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In 1611 Johannes Kepler published a conjecture on the tightest way to pack unit spheres in 3-D. In April 2000, 
Thomas Hales described his proof here in the Notices. Our cover story reports that last year Maryna Vi-
azovska proved the 8-D case, promptly followed by a collaborative proof in 24-D. Meanwhile, as described 
in our second feature article, Stanley's Partitionability Conjecture has been disproved by a counterexample. 
The Graduate Student Section features an interview with Tom Grandine , senior technical fellow at Boeing Company, 
and "WHAT IS...Benford's Law?" A new Mathematical Moment on "Maintaining a Balance" vs. global environmental 
catastrophe has an accompanying deeper explanation by MIT climate scientist Daniel H. Rothman. 
This issue also includes an article on active learning, a report on The Bridges Conference—the world's largest inter-
disciplinary conference on mathematics and art, a new BookShelf,  a book review examining recreational math, and 
a firsthand account of a Fulbright Specialist's time in Qatar. The BackPage has a special comic on refereeing and the 
Super Bowl.  —Frank Morgan, Editor-in-Chief
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a nonrelative counterexample. Our first idea was to
construct a complex 𝐶𝐶2 by gluing two isomorphic copies
of 𝑋𝑋 together along the common subcomplex 𝐴𝐴, as
in Figure 5; this complex is Cohen-Macaulay (again, by a
Mayer-Vietoris argument). The single extra copy of𝑄𝑄 does
not, however, create an obstruction to partitionability,
since it may be possible to partition 𝐶𝐶2 by pairing faces
of 𝐴𝐴 with facets in different copies of 𝑄𝑄.

But now the pigeonhole principle comes into play.
Construct a Cohen-Macaulay complex 𝐶𝐶𝑁𝑁 by gluing 𝑁𝑁
copies of 𝑋𝑋 together along their common subcomplex 𝐴𝐴.
Suppose that 𝑁𝑁 is greater than the total number of faces
of 𝐴𝐴. Then, in every partitioning of 𝐶𝐶𝑁𝑁, there must be
at least one copy of 𝑄𝑄 whose facets are matched with
faces in that same copy. That is, 𝑄𝑄 is partitionable! This
contradiction implies that 𝐶𝐶𝑁𝑁 cannot be partitionable.
Here is a formal statement:
Theorem 2. Let 𝑄𝑄 𝑄 𝑄𝑋𝑋𝑄𝐴𝐴𝑄 be a relative complex such
that

(i) 𝑋𝑋 and 𝐴𝐴 are Cohen-Macaulay,
(ii) 𝐴𝐴 has codimension at most 1,
(iii) every minimal face of 𝑄𝑄 is a vertex, and
(iv) 𝑄𝑄 is not partitionable.

Let 𝑘𝑘 be the total number of faces of 𝐴𝐴, let 𝑁𝑁 𝑁 𝑘𝑘, and let
𝐶𝐶 𝑄 𝐶𝐶𝑁𝑁 be the simplicial complex constructed from 𝑁𝑁 dis-
joint copies of 𝑋𝑋 identified along the subcomplex 𝐴𝐴. Then
𝐶𝐶 is Cohen-Macaulay and not partitionable.

Condition (iii) is a technical requirement to ensure that
𝐶𝐶 is a simplicial complex, not merely a cell complex. For
instance, the relative counterexample 𝑄𝑄5 does not satisfy
condition (iii).

This flexibility
struck us as
suspiciously

strong

It was not clear that The-
orem 2 would produce an
actual counterexample: finding
a relative complex satisfying
the conditions of the theorem
might be just as difficult as
proving or disproving Conjec-
ture 1 through other means.
But by considering the special
case that 𝐴𝐴 is a single facet, we
realized that the conjecture implied a stronger version
of itself: If 𝑋𝑋 is a Cohen-Macaulay complex, then 𝑋𝑋 has
a partitioning including the interval [∅𝑄𝜎𝜎𝜎 for any facet
𝜎𝜎. This flexibility struck us as suspiciously strong: for ex-
ample, the corresponding statement fails for shellability.
Here was our second turning point.

Now we were determined to find a complex satisfy-
ing the conditions of Theorem 2. Once again, Ziegler’s
ball 𝑍𝑍 provided the answer. Consider the subcomplex
𝐵𝐵 consisting of all faces supported on the vertex set
{0𝑄 2𝑄 3𝑄 4𝑄 6𝑄 7𝑄 8}, so that the minimal faces of the relative
complex 𝑄𝑄 𝑄 𝑍𝑍𝑄𝐵𝐵 are vertices 1, 5, and 9. We proved
that 𝐵𝐵 is Cohen-Macaulay and that 𝑄𝑄 is not partitionable.
These were exactly the ingredients we needed to construct
a counterexample!

We can describe 𝑄𝑄 most simply as the relative com-
plex 𝑄𝑋𝑋𝑄𝐴𝐴𝑄, where 𝑋𝑋 is the smallest simplicial complex
containing 𝑄𝑄. In fact 𝑋𝑋 is a 3-ball with 10 vertices and 14

Figure 6. A model of 𝑋𝑋, the smallest simplicial
complex containing 𝑄𝑄. The subcomplex 𝐴𝐴 consists of
the five triangles without green vertices.

tetrahedra (see Figure 6), and 𝐴𝐴 is a topological disk on
the boundary of 𝑋𝑋, with 𝑓𝑓-vector 𝑄1𝑄 7𝑄 11𝑄 5𝑄. Therefore,
gluing 𝑄1 + 7 + 11 + 5𝑄 + 1 𝑄 25 copies of 𝑋𝑋 along 𝐴𝐴
produces a counterexample 𝐶𝐶25 to the Partitionability
Conjecture. The complex 𝐶𝐶25 is Cohen-Macaulay (in fact,
constructible) for the usual Mayer-Vietoris reasons, but it
is nonpartitionable by the pigeonhole argument.

In fact, the argument that 𝑄𝑄 is nonpartitionable re-
vealed that the full power of Theorem 2 was actually not
necessary. Gluing just three copies of 𝑋𝑋 together along
𝐴𝐴 gives a nonpartitionable complex 𝐶𝐶3. The complex 𝐶𝐶3
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Figure 7. A partial representation of the
counterexample 𝐶𝐶3: three copies of the 3-ball 𝑋𝑋 glued
together along the 2-ball 𝐴𝐴. The figure shows all 16
vertices and 71 edges, but not all of the 98 triangles,
nor any of the 42 tetrahedra.
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The fundamental difficulty is
         explaining where the magic comes from.
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Delivered and written during Robert Steinberg’s 
sabbatical visit to Yale University in 1967, these lec-
tures present the status of the theory of Chevalley 
groups as it was in the mid-1960s. This posthu-
mous edition incorporates additions and correc-
tions prepared by the author during his retirement, 
including a new introductory chapter, bibliography,  
and editorial notes.
University Lecture Series, Volume 66; 2016; 160 pages; 
Softcover; ISBN: 978-1-4704-3105-1; List US$35; AMS members 
US$28; Order code ULECT/66

This is a great unsurpassed introduction to the 
subject of Chevalley groups that influenced gener-
ations of mathematicians. I would recommend it to 
anybody whose interests include group theory.

—Efim Zelmanov, University of California, 
San Diego
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