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Combinatorics, Geometry,
and Tensors
The cover image is what Bernd Sturmfels calls an ‘invitation’
to his article “Tensors and Their Eigenvectors,” which ap-
pears on page 604 of this issue. It illustrates the singularities
of an especially symmetric tensor T . Sturmfels comments:

“The spectral theory of tensors is a fascinating topic at
the interface of pure and applied mathematics. This is an
area where data science comes in contact with algebraic ge-
ometry. There are lots of problems for students to work on.

The cover image illustrates the concept of singular values
and singular vectors for tensors of format 3 × 3 × 2 × 2. A
general such tensor has 98 singular vector tuples, according
to the Friedland-Ottaviani Formula mentioned in my article.
These are the fixed points of the gradient map.

However, when the tensor is orthogonally decomposable,
something special happens. Such an ‘odeco’ tensor of format
3× 3× 2× 2 can be written as T = x1y1z1w1 + x2y2z2w2.

The singular vector tuples of T form an algebraic variety
in the product of four projective spaces P2 × P2 × P1 × P1.
Its points (x, y, z,w) satisfy the constraint that each of the
following four matrices has rank 1:(

x1 x2 x3

y1z1w1 y2z2w2 0

)
,
(

y1 y2 y3

x1z1w1 x2z2w2 0

)
,(

z1 z2

x1y1w1 x2y2w2

)
,
(

w1 w2

x1y1z1 x2y2z2

)
.

The special tensor T has only 18 instead of 98 isolated sin-
gular vector tuples. Two of them correspond to the two
summands xiyiziwi . The other 16 fixed points of ∇T have
the form

(
(a:1:0), (b:1:0), (c:1), (d:1)

)
. Eight of these are

real, given by the vectors (a, b, c, d) ∈ {−1,1}4 with abcd =
1, and eight are complex, given by the vectors (a, b, c, d) ∈
{−i, i}4 with abcd = −1.

The other 80 isolated fixed points disappear for the or-
thogonally decomposable tensor T . These are replaced by
an entire surface, solutions to a system of equations:

y1z1w1 = y2z2w2 = x1z1w1 = x2z2w2 =
x1y1w1 = x2y2w2 = x1y1z1 = x2y2z2 = 0.

Our picture is a visualization of the set of solutions to
these equations. This set is a surface in the six-dimensional
ambient space P2 × P2 × P1 × P1. We highlight the com-
binatorial structure of that surface. The four edge colors
(green, blue, red, and yellow) represent the four factors of
the product of projective spaces. The surface has 19 irre-
ducible components, four projective planes P2, drawn as
monochromatic triangles, and 15 surfaces P1 × P1, drawn
as bichromatic squares. Understanding such polyhedral pic-
tures gives insights for best rank 1 approximations of spe-
cial tensors.

The polyhedral surface cannot be realized without self-
intersections in 3-space. Two of the vertices of the central

yellow-red square have the non-planar graph K3,3 for their
link. In our drawing each of the two green triangles inter-
sects a blue triangle in the interior.”

The cover image was created by Thilo Rörig, who works at
the CRC (Collaborative Research Center) for Discretization
in Geometry and Dynamics at Technical University–Berlin.
The mathematics behind the cover imagery can be found in
the arXiv article “Singular Vectors of Orthogonally Decom-
posable Tensors” by Elina Robeva, a postdoctoral fellow at
the Massachusetts Institute of Technology, and Anna Seigal,
a PhD student at UC Berkeley. Thilo Rörig used the program
Blender™ to produce the image from a hand sketch made
by Seigal and Sturmfels. Rörig tells us:

“I’ve been working in discrete geometry during my PhD
and have since been developing and using the software
package polymake for the computation and visualization
of polyhedral objects. The visualization aspects of poly-
make became one of my passions and I’ve implemented
different back ends for the production of high-quality illus-
trations. The first images and small films were produced
using PovRay. The files are easy-to-produce plain text files
and give full control over the geometry, which is essential
for mathematical visualizations. But an interactive modifi-
cation of the 3D-scenes was not possible, hence I’ve moved
on to use Blender for high-quality rendering.

Blender is a free and open source 3D creation and ren-
dering suite. It has an integrated scripting interface imple-
mented in the programming language Python™. This makes
it easy to use some of the extensive Python libraries and to
create your own add-ons for special tasks.

The geometric primitives include meshes as well as
curves and surfaces. Once the basic geometry is set up,
Blender allows you to manipulate texture, viewpoint,
lighting, and environment to create very high-quality il-
lustrations (both still images and films) of mathematical
objects.

What I like most about it is that it is a really free project
similar to PovRay, which is also used by some mathemati-
cians, and that it allows full control over the geometry via
the Python scripting interface. Once I got used to this inter-
face, I started really to enjoy the wealth of possibilities on
offer.”

The home pages of the Blender project and of polymake
are https://www.blender.org/

https://www.polymake.org/
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