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A CYLINDER COOLING PROBLEM*

BY

SAMUEL A. SCHAAF
University of California, Berkeley

1. Introduction. The linear cooling problem for non-homogeneous solids has been
investigated extensively by Rust,! Churchill,2 Carslaw,® Mersman,* and others. It is
the purpose of this paper to obtain a solution for the corresponding cylindrical prob-
lem. The method used is that of the Laplace Transform.

2. The Problem. Let us consider an infinitely long circular cylinder of radius a
and initial temperature T, instantaneously immersed in an infinite medium initially
at zero temperature. Let the heat conductivities and diffusivities of the cylinder and
external medium be respectively K, and 42 (v=1, 2). Then if  is the distance from the
axis of the cylinder and ¢ is the time, the following differential system is satisfied® by
the temperature functions T,(r, ¢):

h2{62T1 " 1 aTl} 0T, 0<yr< '>0 M
—_—— = — r < a, » .
Narr ' 7 or ot =
92T 1 T aT
h:{ 2 ——2}=—2 r>a, t>0, 2)
or? r Or ot
lim Ty= lim T, ¢>0, (3)
r—a— r—a+
) T, . aT,
lim Ky— = lim K;—  ¢> 0, )
r—a— dr r—a+ or
imT:=T, 0=Zr<a, (5)
=0
lim T, =0 r> a. (6)
—0

3. Solution. Let the Laplace transform of T\,(r, t) be T,*(r, s), i.e.,
TX(r, s) =f e*tT,(r, D)dt s> 0.
0

Applying this transform to (1)-(6), we obtain the corresponding set of ordinary dif-
ferential equations containing s as a parameter;
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&eTF 1 4T
f{ Ly ‘}=—T0+sT,* 0sr<a, (1%
dr? r dr
a2T¥ 1 dT#
h:{ Tt 2} =sT¥ 1> (2%
dr? r dr
lim T# = lim T#, (3%
r+a— r—a+
dT# dT#
lim Ky —— = lim Ky—0b - (4¥
r—a— dr r—a+ dr

The solution® of this system is

* _ E K (a/5) - To(r\/5/ 1)
T¥(r, s) = S [l + D(\/.;) ]' o
o, - Tt e/ K 0
s D(v's)
where
ay = a/hy, az = a/hs, a3 = Kihy/Kshy, (9)
D(x) = asl{ (a1x) Ko(azx) — To(a1x) Kd (asx). (10)

The functions T,(r, £) may now be obtained by use of the complex inversion

formula?
c+ir

T,(r, ) = lim L e**T X (r, 2)dz, ¢c>0. (11)
A—wo 271 c—%\
In order to reduce these contour integrals to real integrals we must first establish
the following lemma.
LEMMA. D(z) does not vanish for |arg z| <.
ProoF. We choose two numbers 4 and B, arbitrary except that

0<4<1<B. (12)

Then since a, is positive (v=1, 2, 3), it will be sufficient to show that, when Iargzl
=i, D(2) does not vanish for any values of @, such that 4 <o, <B (v=1, 2, 3). The
proof now follows in four parts.

1) There is a number R; >0, such that D(z) does not vanish for

A<a <B, |argz|=<ir, |z]<R.

This is true because we may use the ordinary series expansions of the Bessel function?
to write

1 4 1,254
D(z) = — + (a2 — al'aa)--z—'logT + B(2),

a2

¢ G. N. Watson, Theory of Bessel functions, Cambridge University Press, Cambridge, ed. 2, 1944,
p. 79.

7 D. V. Widder, The Laplace transformation, Princeton University Press, Princeton; Oxford Uni-
versity Press, London H. Milford, 1941, p. 66.

8 G. N. Watson, loc. cit., pp. 77, 80.
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where B(2) is bounded in the neighborhood of z=0. The result is then evident.
41) There is a number R, >0, such that D(z) does not vanish for

A<a <B, |argz|=ir, |z|>R.

To see this we use the well-known asymptotic formulae for these Bessel functions®
to write

elai—a2)z

D(z) = m {las + 1+ &) — i(as — 1 + e)e2e},

where €,—0 as z3— « for k=1, 2, uniformly in the &, providing 4 o, =B (v=1, 2, 3).
Clearly, D(z) can vanish only if

aa.— 1 + €2

_—

as+ 1+«

But for sufficiently large Izl, say lzl > R,, the right member is less than unity in

absolute value. Hence for |z| > R,, this relation cannot hold with |arg z| <}

411) D(z) does not vanish for Iarg zl =14r. To see this, we let z=e}i"y (y real).
Then??

82"'" =

Io(etimy) = Jo(y), (13)
Ko(ebiry) = — im[Jo(y) — i¥o(y)]. (14)
Hence

D(ye¥v) = {aaJ{ (1) Volazy) — Jo(ary) ¥ (a) }
+ i{as{ (ry)o(azy) — Jo(ery)Td (@zy) }.
Therefore D(ye}ér) can vanish only if

ot (a1y)Yo(azy) — Jolarp) Y (azy) = asJo (ary)o(azy) — Jo(eny)J ¢ (azy) = 0.

But this is impossible since it would imply either the existence of a common root for
at least two of these Bessel functions, or the vanishing of the Wronskian

W [Jo(azy), Yolaszy)] =

magy
iv) We consider now the integral (see Fig. 1)
D'(2)
f(aly az, aﬂ) =—
2rid ¢ D(2)

From 1), 1), and 441) it follows that D(z) does not vanish on C for all &, such that
A=Za, =B (v=1, 2, 3). Now these Bessel functions are all analytic except possibly
at z=0. Hence f(au, a2, a3) is continuous.

? G. N. Watson, loc. cit., pp. 202, 203.
10 G. N. Watson, loc. cit., pp. 77, 78.

u It is a well-known result that these Bessel functions have no common roots. See G. N. Watson,
loc. cit., pp. 479, 480, 481.
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Since D(2) has no singularities inside C, f(ai, as, a3) gives the number of zeros of
D(2) inside C. It can therefore take on only integral values; but this implies that
flou, az, as) is constant.

Finally

1 w’ [Io(z): Ko(2) ] _

S, 11 == o WL, K@

Hence f(ay, az, az) =0, for all e, satisfying the relation 4 <«, £B. Therefore D(z) has
no roots inside C. Since the radii R; and R, (see Fig. 1) are arbitrary, except that

(c+i))
f2
'\Rs Ra L, /‘R
/ T \l/
1
n
(c-iN)
F16. 1. The contour C, consisting of the circu- F16. 2. The contours I, Ty, Ty, T, L, and La.

lar arcs |z| =R, and |z| =R, and the line seg-
ments on the imaginary axis joining them. The
only restriction is that R; <R, and R;> R,.

The radius of T'; is p.

Rs<Ri and R(>R,, it follows that D(z) has no zeros in the entire right-half plane,
which concludes the proof of the lemma.

We now transform the contour integrals of (11) into real integrals. Let us consider
Ti(r, t) first. According to the lemma just established, D(1/z) does not vanish
for |arg Vz| 4, ie., for larg zl =w. Hence the integrand in (11) is analytic
for |arg z| <, and we may (see Fig. 2) replace the integral along !/ by the sum of
the integrals over Ty, T'y, T's, L;, and L,. Using the asymptotic developments, we
easily see that for large z,

SR of (-]

Therefore as A— =, the integrals over I'y and T, vanish, since ¢>0.
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Near the origin, the term K¢ (a20/2)Io(ca+/z) dominates the denominator, and
hence

lim K¢ (az\/g)lo(f\/;/hl) —
0 D(\/z)

Therefore the integral over I'; vanishes with p (see Fig. 2).
On L,, we set z2=07%*", ¢ >0. Then, using (13) and (14), we obtain

1 To VR gt
— e*!T¥(r, 2)dz=—
2rid o, wiJv; o (15)
{l+ Jo(ra/m) Y § (a20)+ 1T o(ro/ b1)J 4 (a20) } p
. .
[asT ¢ (@10) YV o(e20) — T o(@10) Y { (t20) |4 i [as { (1) T o(t20) — T o(10) T § (ata0) ]

On L., we set z=0%"*r, 0 >0, and obtain the conjugate of (15). Adding these and
taking the limit as A— « and p—0, we obtain finally,

- 4T a3z (> e’ ]o(fd/hl).’o, (ala)
Ti(r, t) = v j; = A0) do, (16)
where
A(o) = [asT¢ (010)Yo(aze) — Jo(a10)¥V{ (aso) ]2 (17)
+ [as{ (@10)To(az0) — Jo(e10)J¢ (az0) ]2
Similarly
Talr, )= 27;:0!3 fo‘” 8: ¢ J{ (a10) [Jo(@10)Ci(azo, fU/:(zz)— azJ ¢ (a10)Clase, ra/ hs) | do, (18)
where
C(x, y) = Jo(x)Yo(y) — Yo(2)To(3), (19
Cu(x, ) = JJ ()Y o(y) — Y (2)To(). (20)

These formulae constitute the solution of the differential system (1)-(6).

4. Remarks. Since the Laplace Transform method is essentially a formal one, any
solution obtained in this manner must always be verified. In the present case this is
easily done.!?

It may also be shown, under certain conditions as to boundedness and continuity
necessarily satisfied by any physical temperature distribution, that expressions (16)
and (18) constitute the unique solution of the system (1)-(6).13

In conclusion, the author would like to express his thanks to Professor G. C. Evans
for his help in the preparation of this paper.

22 For an example of the method see H. S. Carslaw and J. C. Jaeger, 4 problem in conduction of heat,

Proc. Cambridge Philos. Soc. 35, 394—404 (1939).
13 For an example of the method see W. M. Rust, ¥r., Joe. cit., p. 196.



