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1. Introduction. One of the most important problems in the theory of elasticity
is the solution of the biharmonic equation V?¢ =0, where ¢ is Airy’s stress function,
for a given group of boundary conditions. As is well known, the most common ap-
proach to the solution of this problem consists in selecting a system of coordinates
particularly suited to the region studied.

Thus, using bipolar coordinates, G. B. Jeffery has given the general solution of
the plane problem, that is, of the biharmonic equation in two dimensions, for regions
bounded by non-concentric circles (Ref. 1). A clear, but not quite complete, treatment
of Jeffery’s method can be found in Coker and Filon (Ref. 2). This method has re-
cently been used by R. D. Mindlin for the determination of dead loads on tunnels
(Ref. 3).

The present paper is an attempt to apply Jeffery’s approach to the problem
of the distortion introduced in the so-called plane Boussinesq field by the presence
of a circular hole. Starting with the stress function ¢ of the undistorted Boussinesq
field, an auxiliary stress function x will be found such that ® =¢ +x satisfies the differ-
ential equation and all the boundary conditions. The stresses and strains in the dis-
continuous field can then be directly determined from the derivatives of ®.

2. The Boussinesq field. Boussinesq and Flamant have given the solution of the
biharmonic equation for the case of an isolated force P acting at a point on the bound-
ary of a semi-infinite plane. Their solution, which can be found in all standard texts
(see, for instance, Ref. 4, p. 82) is:

P
¢ = — —rfsiné (1a)
™
for the case of a normal force, and
P
¢ = — —rfcosb (1b)
s

for a force parallel to the boundary. The significance of the symbols is shown in
Figs. 1a and 1b.

In the simple Boussinesq problem, the only boundary conditions are that the
stresses, both normal and shearing, must vanish along the straight boundary (except,
of course, at the point of application of the force) and also must tend to zero as one
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moves away from the point of application within the half-plane. With the appearance
of the circular discontinuity (Fig. 2), the above conditions remain, and a new one is

P P
Y WV
a%

F16. 1a. FiG. 1b.

added, determined by the nature of the discontinuity. Thus, if it is a hole, both normal
and shearing stresses must vanish along its periphery.
The region is thus bounded by a
circle and a straight line; the latter can % P
be considered as a circle of infinite 2
radius, so that here is a case of a region
bounded by two non-concentric circles,
to which Jeffery’s method is applicable.
3. Bipolar coordinates. Jeffery's

[
method consists essentially in intro- \<
|

ducing a system of curvilinear coordi-
nates, called bipolar coordinates in
works on elasticity. Two poles, 4 and
B (Fig. 3) are taken at abscissas +a FIG. 2.
along the X-axis, and the location of

any point is determined with respect to these poles by the quantities

. "
gE=log— 1q=20,— 0,
72

The lines 7 =constant are circles passing through 4 and B, while £=constant are
a system of circles with centers on the X-axis. Some of these lines are drawn on Fig. 3.

If a circle of diameter d has its center % units from the horizontal axis (Fig. 2),
it is easy to show (see Ref. 1) that the proper polar distance a is determined from
a’=h*—d?/4 and that the value £ of £ corresponding to the circle is £=cosh—! 2k/d.
The cartesian coordinates can be expressed as follows in terms of the bipolar:

a sinh ¢ a sin

cosh £ — cos g’ Y cosh!;‘—cosn.

2

When the biharmonic equation is expressed in bipolar coordinates, it is found
convenient to write it, not in terms of the usual stress function x, but in terms of

x/J, where J has the value
A a

cosh £ — cosq '

the stresses are also expressed as derivatives of x/J.
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The bipolar solution for x/J used by Jeffery has the general form:

x/J = Bt cosh £ + (— Bf + G cosh 2¢ + H sinh 2¢ + F) cos g
+ (G’ cosh 2¢ + H' sinh 2¢ + F’) sin g

+ > {[Ex cosh (k + 1)£ + Fi sinh (k + 1) + Gi cosh (& — 1)

k=2
+ H, sinh (k — 1)£] cos kg + [E{ cosh (k + 1)t + F) sinh (& + 1)¢
+ G{ cosh (k — 1)t + H{ sinh (k — 1)¢] sin by}, A3)

where all the B’s, E’s, F's, G's and H’s are constants. This series will be assumed
convergent and differentiable for the time being.

Here the terms independent of 7 and those containing cos 7 or sin 7 are used ex-
actly as they appear in Ref. 2 (Eq. 4.066 and paragraph 4.07), but those containing
functions of multiples of 7 come directly from Ref. 1 (Eq. 21), with some slight
changes in nomenclature.

3
F16. 3.

4. General procedure. As was said before, the presence of the circular discon-
tinuity causes a modification of the Boussinesq functions ¢, and ¢2 into ®;, and &,
the latter having to satisfy the biharmonic equation and all boundary conditions
Also ®1=¢14x1, P2=¢:+x2 where x1 and x: are auxiliary stress functions of the gen-
eral form (3). Now since both ¢’s and both x’s satisfy the biharmonic equation, which
is linear, so do ®; and ®.. As to the boundary conditions, ¢: and ¢, satisfy them along
the straight boundary and for remote points. Therefore, x; and x2 must be so selected
that:
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(1) they give vanishing stresses for remote points (§—0, n—0);

(2) they give zero normal and shearing stresses along the straight boundary;

(3) in combination with the known functions ¢, and ¢ they satisfy the boundary

conditions at the circular discontinuity.

In the next paragraphs, conditions (1) and (2) will be considered first and their
application will determine some of the hitherto arbitrary constants of Eq. (3).
Then the function x satisfying conditions (1) and (2) will be added to ¢: or ¢ (ac-
cording to whether a normal or a tangential load is studied), yielding

& = 61+ x, ®; = ¢ + x.

Finally the remaining constants of x will be determined in each case by the conditions
at the inner boundary.

5. First and second boundary conditions. The stresses are expressed as follows in
terms of bipolar coordinates:

ac: = 0 — co —_ [ J— —),
(43 COs. Cos 7 6172 sin ag sin 7 817 CCs 7

[ cosn )~ sinh b= —sing — + cosn|(2), @)
cosh £ — cos 1 o sin Eas smnan cos 7 7 )

ao,

(cosh £ — cos 1) — (X)
a = — (CO - CO —J.
Tty S. S 7 65317 7

The first condition necessitates
o:=0, 0, =0, 75, = 0 for (¢, 7) > 0;

and the second
0’5=0, ‘rg,,=0f0r£=0.

The first condition is seen from Eqgs. (4) to be equivalent to

X
— =0 for (§,7) —0
r; (& m)
from which, immediately
G+F=0,G= — F and Ek+Gk=0,Gk= f‘Ek.

For the second condition, 7;,=0 for £=0, which yields

B _ k4 lF k+1

2 k—1 k—1

Fy;
and from o;=0 for £=0,

Thus the stress function satisfying boundary conditions (1) and (2) assumes the form:

= B cosh § — [B(¢ — sinh £ cosh §) + 2F sinh? £] cos 9 + (G’ cosh 2¢ + F’) sin n

X
J
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° 2
+ X ——— {[Ew(k — 1) sinh £ sinh &t
o E—1

+ Fy(% sinh ¢ cosh k& — cosh ¢ sinh %£)] cos k7
+ [E{ (k — 1) sinh £ sinh k¢ + F{ (k sinh £ cosh kt — cosh £ sinh kE)] sin kn}. (5)

6. Third boundary condition. The value of x/J from (5) is now added to ¢, (for
normal load) or ¢, (tangential load), and the remaining arbitrary constants of (5)
determined by the conditions at the boundary of the hole, which are that both normal
and shear stresses vanish on the periphery, i.e. (d¢);, =0, and (7¢4)¢,=0.

In order to coordinate the functions ¢1, ¢2, on one hand, and xi, X2, on the other,
the system of axes shall be selected so that the y=0 (or n=0) axis passes through the
center of the hole, as shown in Figs. 2 and 3. Then the concentrated force, whether

normal or tangential, will act at a point y=4%,, and the stress functions ¢1 and ¢
become

— P —
Y )’o’ ¢y = — — tan-1 Y~ Yo
™ x

P
¢1=——(y — ) tan™!
T

Transforming this into bipolar coordinates (Eq. 2) one has

P yo(cosh £ — cosn) — asing yo(cosh ¢ — cos ) — a sin g
¢ = — tan™!

T cosh § — cos g a sinh §

P a sinh ¢ yo(cosh £ — cos ) — a sing
Py = — tan—! " .
x cosh £ — cos g a sinh £

But, as was said before, in treating problems involving bipolar coordinates, it is easier
to express stresses not in terms of the stress function itself, but in terms of the stress
function divided by the quantity J, so that:

yo(cosh £ — cos ) — a sin g

a sinh £

P
¢1/J = — [yo(cosh £ — cos #) — a sin 7] tan—!
e

o/ = £ sinh ¢ tan~! yo(cosh £ — cos ) — e sing .
? T a sinh ¢

These two expressions must now be written in Fourier series in 7 to be comparable
with the auxiliary functions x1 and x2 of (5). The coefficients of these series are found
by means of the usual integrations which are presented in detail in the Appendix.
The results are as follows:

Ty o .
&1/J = > + Z (T cos knp + Uy sin ky),
k=1 .
with
T P
g —{tan B cosh El:tan“l (tan B coth §) + (—1 — ,3) sinh E] - efl-*_—coﬂg} ,
2 T 2 2cos B
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P
T,=—tanp [ef sin 8 cosh . — tan™! (tan 8 coth £) — (—:— - B) sinh E:I,

™

P (tan B T .
U, = —-{——2——[1 + (1 + €*) cos B] — tan~! (tan B coth §) — (7 - ﬁ) sinh E} ,

T
and for k=2
Toe — Peks{(_l)k tan 8 sin %8 cosh £+k sinh £— cosh E[l+(—l)" cos kB ]} ’
T k k*—1 cos B
Pekt tan 8 cos kB8 k sinh £—cosh £[tan B8 sin kﬁ]}
Ur=— 1)k —r——cosht—————— —1)* ;
* T {( ) k cosh § k-1 k +(=D cos
RO k=00 .
#2/J = > + 2 (R cos kn + Sk sin k),
k=
where '
Ry Psinh¢ T
— = [ta.n‘l (tan B coth §) + (— - ﬁ) sinh E],
2 T 2
. P sinh £ e*
Ry = — T(— 1)" sin kﬁ,

P sinh kg
sinh £ eT [1 = (= 1)% cos kB].

K=

In these expressions $=tan~! yo/a (Fig. 2). The above formulas refer to the case
B0 (see Appendix). For the important case §=0, i.e., yo=0

T P
-—=——-e€’ T1=01 U1=0r
2 T
for k=2
2P e*¥(k sinh £ — cosh §)
Ty = — — for % even, Ty = O0for kodd, Uy = 0,
T k-1
and
Ry 2P ekt
—2-= 0, Rk = 0, Sk = —'——k—SlnhffOI'kOdd, Sk = 0 for % even.
T

The following special cases will be considered in the next section on applica-
tions: (A) half-space containing a hole bounded by £=%, and subjected to normal
load; (B) same region subjected to tangential load.

APPLICATIONS

A. Hole subject to normal load. Here
‘I’l/J = ¢I/J + XI/Jv
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1+cosﬂ}
2cos B

P
®,/J = Bt cosh ¢ +— { tan B cosh ¢ [ta.n“l (tan B coth§)+ <%—ﬂ> sinh E:I —ét
w

- {B(f—sinh & cosh ¢)+42F sinh? ¢

P
——tan B [e‘ sin B cosh £—tan—! (tan B coth §) — (—;:——ﬂ) sinh E:l} cos 8
k3

P
+ {G’ cosh 2¢+F'+— [t—agﬁ {14 (1+4€%) cos B}
k.3
—tan~! (tan 8 coth E)-(—;——ﬁ) sinh E]} sin g8

= 2
+2 k 1<E"[k_1] sinh £ sinh k¢+F, [ sinh £ cosh k¢—cosh £ sinh &¢]
km2
k—1 ; -
_ Pekf{(-—1)k tan g sin kﬂcosh£+ksmh5 coshE[H_(_l)k cos kB ]}) cos by
" k L cos 8

< 2
+ E Py E! [k—1] sinh £ sinh kt+F! [£ sinh ¢ cosh k&—cosh § sinh £]
k=2 -

tan B cos kﬁcoshf—k sinh £—cosh E[tan B % (_l)ksm kﬂ]}) sin k.
k2—1 k cos f

The condition (r¢,);,= —(cosh §—cos 7)32/3tdn(®/J) =0 amounts to equating
to zero at {=¢§, the derivative with respect to { of each term except the one inde-
pendent of 7. As to (d;);, =0, this can be shown to require that for =2 each term
be zero at £=£,. Thus, for each term, two equations are available; and this is suffi-
cient to find all of the remaining constants, with the exception of F’ in the term in
sin B. The constant F’ remains indeterminate, and can therefore be taken as equal
to zero. By solving the two equations for each term, the following values are found
for the constants:

k-1
Pc“f{(—l)“
2%

2 cosh? 2 sin? B(cosh?
B=_.——{gto tan 8sin 8 (—.__f_o_es. - B( £0+4)
2x sinh? §{, \ - sinh &, cosh? §y—cos? 8
14 cosp
— (x—2p) tan B cosh §y(cosh? £,—4) —coth & ——T ,
0s

ete tan B sin B cosh §y—tan B sinh &, cosh &,
[ sin B cos B N (%—ﬁ) cosh 50]_ 14-cosp } '

cosh? £ —cos? 8 N 2 cos B
—-P sin B cos 8 T
G’=—-—-—[c’5- sin B+ - (—— ) h ],
2x sinh 2¢, A+ cosh? §y—cos? 8 2 B ) cosh &

F'=0,

F=____{
2x sinh? §,

P
Ev= — P {(=1)* tan B sin kB(k sinh £, cosh £y+sinh? £—e*te sinh ko |
s
+[1 — (= 1)* cos kB/cos Bk sinh? £} [sinh? kfy— k? sinh? £ ],
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F, = (—=1)%(k—1)%! tan B sin kB[ sinh & cosh £ —e*%s sinh k&)

- 2_{

™
+ (& + 1)71[14( — 1)* cos kB/cos B][%? sinh? £, — E sinh £ cosh £ — e~*& sinh ko ]}
- [sinh? k&, — k? sinh? £ |1,

P
E! = 2—{ (—1)*tan B cos B[k sinh k&, cosh £o+sinh? £,— e*és sinh ko]
w
— [ tan B + (—1)* sin kB/cos B]k sinh? Eo]} [sinh? k£, — k2 sinh? £l

P
F! = 2—{ (—1)*¥(k—1) k! tan B cos kB [k sinh &, cosh £,+4e*éo sinh kfo)
™ .
— (k+1)"'[£! tan B+ (—1)* sin B/cos B][E? sinh? £,— E sinh £, cosh £,— e*b sinh ko))
- [sinh? B¢ — B2 sinh? £ ).

To test the suitability of this expansion, it is sufficient to examine the terms of
the auxiliary functions (Eq. 5) for the values of the constants given above. The co-
efficient of cos k7 in the general term of the latter equation is seen to consist of two
parts, one multiplied by (—1)* and the other not. The first part forms an alternating
series the general term of which tends to zero, so that the alternating series is con-
vergent by a well-known theorem. The second part is found to converge outside the
circle £=%, by the ratio test. The same is true for the coefficient of sin kn. Thus
the above expression for ®;/J is a uniformly convergent series in 7 in the region con-
sidered.

Because of the great complexity of the expression involved, only the case =0
will be considered in more detail. For that cae

P cosh & P
BO® = — , FO = — | G'® = F/O = (,
« sinh3 &, 27 sinh? &,
P k sinh?
E® = - — — il for keven, E{ =0 for kodd,
« sinh? k& — k2 sinh? &
P k%sinh? £ — ksinh £, cosh £y — e*€esinh %
F¥ = — — b i b i for k even, F{® = 0 for kodd,

T (k& + 1)(sinh? k£, — k2 sinh? &)

Ef"=F=0.

The stress function becomes

P cosh P
V)] = - — h & fcosh ¢ — -—¢et
x sinh3 & T
P [ cosh & sinh? ¢
— — sinh h
T T I:sinh3 & (¢ = sinh £ cosh ) + sinh? fo] cosm

sinh £ sinh k¢

i 2P [ k(k — 1) sinh? £,
sinh? k£, — k%sinh?§,

k=2 7I'(k - 1)




24 A. BARJANSKY [Vol. 11, No. 1.

k2sinh? ¢, — ksinh & cosh £ — e*esinh k&g
(2 + 1)(sinh? k& — k2 sinh? &)

(k sinh £ cosh k¢ — cosh ¢ sinh k§)

ek

+k+l

(ksinh £ — cosh §) ] cos kn

with the summation extending over even values of % only.

The most significant stress is the hoop stress ¢, at the periphery of the hole, £= .
Substituting the above value of ®;/J into the second of Eqs. (4), the following series
is obtained:

P 2P cosh & P
ao, = — — (1 + coth? §) — — cosn + — (5 coth? § — 1) cos 2y
T x sinh? g, x
2P [ 2 sinh &g sinh 2%, 4 sinh &, sinh 4%, ] 3
- — cos
w L sinh?2¢ — 4sinh?§, sinh?4{, — 16 sinh? &, "

4P 4 sinh & sinh 4,

- - cos 47
# sinh?4¢y — 16 sinh?§,
2P 4 sinh &, sinh 4%, 6 sinh £, sinh 6
——| = - - - cos Sy + - - - .
x Lsinh?4¢y — 16 sinh?¢,  sinh? 6y — 36 sinh? £,
I] cosh £- 5& )
6l
§ 4
3
8 ,
v .
o 0
F 100
-2 ANGLE of IN DEGREES
4
-6)

Fic. 4.

Fig. 4 is a graphical illustration of the above formula. In that figure, the “stress
factor” is plotted for different values of 2h/d=cosh &. By “stress factor” is meant
the ratio of the stress o, to the stress which would have existed under the same load-
ing at a point corresponding to the center of the hole, if the latter had not been
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drilled. If there had been no hole, the point corresponding to its center would have
been under a stress —2P/wh (compression) so that the stress factor is the ratio
—0o,/(2P/wh). Therefore, a positive value of the stress factor represents compression,
a negative value, tension.

It is seen from the figure that for each curve there exists a tension directly under
the load (a=0), which becomes a compression as « is increased, reaches a maximum,
then decreases, and becomes tension again when a approaches 180°. For low values
of cosh &, i.e., of the depth-to-diameter ratio, there exists a secondary maximum
of tension in the neighborhood of a=20°.

As cosh &, increases (as the hole gets deeper and deeper), the stress factor
curves tend towards the “limit curve,” which is simply the graph of 1—2 cos 2a.
The latter expression (Ref. 4, p. 77, second of Egs. (58)) is obtained by assuming the
hole to be in a field of uniform compression, equal to the compression —2P/wh at the
center of the hole.

B. Hole subjected to tangential load. Now the total stress function has the form

®:/J = 03/T + x2/7,

where &, is the total stress function, ¢ is given by (1b) and x: is of the general
form (5). The heretofore arbitrary constants are determined by the conditions at the
inner boundary, which are the same as in the preceding case. The remaining constants
are found to be:

_ £ [ sin 8 sin 28 coth & — (r—28) cosh? & ]’
2w L sinh%?%  cosh? £ — cos? B sinh &
F=£[etosinﬁ N sin B cos B8 —(1-—ﬁ)cosh Eo],
2x L sinh & cosh? £y — cos? 8 2
G'= — r_o (1 + cos B),
27 sinh 2§,
F' =0,
P sin k8 k? sinh? £ + & sinh £, cosh £ — e* sinh k&
Ey= = = (= D¢ . : :
27 k sinh? k¢, — k2 sinh? &
Fu= — 2 (= 1)Kk — 1) sin 48 sinh” 5 ,
27 sinh? k¢, — k2 sinh? &,
B = P [1 = (= 1)* cos k8] k?sinh? &g + ksinh & cosh § — e*tesinh kso’

2x k sinh? ko — k% sinh? &
sinh? &g

sinh? kto — E*sinh® £,

P
F! = 2—(k — 1)1 = (= 1)* cos k8]

The resulting Fourier series can be shown to converge as in the previous case.

C. Conclusion. In the above paragraphs, a method was presented for computing -
the distortion of the original Boussinesq field when a hole is introduced. Other inter-
esting results can be derived by simple means; thus, by superposing on the above
stress functions ®; or ®; one of the solutions presented in Refs. 1 and 2, it is possible
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to obtain the stress system for a Boussinesq field containing a hole, the periphery of
which is subjected to a uniform pressure. Another extension of the above method,
on which the writer is working at present can be used to solve the case of a Boussinesq
field containing a rigid disc.

APPENDIX

The decomposition of the Boussinesq stress function into a Fourier series in 7.
We shall begin by decomposing the shear stress function

¢ P yo(cosh £ — cosn) — @ sin g
— = —sinh £ tan™! .
J T @ sinh ¢

The different Fourier coefficients are given by
1 2r ¢

m+m=—f 2 gikdy,
3 0 J

This can be simplified by introducing the angle 8'=tan~! y,/a.

¢ P yo(cosh £ — cosn) — a sin g
—— = —sinh ¢ tan™! -
J T : a sinh £
P sin B cosh ¢ — sin (9 + B)
= — sinh { tan™! .
T cos B sinh £
Let also sin 8 cosh £¢=p, cos 8 sinh £=¢, n4+8=4. Then
Py pwp p—siny
Ri + S = —f -——sinh £ tan—! ——— ¢¥%dy
TJo ¥ q
P sinh ge—it8 o2 — si P sinh ek
P b (P g, DR
x? 0 q x?

Here the limits of integration need not be changed, since the integrand is a periodic
function of period 27. To evaluate I, use is made of integration by parts, with

% = tan™! p_—-s_iﬂ’ dv = eik¥dy.
Then ! .
and

I, = uy

ér 2r
- f vdu.
L] 0

But, since both % and v are periodic, their product evaluated over the period 27 is

2% , 2
Iy = —f vdy = — ﬂf co:w s eity,
0 EJo (p—siny)?+ ¢

zero; then




1944] DISTORTION OF BOUSSINESQ FIELD BY CIRCULAR HOLE 27

Replacing the sine and cosine by their exponential equivalents and transforming, one

has
2q " (e + 1)d(e™
kJo (e2¥ — 2ipe’¥ — 1)2 — 4q%*¥

This is easily seen to be a rational function of e'¥, the denominator of which, the
difference of two squares, can be decomposed into two quadratic factors with rela-
tively simple roots, so that the transformation by partial fractions can be used to
obtain the following result: '

1 2r 1 1 1
In=— etV | — - — — —— — -+ — -
2kJ e — ete iV — ke oV 4 elem¥ g f ke

d(e').

Thus the integral breaks down into four integrals of the form

2r tk
[
0 t—c¢

where t=¢¥, and ¢ is a complex constant of the form +e*!t#, Now if the indicated
division of t* by t—c¢ is performed, a quotient which is a polynomial in ¢ and a re-
mainder c* result. The polynomial is integrated into another polynomial in t=¢'¥,
and the value of this second polynomial between the limits 0 and 27 is zero because
of the periodicity of e?¥. Thus the remaining terms are of the type

2% det 2x ck
f = f - d(e*);
o t—¢ o e —c¢
namely,

1 L2 (efe)* (e teB)* (— ete#)* (— eteB)k
n=nl, [

- d(e¥). (A
eV — ete® eV — gte® oV L ele ¥ oV c“e‘"] (). &)

The value of the resulting terms can be obtained more easily by considering the
corresponding complex function of {=¢+iw.*

d(e®) [ etdr
ct - = ick -
cef —c¢ c e —c¢

along the contour shown on Fig. 5. It is well known from the theory of the complex
variable that the value of the above contour integral is zero if the pole of the integrand
falls outside that contour, and is equal to 2w¢Xic*X Res., where Res. is the residue
of the integrand, if the pole lies inside the contour.
Performing the integration around the contour, we obtain the following:
(1) along the real axis —w =y <, the complex integral reduces to the real
integral to be evaluated (limits — 7 and 7 are equivalent to 0 and 27);
(2) the two integrals along the vertical paths cancel each other;
(3) the integral along w=A has a zero limit for A— .
Therefore,

* This treatment was indicated to the writer by his friend and colleague, Dr. H. G. Baerwald.
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e b 0 if the pole lies outside the strip
[T —den={ezo -rsyss
0T 2xi X ic* X Res. if it lies inside that strip.

The pole occurs at e¥—c=0, or { = —1 log ¢; ¢ is of the form

c=ctle® or ¢ = — etle ¥ = elei(rM),

so that log c=t(+4Bor log c= 1t t+i(x—p) and { =B Fsfor { =7 —BFit.

But the region x>0 corresponds to £<0, as can be seen from (2), and also
0<pB<w/2, so that the integrals whose pole has an imaginary part of the form 44§,
namely the second and fourth of (A), have the value zero. The poles of the first and
third, on the contrary, fall inside the region of integration, so that their values are

2xi X ic* X Res.

It remains to evaluate the residue. This is found to be —i by methods explained
in texts on the complex variable (Ref. §). Thus the required integrals become

2xi X ick X (— i) = 2:5&*.
Thus,

l I3
I = '2;2‘"[(50“)' — (— et ®)*],

and _—
Pi ekt
Ry + :’S. = —sinh f—;[l - G“H)*].:

Therefore

P ekt
Ry = — (— 1)*—sinh ¢ sin 28—
x k

P ekt '
Sy = —sinh ET [1 — (= 1)* cos %8].
kg . .

When =0, the poles shown on Fig. 5 have real parts 0 and =, respectively. In
other words, one of the poles is on the contour itself. Besides, due to the periodicity
of the integrand, a third pole appears with a real part equal to — . This latter pole
has, in general, a real part —x —p, and is identical with the pole at x —8. Thus, there
are three poles in all, one wholly within the contour and two others, with equal
residues, on the contour itself. Now it is easy to see that each of the latter contributes
half its residue to the value of the integral, and since these residues are equal, the
situation remains the same as if there were only two poles, both entirely within the
contour, so that the case 8=0 is not essentially different from 80, and it is sufficient
to set =0 in the above formulas for R: and S.. Thus

2P ekt
R,(,O) =0, S,(go) = ———I;sinhs for % odd, S;(,o) = 0 for % even.
w

Case k=0. For this case, the procedure is exactly the same up to the integration
by parts. There, while # remains as before, dv=dy, v=y, so that I becomes
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2r 2 q'p cos wd\b
+j; (# —siny)* + ¢*

p — siny
q

I, = ¢y tan™! = 2r tan~! p/q + ¢Jo.

0

To evaluate Jy, the same method as before is used, exponentials being introduced
in place of the trigonometric functions:

=2 f 2'( Y + 1)d(e)
0

€M — 2ipeiv — 1) — 4q%?¥ .

This can again be transformed into partial fractions:

*” 2 cos BJo eV — ele® e — ke iV | glemiB iV e“e“"’:l (&").

Here we are dealing with integrals of the type

f“ yd(e¥) [P geitdy

o eV —¢ tfo eV —c¢'
these can be treated, as before, by in-
troducing the complex variable and
integrating around the contour of
Fig. 5. Since the denominator of the
integrand is the same as before, all
that was said about the poles of the
partial integrals making up I: re-
mains true. Therefore, the second and
fourth terms in the expression for J,
contribute nothing, and the first and
third are each equal to 277 times the

—_—_———— T ———

<
)
§
(V)

Y
y—
N

residue times constants. The residues, FiG. 5.
however, have here the value —log c,
so that
i . . . . T
Jo= i2ri[—t—iB+E+ilr —B)] = —— (v — 26),
2 cos B cos B

and the imaginary term vanishes, as could be expected. Then
Iy = 27 tan™! (tan B coth §) + = (= — 2B8) sinh ¢

and
P sinh ¢

[2 tan—! (tan B coth £) + (x — 2B) sinh £].

0=

Half of this expression is the first term of the Fourier series:

Ry Psinht¢

2 T

I:tan'l (tan B coth §) + <% — B) sinh E].
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For =0, there are again three poles, one on the imaginary axis and the two
others with real parts + . This location is, as in the general case 20, due to the
periodicity of the denominator of the integrand. However, here the integrand as a
whole is not periodic, so that the residues at the two poles on the contour are not
equal, and the situation is not the same as for §5£0. The detailed computations show
that Ro=0

Series for ¢:/J. Since the ratio

—_cl +
1/T 02/T = bu/da = 1—&;”—5)

is a simple trigonometric expression, the series for ¢1/J can be obtained from that
for ¢2/J by term-by-term multiplication.
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