) dudy

(3.20) +20(1)(1 +t)—1// (V2 +V,}) dedy.

Finally,
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A similar estimate can be achieved for the quantity W, by multiplying (3.10) by
AW. Therefore, proceeding as before, we end up to a relation of the form

5T / / [AaW? + 20WW,] dzdy + A / / (22 +W2) dady

(3.21) - A//Wfdxdy < AO(l)s// (27 +W7) dady.

Summing the estimates (3.16), (3.18), (3.20) and (3.21) we get

%di// ZQ+19(ZQ+ZQ)}dxdy+ a—A //ZQdardy
2dt// W2+ﬁ(ZQ+W2)}dxdy+(a— )//Wfdxdy
+§E// [AaZ? + 202 2] dxdy—i—)\// (22 + 27) dedy
+§E// NaW? + 22WW;] dxdy—i—)\//q? (22 +W2) dudy
§Ea//2t2dxdy+0(1)(e+5)//(Z§+25+Wy2) dxdy

al [

+2%V22}dxdy+0( J(L+18)” // (V2 + V) dzdy

+0(1)(e+ 5)// (Zy2 + Wj) dxdy

al [

/
+2%Vzw}dxdy+w // (Z24 2] +W7) dady

+ Ae0O(1) // (22 + Z2) dwdy + XO(1)(1 + 1) // (V2 + V) dedy
+ AO(l)e// (25 +W2) dady.

_ ﬁIVQ
Z24 (0 —0) (22 + 22) + le z2

9 (V, — )
IGI

_ ﬁIVQ
2+(19—19)(Z§+W5)+ IGT W}

9 (V, — )
IGI

At this point, we choose A, €, §, E,, Ej sufficiently small and we control the
products Z2; and WW; in order to have

d ~
E//{Zf—l—Wf—i—ﬁ(Zz—I—Z;—f—W;)+/\(Z+W)}dxdy

+//[Z§+W3+A5(Z§+Z§+Wj)} dzdy

19/ V ~> ,19/‘/2
<l [|”

ZQ ZQ 3122
G + (0 —0) (22 + )+|G| Y
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S

+2%Vyzxzy] dxdy+0(1)(1+t)_2//(Vf—i—V;) dzdy
1d (Ve —0)2 _, ~ s A

—-— — 7 zZ24 (9-9)(Z v 2
2dt// o 2 T OO W) W,
(V-7

(3.22) +A0ﬂx1+ﬂ*a//%Vf+¥f)Mﬂy

Hence, we integrate (3.22) in dt and, using the relations

|9 — 9] = O(1)e
Vyl = 0(1)e
W (V, — )2

>0 fore<<1,
G|

we get the first H? estimate
Vaw O + 1Vay (O + Vg (D17 + llze @)1 + |2 (8]

+/O (IWaw (DI + 1 Vay (I + Vi (DI + |22 (7)1 + N2y (7)) dr

=0(1) (IVoll3 + llzoll¥ + ) -

Moreover, we first multiply (3.22) by (1 + ¢) and then we integrate in dt to get
(using the relations and the estimate above)

(L +8) [IVea O + [IVay (O + Vg 01 + 22 (@)1 + 12 (0)[1°]
+ /0 (14 7) [Vaa (DI + [ Vay (DI + Vg (DI + 22 (T + [l (7)1I7] d7

=0@1) (IVoll3 + llzoll¥ + ) -

Finally, we consider (3.22) for A = 0 and we multiply it by (1+¢)2. Integrating the
relation obtained in dt and using all the relations above, we end up with the last
estimate we need to conclude the proof. O

The differentiation of the equation (3.4) with respect to ¢ gives a better asymptotic
result, contained in the following lemma. This phenomenon follows from the fact
that the ¢t-derivatives of T (and hence of ¥) have better asymptotic decays than the
x-derivatives of .

LEMMA 3.5. Suppose ¢, § and |Vol|2 + ||20|2 are sufficiently small. Then
@+ 0721 + @+ (21 + 201 + 12y (O]1*)

t
+ /0 (L + 72z (DI + 2y ()I12) + (1 +7)*||2e(T)II?] dr
= 0(1) (IVoll3 + =0/l +6) -

The proof of this lemma follows step by step the proof of lemma 3.4 and it

is omitted. Finally, iterating the procedure, it is possible to prove the following
lemmas.
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LEMMA 3.6. Suppose €, & and ||Vo||? + ||z0]|2 are sufficiently small. Then, for
any k <6,

(1+ )T IDFH V()] + (L+ ) D 2 (t) ||
t t

+/ (1+T)k||Dk+1V(T)||2dT+/ (1 + 7)1 D*2(7)||%dr
0 0

= O0(1) (IVolli11 + llzoll% +6) -

LEMMA 3.7. Suppose €, § and ||Vo||? + ||z0]|2 are sufficiently small. Then, for
any k <6,

(L+ 02D ()] + (1 + )| Dz ()2
t t

+/ (1+7)k+1||Dkz(T)||2dT+/ (L+7)¥42| DMLy (r)|2dr
0 0

=0(1) (IIVollk41 + llzolF + ) -

REMARK 3.8. Since the nonlinear function 1 depends on V, and Vj;, in order to
compute the energy estimates, we have to bound the H* norm of V', so we bound,
by Sobolev embedding (in 2-D), the L norm of V, and V,,. However, the trilinear
terms which appears in the energy estimates to achieve the H* bounds are of the
form

D*VDPV DY,

with |a| + |B] + |y| < 10. Therefore, since in all the terms of the H* estimate we
must have «a, 8, v < 4, there are terms with the property a, (3, v > 3. Therefore,
the H* bounds are not enough to close the estimate and we need at least H® to
control third derivatives in L°°. With a simple argument, we can prove that the
H7 norm is enough to close the proof. Indeed, in the H” case, the trilinear terms
are of the form

D*VDPV DY,
with |a| + (8] +|7y| < 16. Thus, the terms with the maximum number of derivatives
can be reduced, by integration by parts, in one of the two following forms:

o, D'VD'VD'V

D'V DV DAV,
with |a| +|8] = 9. The first term can be written as a total derivative with respect
to ¢ and it is controlled by the energy (using the smallness of |[D'V| = O(1)e). The

second one is no longer trilinear, since now either a or (3 is less or equal to 4 and
hence either DV or DPV is controlled in L.
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