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—NOTES—
SOME APPLICATIONS OF THE REPEATED INTEGRALS
OF THE ERROR FUNCTION*
By J. C. JAEGER (University of Tasmania)

1. Introductory. The repeated integrals of the error function

i"erfcx=f ilerfctdt, n=12--- (1)
where : )
lerffcx =erfcx = — f etd, (2)
V.

™

have been studied by Hartree,! who tabulates them for =1 and n=2, and shows
that they satisfy the recurrence relation

2ni" erfc x = i*2erfc x — 2xi* ! erfc x. 3)
He also shows that
L{(4f)™%i~ erfc (Bas /7)) = s—1-n/2%avs, 4)
wheren=0,1,2, - - - ,a=20,and L {v} is written for the Laplace transform of a func-
tion v(¢) of ¢, that is
L{v} = fo wc“‘v(t)dt. (5)

The functions (1) arise naturally in the theory of conduction of heat in the semi-
infinite solid (or the sphere or slab) with prescribed surface temperature or flow of
heat, since the Laplace transforms of the solutions of many such problems involve
the functions on the right hand side of (4).

The objects of this note are, firstly, to indicate an extension of (4) which applies
in the same way to problems with heat transfer at the surface, and, secondly, to give
solutions in terms of the functions (1) of a number of problems of practical interest
which involve heat generation in the solid.

2. Problems involving heat transfer at a surface at a rate proportional to its
temperature difference from its surroundings. The required extension of (4) is
that, if » is a positive integer, and «, k, and x are positive,

L{a(— h)'"[e“f’x'“’z erfc (H + X) — ,il (— 2H)rir erfc X]} = —+—Z:—;7), (6)
r=0 q” 1
where
X =2/2Vat, H=h/at, q=+/5/a O]

* Received Sept. 19, 1945.
1 D. R. Hartree, Some properties and applications of the repeated integrals of the error function, Proc.
Manchester Lit. and Phil. Soc. 80, 85 (1935).




J. C. JAEGER ‘ 101

To derive this result we notice that

e 9% (_)ne—qz e—qz n—1 (h
= n—r—1 . 8
gt g+ k) k(g + h) hg? g( ) q) ®

In the terms of the series we use (4); the result for the first term of the right-hand
side of (8) is given in most tables of Laplace transforms; and (6) follows immediately.

Typical examples in which (6) arises are the following:

(i) The semi-infinite solid x> 0. Zero initial temperature. The solid heated at x =0
for t>0 by heat transfer from a medium at at™?, n=0,1, - - -

The temperature v in the solid has to satisfy

% 1 dv
—_———— =0, x>0, £>0, 9)
dx? a Jt
with the boundary condition
0
— = — h(at"* — v), =0, t>0.
ox

Also v has to be bounded as x— «. The Laplace transform of the solution is found
haT(1 + n/2)e2=
b

to be
L{s} =
sH—ulz(q + h)
using the notation (7). Therefore, from (6)

_ (2)ar(1 + /2)

hnau/2

{eﬂm"’ erfc (H+ X) — D (— 2H)"ir erfc‘X} .
o=l
If heat transfer takes place from a medium whose temperature is
N
3 auinia (10)
n=0

the solution follows at once. For the problem of the semi-infinite solid whose surface
temperature is given by (10) the result is obtained in the same way by using (4).
An empirical relation of the type (10) is often useful for representing observed surface
temperatures, the term in $!/2 being particularly valuable since it corresponds to con-
stant flux of heat; for example the fall in temperature of the Earth’s surface after
sunset on a cloudless evening is approximately proportional to /2 and may be repre-
sented very well by two or three terms of (10).

(i1) The semi-infinite solid x>0, of conductivity K and diffusivity a. At x=0 the
solid is in contact with mass M per unit area of well stirred fluid of specific heat c’,
whose temperature is equal to the surface temperature of the solid, i.e. to im ..o v. The ini-
tial temperatures of the solid and fluid are zero. Heat is supplied to the fluid at constant
rate Q per unit mass per unit time for t>0.

Here (9) has to be solved with boundary condition at x =0

adv
Mc———K———=QM x=0, t>0.
at dx
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The Laplace transform of the solution is
9%
L) = —2"
a’’'q¥ g + k)

where now k=K /Mc'a. Thus from (6) we have

{e2AX+X" erfc (H + X) — erfc X + 2Hi' erfc X }.

hac’
(iii) The semi-infinite solid x >0. Zero initial temperature. Heat is produced for t>0
in the solid at the rate Qi*'?, n=—1,0,1, - - - | per unit time per unit volume. There is

heat transfer at x =0 into a medium al zero temperature.
Here we have to solve the differential equation
0% 1 9y Q

__—=——;"I2, x>0, t>0,
dx2 o Ot K

with boundary condition

3
——hy=0, =x=0, t>0.
ox
Here
Qal'(14+n/2) ( 1 he~e
Lis} = K {s2+n12 - atnizgnti(qg 4 B)f '
and
$1+nl2 T(1 2 jas
v = Qa or{ + »/2) [ezﬂx+H’ erfc (H + X) — X (— 2H)"ir erfc X:I.
K(l + n/2) Kan/2(_ h)n+2 re=0

3. Cases of generation of heat in a solid. The solutions of a number of problems
of practical importance in which heat is generated for £>0 in a solid at the rate

N
> anini? (11)
N=—1

per unit time per unit volume can be expressed in terms of the functions (1). An ex-
pression of type (11) may be useful for representing an experimentally observed rate
of generation of heat; the term in £7/2is of value when the initial rate of heat produc-
tion is high, as in the hydrating of cement.?

A problem involving (11) and radiation at the surface has already been given in
§2(iii), here we give the solutions of some cases in which the surface temperature is
zero.

(iv) The region x>0. x =0 kept at zero for 1>0. Heat production at the rate t*'2 in
0<x<a, and zero in x>a. Zero initial temperature.

2 In this case two or three terms of (11) give quite a good representation of the observed heat of hy-
dration over the first few days. An expression in terms of negative exponentials is more usual, but does
not lead to solutions in terms of tabulated functions for the problems given here, except (vi), and in that
case it does not give a solution which is useful for small values of the time.
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~ This is the fundamental practical problem of temperatures in hydrating concrete:
a slab of concrete is poured on the surface of the semi-infinite solid, we assume here
that the thermal constants of the concrete and the solid are the same. The solution is

atttni? . a—x . e+ =z
v = ———{1 — T'(2 4 n/2)271 [1"” erfc — in*+2 erfc
KA1 + n/2) 2(at)V/? 2(at)VV2
+ 2in+2 erf x ]}
n c ,
e 2(af) /2
if 0<x<a, and for x>a it is
T'(1 4+ n/2)(4s)1+ni2 x—a x+a
? = ol ( /D) {i"“ erfc + irt+2 erfc +
2K 2(at) V2 2(at)!/?
— 2i**2 erfc

)
2(at)V2f

(v) The problem?® of (iv) except that heat is produced only in the region a <x <b.
The témperature gradient at the surface is

1/2 a . b
— T'(1 + n/2)(4t) atmiz| ji+n erfc — it#n erfc .
K (1 + /D49 [ 2(at)1/? 2(at ”2]
(vi) The slab 0<x<l. The surfaces x=0 and x =1 kept at zero temperature. Heat
generation at the rate t™2. Zero initial temperature.

attni2 © ml+ x
= 1@+ n22 Y (=)m]| i et
kT n/2>‘{ @+ n/221 2 () [‘ e
tirttege Mt DI— 2 x]} .
2(at) V2

(vii) The infinite region r=0. Zero inilial temperature. Heat production at the rate
™2 in the sphere 0 <r <a, zero elsewhere.

a2 ra 2)(4)rHnie a-r err
)= a _ aa ( + n/ )( ) [in+2 erfc — in*+? erfc —+—]
K+ n/2) 2Kr 2at) Hat)'r®
3210(1 2)(42) (w012 - e |
@ (1 + n/2)(4) [i"“ erfc e—-r "3 erfc -—+—], 0=sr<a.
2Kr 2(at)™? 2at)*®
(1 + n/2) (41402 i
)= aal'(1 4 n/2)(4¢) [i"“ erfc ot 4+ int2 erfc ]
2Kr 2(at)1? 2(at)'
s (1 2)(4t) (w12 r—¢e
L @I+ /2@ [Weﬁc 0t e ] r>a.
2Kr 2(at)!? 2(at)!?

3 Van Ostrand, On the flow of heat from a 10ck stratum in which heat is being genesated, J. Wash. Acad.
Sci. 22, 529 (1932), considers the case of a thin layer.
4 This problem is of interest in connection with development of heat in wheat stacks.




