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DOCEAMUS
doceamus … let us teach

How to Help Students Understand 
Lectures in Advanced Mathematics
Keith Weber, Timothy P. Fukawa-Connelly, Juan Pablo Mejía-Ramos, 
and Kristen Lew

4. The triangle inequality is useful in proving series in  
absolute value formulae are small.

5. The geometric formula should be part of one’s math- 
ematical toolbox to keep some desired quantities small.

Our team felt that Dr. A clearly conveyed points 2, 3, 
4, and 5. Two weeks later, after a mid-term examination, 
we showed three pairs of students from Dr. A’s class the 
ten-minute proof video, along with a transcript of what  
Dr. A wrote on the blackboard, and asked them what  
Dr. A was trying to convey. After watching the video, one 
pair noted point 3 and another pair noted point 4. None 
noted point 2, which Dr. A emphasized three times during 
his proof. Together with additional research findings, this 
study leads us to believe that the following four ideas ex-
plain this student behavior and can contribute to improved 
student learning.

Idea #1: Students prioritize written work over oral 
comments, so we should write down the key points that we 
want students to learn. 

When giving lectures in advanced mathematics, math-
ematics professors want to (i) help their students realize 
what constitutes an acceptable proof and (ii) teach their 
students how to construct a proof. A common way that 
professors manage this tension is to present the proof 
on the blackboard and supplement this presentation 
with commentary describing the thought processes used 
to produce it. The students’ job in a mathematics lecture 
is also challenging. They are grappling with new abstract 
ideas. As the professor is speaking at a faster pace than 
the students can write, the students must prioritize certain 
ideas over others. It is natural for the students to focus 
on what is written on the blackboard; this is a traditional 
way by which teachers emphasize importance, and written 
comments have a permanence that oral comments lack. 

Research shows that students forget things they don’t 
write down and that instructors talk faster than students 
can write. Dr. A expressed four of his main points orally 
but did not write them down. Five of the six students  
did not record any of Dr. A’s oral comments when  
reviewing the video. Their notes generally consisted of a 

As part of a recent research study [1], [2], we videotaped 
and analyzed a real analysis lecture by the highly re-
spected “Dr. A” and investigated how well six of his stu-
dents understood it. We focused on his ten-minute proof 
of the following proposition:

If a sequence xn has the property that there ex-
ists a constant r with 0<r<1 such that |xn-xn-1|< 
rn for any two consecutive terms in the se-
quence, then xn is convergent.

Dr. A identified for us five ideas that he was trying to 
convey:

1. Cauchy sequences can be understood as sequences 
that “bunch up.”

2. If one does not have a limit candidate for a con- 
vergent sequence, one can show that it is convergent  
 by showing that it is Cauchy.

3. The proof illustrates how to set up a proof to show  
a sequence is Cauchy.
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 Abstract. We first provide evidence that even lectures of 
high quality are not always well understood by students. 
Second, we discuss four ideas to help instructors and 
students in proof-based mathematics courses. 
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verbatim copy of what Dr. A wrote on 
the blackboard. This suggests an in-
triguing hypothesis for why students 
might not learn in their advanced 
mathematics lectures: professors 
state their most important points 
orally, while students focus on what 
is being written down. Professors al-
most always record the formal parts 
of their lectures—definitions, theo-
rems, and proofs—on the blackboard 
but often do not record mathematical 
methods or conceptual explanations 
on the blackboard. Since students’ 
notes consist largely of what is on the blackboard, they 
do not record most of their professors’ mathematical 
methods or conceptual explanations in their notes.

Our subsequent investigation of student understanding 
in eleven proof-based mathematics lectures across a va-
riety of mathematical domains provides strong evidence 
that this hypothesis is accurate. We see no reason to fault 
mathematics professors or their students for their actions. 
What we suggest is that mathematicians’ habits while lec-
turing and students’ focus of attention do not mesh well 
together; students do not prioritize the mathematicians’ 
oral commentary and consequently do not record some of 
the most important ideas in the lectures. We recommend 
that for each portion of a lecture (e.g., introducing a new 
concept, presenting a proof), the professor identify one to 
three main ideas that they wish to convey and explicitly 
write these ideas on the blackboard.

Idea #2: Mathematicians and students have differing 
views on understanding advanced mathematics, so we 

should clearly communicate expectations about lectures 
from the outset.

In our research, we have found that mathematics 
professors and students usually share the same broad 
goals of mathematics lectures, namely that students will 
develop a better understanding of the course content by 
paying attention to the lectures. Where the two groups 
differ is on their perceptions of what it means to under- 
stand advanced mathematics [4]. For mathematicians,  

Kristen Lew presenting a proof and writing the main 
points of the proof on the blackboard.

understanding a proof involves 
understanding why a proof is 
valid. However, mathematicians 
also feel that it is important 
to have a holistic understand-
ing of a proof. A holistic un-
derstanding includes being 
able to summarize a proof, as 
well as recognizing the over- 
arching methods employed in 
the proof and being able to apply 
these methods in new situations. 

Students view things differ-
ently. They want to understand 

the proofs that they see in lecture and read in their 
textbook. However, to gain this understanding, many 
students focus exclusively on justifying how each new 
assertion follows from previous assertions. In high school 
geometry courses, proofs are often written in a two- 
column format where assertions are presented in the left 
column and an explicit justification for each assertion is 
presented in the right column. High school students subse-
quently view the purpose of proof not as providing expla-
nation (or even verification) but as a test to demonstrate 
their ability to reason. Transition-to-proof courses often 
reinforce this by placing emphasis on how proofs can 
and should be structured. As students continue studying 
proof in their content-based proof-oriented mathematics 
courses, these beliefs become counterproductive, as an 
exclusive focus on the deductive logic in a proof can lead 
students to ignore the larger conceptual points that the 
professor is making.

Another discrepancy between mathematics professors’ 
and students’ expectations of lectures in mathematics 
is that these expectations are rarely the topic of explicit 
conversation. Lectures in advanced mathematics are a new 
experience for students; they can use ongoing guidance 
about the nature of this process and what their role in 
this process should be. We believe it is critical that pro-
fessors clearly communicate expectations about lectures 
beginning early in the semester. We recommend that the 
professor be explicit about what they expect students to 
learn from the lecture and how they should engage in 
the material to learn it. Clearly such a conversation does 
not guarantee that students will engage in lectures pro-
ductively, but it does provide students direction and the 
opportunity to understand the importance of doing so.

Idea #3: When hearing a proof in a lecture, students 
often focus on calculation and logical detail, so we should 
shift what students attend to by assessing their understand-
ing of other aspects of proofs.

In our interview with Dr. A, he highlighted the following 
excerpt in his lecture as a point where he was conveying 
an important mathematical point:

Dr. A: Now once again we ask the question. If we were 
to show this is small, we must represent it in terms of 
what we know is small. Well, what do you know is small?  
For n large enough [gestures toward the statement of the 
theorem], the difference between two consecutive terms is 

Professors state 
their most important 
points orally, while 
students focus on 

what is being written 
down.
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small. [Turns and faces the blackboard] So what we must 
do is represent that as a sum of consecutive terms.

In this excerpt, Dr. A is giving an overview of the proof, 
emphasizing that what he must do is to show one quan-
tity can be made sufficiently small when one knows that 
another quantity can be made arbitrarily small. By stating, 
“now once again we ask the question,” he was conveying 
that this is a question that one should often ask oneself 
when writing such proofs. In our interview with Dr. A, he 
emphasized the importance of this clip:

Dr. A: Once you get into the area where you’re doing 
approximations, you can’t do equal, equal, equal. You have 
to have bounds, bounds, bounds. The objective is to show 
how bounds, using the triangle inequality, can be used 
to show that something is small using information that 
they’re given is small. And this instance turns out that the 
information which is small is given in a form that allows 
us to use the geometric series as a bound.

Dr. A’s intended point in the lecture excerpt above was 
obvious to us. When the three pairs of students were asked 
what Dr. A was trying to convey after rewatching the proof 
in its entirety, none of the students mentioned these ideas.

After showing the students the proof in its entirety, 
we showed students the specific short clip containing the 
transcript above and asked the students what Dr. A was 
trying to convey in this clip. Again, the students did not 
mention anything about keeping quantities small. Rather, 
all of the students focused on the algebraic manipulations 
and the logical details in the proof. For instance, one 
pair of students mentioned “basically manipulating the 
information that we’re given so that we can show that a 
sequence fits the definition.” Another pair said, “Given 
on the problem to see like what we could, how we can 
manipulate the problem statement.  Just how we can start 
the proof in general.” Dr. A made his meta-comments 
prior to presenting a string of algebraic manipulations to 
provide meaning and context to the manipulations that 
he would perform. To students who view understanding 
as tantamount to justifying the calculations, Dr. A’s com-
ments would seem to be superfluous and unnecessary to 
understand the proof that was presented.

Advanced mathematics lecturers strive to engage 
students with high-level or intuitive ways to understand 
the course content, but students are typically assessed 
on their ability to produce formal mathematics, such as 
stating definitions, applying procedures, or writing proofs. 
These assessments send a message to students that the 
formal aspect of mathematics is what is important and the 
other aspects of mathematics are superfluous. This likely 
contributes to students’ propensity to focus on calcula-
tions and derivations while not prioritizing high-level sum-
maries of the proof. We recommend assessing students on 
high-level and informal aspects of mathematical proofs as 
well. Of course, this will motivate students to understand 
the material, but there are two other benefits as well. First, 
the types of questions that students are asked can give 
them a better sense of how the material should be under-
stood. Second, students’ responses to these questions will 
provide the instructor with a better sense of how the stu-
dents are interpreting his or her lecture. We provide in [3] 

a template for how proof comprehension can be assessed. 
Discussing the meaning of specific proofs with students 
can help the students understand what the professor is 
trying to convey.

Idea #4: Seek data on how students understand your 
lectures. 

Ordinarily, in university mathematics instruction pro-
fessors do not receive direct or immediate feedback on 
how students are interpreting their lectures. Rather, they 
rely on indirect measures such as their students’ perfor-
mance on exams and their comments on student evalu-
ations, where it is difficult to posit causal links between 
specific actions of the instructor and the responses of stu-
dents. We believe that it is important for the professor to 
seek more direct feedback. One method that is commonly 
used in K–12 mathematics instruction is the notion of an 
“exit ticket,” in which students are required to answer a 
short series of questions about their mathematics lesson 
before exiting the classroom. Asking students to say what 
they consider the three most important ideas of a lecture 
can provide valuable insight for the professor on how 
they interpreted a proof. This information can be used to 
shape subsequent lectures if students’ interpretations of 
the lecture are different from what the professor intended.
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