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Introduction. In this paper, we consider the two dimensional flow of an incom-
pressible viscous fluid
a) in a bounded domain D, the velocity vanishing at the boundary B of the
domain; B is assumed to be a regular curve;!
b) in the entire plane, the velocity vanishing at infinity, this case being regarded
as a limiting case of a).
Since the fluid is assumed to be incompressible, there exists a stream function Y (x, s t)
such that the two components u and v of the velocity are given by

d
u(x, 3,8 = a—t, . A 1)

Pl
o, 3, ) = — a—‘: @

According to the boundary conditions, we have

u(x, v,£) =0, o(x, y,8) =0 on B A3)
or
'I/(x’ Y, t) = O, ai =0 on B. (4)
n
The wvorticity is given by?
According to the Navier-Stokes equations the vorticity must satisfy the equation
ar oc as
—+u —+v——vA§‘ (6)
at dy

* Received March 1, 1947. This paper was presented on February 24, 1947 at a joint Colloquium of
the Department of Physics and the Graduate Division of Applied Mathematics of Brown University.

1 What is meant here by the term regular curve is only that B fulfills the conditions required for the
use of the Green formula.

2 Ay indicating the Laplacian: A¢ =0%/3x2+ 9% /ay%
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in which v is a constant, the kinematic viscosity of the fluid. Substituting the values
(1), (2), and (5) into (6), we obtain a partial (non-linear) differential equation for
¥(x, ¥, £), which is characteristic for the two dimensional flow of an incompressible

Fic. 1

viscous fluid. We shall only deal with regular flows, that is with stream functions such
that the functions ]
¥, %, 0, f,ig:) ﬁy Ag, ﬂ,) a—uy ﬁ; ﬁ.
ax  dy ot 9t ot ot
are continuous in x, ¥, ¢t for (x, y) in D+ B and 4 St =Zts.
This paper is divided in three parts. In the first part, the Fourier transforms
W (wy, w2, ), Uwy, we, £), Viw, ws, t), Z(w1, we, £) of the stream function ¢, the velocity
components #, 9, and the vorticity { are introduced and it is proved that ¥, U and V
are obtained from Z by multiplication by simple rational functions of w; and w,. Next
the kinetic energy of the flow

1
E = 7f (#* + v?)do, (do = dxdy) ' @)
b .
and its spectral decomposition
E = f (w1, ws, £)dw, (dw = dwidws) (8)
Q

are considered and it is shown that the spectral function vy(wi, we, £) has also a very
simple expression in Z. In other words, the entire harmonic analysis of the flow can
be based on the Fourier transform of the vorticity.

This part of the paper uses only the definitions of ¥, %, v, { and the boundary
condition; the results are valid whether the fluid is viscous or not.

In the second part Eq. (6) is used and some inequalities are given which must
be satisfied by the Fourier transforms when the variation of the time ¢ is considered.
Some of these inequalities concern the variation of the spectral function with time.
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Allinequalities are based on the fact that the kinetic energy of the ﬂow is decreasing more
rapidly than an exponential function of t.

Next, an integrodifferential equation for the Fourier transform Z of the vorticity
is derived from (6). This equation might be the starting point for the study of the
variation of the spectral function with the time &.

Finally, in the third part, the case that the flow fills the entire plane

X — o < x< + o, —owo < y< 4 o

is considered as the limit of the flow in a bounded domain, the fluid being at rest at
infinity. The integrodifferential equation simplifies considerably in this case.

If f(x, y) is a real function of the real variables x and v defined® and continuous
in D+ B, its Fourier transform is given by

1
F(wi, wp) = —*f f(=, y)e Haztenwddg, 9
472J p

where the frequencies w,, w; are real. We shall use the following well-known properties
of the Fourier transforms.*

a) F(w, we) is a complex function of the two real variables w;, w; defined in the
entire plane

Q — o <w < + o, — x < wy < + oo,
b) F( —wi, _w2) = -F(wly (02),

where F denotes the conjugate of F.
¢) F(un, we) is a continuous function of the two variables w;, w; in every point of Q.
d) F(wi, w;) is bounded in Q:

1
| Floy, wg) | = Zr—sz | f(x, )| da. . (10)

We shall also use the bound

| P, ws) | < ;—g[ f L y)wa]m, S

where S=[pdo. Equation (11) is deduced from (10) by means applying Schwarz’
inequality.

e) If lel +|w2|-—>+ ©, then F(wi, wr)—0 (Riemann’s theorem).

N If ¢(x, y) =af(x, y)+bg(x, y), where a, b are constants, and f(x, ), g(x, )
continuous functions in D+ B having the Fourier transforms F(wi, ,), G(w, s),
then ¢(x, y) has the Fourier transform ®(w, w;) =aF(w;, we) +b5G (w1, ws).

g) If f(x, y) and g(x, y) are continuous functions in D+B having the Fourier
transforms F(wi, we) and G(w;, w,), respectively, and if

F(w1, w2) = G(w1, ws),

3 In order to apply directly most of the known results of the theory of the Fourier transforms, it is
often useful to consider f(x, y) as defined in the entire plane X with f(x, ) =0 at every point outside
D+B.

*S. Bochner, Vorlesungen ither Fouriersche Integrale, Leipzig, 1932, pp. 183-197.
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then
f(x, 3) = g(=, 3)

in every point of D+B.
k) If F(wi, wo) is absolutely integrable,

fQIF(wl, w) | do < + =,

the integral
f F(w1, wa)eitwrzteandy,
Q
defines a continuous function of x, ¥ for all values of x, y; in D4 B:
f(x, y) = f F(ey, wzﬁei‘”l”*“ﬁ”)dw,
Q

while .

0= f F(w;, wy)eitrztea)dy,

Q

outside D+ B. Since the integral is continuous for all values of %, y, the function
f(x, ¥) must vanish on B. Thus, if the given function f(x, ) does not vanish on B,
its Fourier transform cannot be absolutely integrable.? -

i) If f(x, y) has continuous derivatives df/dx, df/dy in D+ B (which is always the
case for the functions considered here), one has

1@ 3) = [ P, wesisremda (12)
Q
in every point of D, the integral being now an improper integral defined as the limit
lim F(wi, wp)et(wrztez)dey, (13)
Ao+ (o

C» being the circle wj+wj <A? (Cauchy’s principal value). As a rule, (12) does not
hold on the boundary B.

7) f(x, 9) and g(x, y) being continuous functions with continuous derivatives in
D+ B and F(w;, w;) and G(w,, w;) their Fourier transforms, we have

1 _ .
— [ 1 28w ety = [ Pl wiGlar + 3, 01+ 0der (19)
m°J p ) J g

the meaning of the integral being the same as in (12). Here, 6, and 0, are arbitrary
real variables; in particular for 6, =0,=0 one has Parseval’s formula:

5 For instance, taking for D+B the square —1 Sx<+1, —1 <y=<+1 and assuming that f(x, y) =1
in D+B we obtain the Fourier transform F(w;, ws)=(1/m%nws) sin o sin ws which is not absolutely
integrable. Eq. (12) holds, however, with the definition (13).
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1 —
] 1w e e = [ Flon, 0o, o)

(15)

1. Let us introduce the Fourier transforms of the stream function, the velocity

components and the vorticity:

Y(wi, w, t) = --f Y(x, y, Heilorrten)dg
1 : ‘
U(wlr wy, t) = —“—f u(x’ Y, t)e—t(wu'+w1y)da.’
41"2 D
l .
V(""lv w2, t) = ——f v(x, ¥, t)e—l(wlz+w2y)d0'
47!'2 D

1
Z(wh wa, t) = ——-f g‘(x, Y, t)g—i(w1:+wzu)d¢_
4z*J p

(16)

an

(18)

(19)

The first part of the present paper deals with the purely kinematical significance
of ¥, u, v, ¢, all computations being supposed to be made at a given time ¢. Thus, there
is no particular need for stressing the particular value of ¢. For the sake of brevity we

shall therefore write ¥(x, ¥), ¥(wi, w,), etc. for Y(x, y, 1), ¥(wi, w,, t), etc.

THEOREM I—The Fourier transforms of the stream function and of the velocity
components are expressed in terms of the Fourier transform of the vorticity by means of

2
¥ (w1, wp) = —1——— Z(w1, wa),
U(wy, w2) = _2iw Z(wly w3),
+ wz
V(wi, wg) = ——Z-W—I-Z(wl, w2).
ot + wf

Substituting (1) into (17) we obtain

1 W
- — — e“("’“’"“"’”)do'
472 D ay
1
= — [,pe t(wlﬂwzu)]do. + __f Yo izt dg,
Ax? D ay

Application of Green’s formula to the first integral yields
1
U=——ifwwmwma+mm
472J g

On account of the boundary condition (4) the first integral equal zero. Thus
U = iw,V.
Similarly
V = — ju 0.

(20)

(21

(22)

(23)

(24)
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Next, let us apply Green's formula

fD(ng"gAf)dU= —f (fa_n - g:—': ds

setting.f =y, g =e¢~i@w=tem) On account of the boundary condition (4) we have:
f [¢Ae—i(w1ﬂwzu) — At[/e_i(“’l""""z”)]do' = Q.
D
If we replace Ay by —2¢ in accordance with (5), and remark that

Ae~Hwrztory) = — (wf + w:)e-‘i(wlt‘f‘w!ﬂ)’ (25)

we obtain
—_ (wf + wi)f ‘Pe—i(w1z+wzu5do- + Qf §-6~i(w1x+wzv)d¢ =0
D D

which is Eq. (20). Inserting the value (20) of ¥ into (23) and (24) we immediately
obtain the expression (21) and (22) and our theorem is proved.®
Combining (21) and (22) we obtain the following relation

2iZ = woU — wiV. (26)

THEOREM II—The spectral function vy(wy, we) of the kinetic energy E which is de-
fined by (8), is expressed in terms of the Fourier transform of the vorticity by means of

Z(w1, w) |2 ,
y(w1, ws) = 8? [—-&l_l_—% - (27)

To prove this, we start from Green’s formula

fo QY+ (2= f o2

The integral over B equals zero on account of the boundary condition (4). If we re-
place Ay by its value (5) and dy/dx, d¢/dy by (1) and (2), we obtain

= f Yido. (28)
D .
Applying Parseval’s formula (15), we find
E = 47r2f VZdw, , (29)
Q
and hence
Y(w1, we) = 472V (w1, wg)Z(wl, w2). (30)

6 It is perhaps worthwhile to stress that the boundary condition (4) plays an essential part in this
proof. As a rule, the relation F;=4wF does not hold between the Fourier transforms F(wi, w2) and
Fi(w1, ws) of f(x, ¥) and 3f/dx. For instance for the function f=1 considered in remark 5, F, =0, while
1 F=(im?/wy) sin w; sin wa.
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From this we deduce (27) by inserting the value (20) for V.

The theorems I and II reduce the harmonic analysis of the flow to the study of the
Fourier transform Z of the vofticity. We shall now establish some properties of this
function. According to (12).

f(x, y) = f Z(wl, wz)ei(wlﬁ'wzu)dw
Q
= lim Z (w1, wp)eiwrztendde, (31)
Ao+ oo N

We can then interpret Z(w;, ws)dwidw. as the contribution of vortices, the frequencies
of which are between w; and w;+dw,, and w; and ws+dw..
Z (w1, w2) 1s continuous and bounded in the whole plane Q. Noting that

1
¥(0, 0) = 4—1r2fD¢da
is finite, we obtain from (20),
Z(0,0) = 0. (32)
Equation (26) then yields
2[z] s|e| U+ 7] ®33)

On account of (11) we have

S 1/2 S‘ 1/2
(0] < Y3 [ wao] (v < 5[ [ oae]”
472 472
T D ™ D

and consequently

S
U +[V[ s —E

8x? (34
Equation (33) gives then the following upper bound for | Z| :
V2§ _
1zl s o ol + e DVE. (35)
™

At this point it seems interesting to note a property of the Fourier transform Z. If
o (x, ) is an arbitrary harmonic function in D, and ®(w, w2) is its Fourier transform, Z
is orthogonal to ¥, i.e.,

f Z(w1, w2) B(w1, ws)dw = 0.
a

In fact, the vorticity ¢ is orthogonal to any harmonic function ¢ in D.7 To prove this
we need only use Green's formula

7 J. Kampé de Fériet, On a property of the Laplacian of a function in a two dimensional bounded domain,
when the first derivatives of the function vanish at the boundary, Mathematics Magazine No. 2, 1947.



3 J. KAMPE peE FERIET [Vol. VI, No. 1

f (6% — YAB)do = — f (4»—6;‘.—«« an)

On account of the boundary condition (4) the second integral vanishes. Setting
Ay = —2, Ap=0

f ¢¢do =0
D

which, on account of (15), is fully equivalent to our statement.

Let us now consider the spectral function y(w,, wz). We can interpret  (w1,ws)dwdés
as the amount of kinetic energy coming from the vortices with frequencnes between
1 and w;+dw;, and we and we+dws,.

The Fourier transforms ¥ and Z being continuous and bounded in the entire plane
Q, we see from (30) that vy(w;, w.) is also continuous and bounded in the entire plane.
Moreover, y(w;, w2) 20 for all values of w; and wz; on account of the same formula

v(0, 0) = 472¥(0, 0)Z(0, 0),

in the first integral we find

and hence

More precisely, if we write Eq. (30) in the following manner

(e, w2) = 2201 + ) | ¥, o) |2,
we see that
fm  Yened | ¥(0, 0) |2 37)
@, ~0,0,-0 W3 + w}

Since ¥ and Z tend towards zero when |w;| 4 |ws| —+ ©, we have

lim ¥(w1, wg) = 0. (38)
lw, |+ [wp | >t

From (27) it follows then that v(w;, ws) is decreasing more rapidly than 1/(w?+4w?).
Combining (27) and the inequality (35) we obtain an upper bound for y(w;, w.):

S (|w1|+|w2|)2
1] é _— T . . . E!
7(")1 w2) 4n? wg + wg

and hence

S
(w1, wg) < Py E. 39)
s

2. Let us now consider the variation of the flow with the time ¢, in accordance
with Eq. (6) for a viscous incompressible fluid. -
We shall use the following proposition:® The kinetic energy is always decreasing

8 J. Kampé de Fériet, Sur la décroissance de U'énergie cinétique d'un fluide visqueux incompressible
occupant un domaine plan borné, C. R. Acad. Sci. Paris 223, 1096-1098 (1946).
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(dE/dt <0); more precisely, it is decreasing more rapidly than an exponential function of
the time:

8v
< -
- E Eo exp ( \/k , 1) (40)

Here, E, is the value of E at the time t=0, and Kp is a positive constant depending
only on the domain D.

Applying this result to (35) and (39), we have the following

THEOREM III—The upper bounds of | Z I and vy given by the inequalities (35) and
(39) are always decreasing, more precisely,

V/2SE, 4
Il(w;, wa, t)l < — Py ° (|O)1|+|O)2|) CXP( Vépt) (41)
SE 8
e, w0 = 21r: exp (— \/%D t). (42)

A more concrete picture is furnished by the surface 7 (w., wy, ). This surface passes
through the origin O and is asymptotic to the plane ¥ =0 for large values of w;, we;
its possible maxima are all below a given plane v = M; with increasing time this plane
approaches the plane ¥ =0 in an exponential manner.

In order to study the variations of the spectral function (w;, ws, +) with the time
t; we shall establish the equivalent of Eq. (6) in terms of Fourier transforms. To this
end, we must compute the Fourier transforms of d{/d¢, of ud¢/dx~+v9¢/dy and of A¢.

\?

Fi1G. 2
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For the first function the result is obvious. Since { and 9¢/d¢ are continuous 1n t,
the functions Z and dZ/9dt are also continuous in ¢. Thus,

o
_Z , 1 — e~ tlwrrtway) g, 43
(o on, ) = 47r p Ot ’ 43

The Fourier transform of d¢/dt is therefore given by Z/d:.
To compute the second Fourier transform, we start from the equation

)
(u % + v ﬁ) ~i(w1z+way) = 2 [ugeitwrztorn ] 4 i [vpeitorz+un ]
ox oy ’

+ i(wifu + wyfp)eilerzton),

We integrate this equation over D and note that by Green’s formula,

P .
f — [uge-itr=tew |dg = — f aufei@1ztends = 0, (44)
p 0% B
d ) )
f — [vg—e—z(ulﬁwzy)]do- = — f Buge-itarteonds = 0, (45)
p 9y B

on account of the boundary condition (3). Accordingly,

' % &\ .
f u — + v — Je—ilwrztenn)dg = iwlf ugeiwirte)dg
p\ 9dy Jdy D

+ iws f vfe~trtenddg,
D

Using formula (14), we obtain

1 —
= f ey f U6, 0)Z (61 + w1, 02 + w)db,
4'7r2 D e

1 -
— f vie~i1mten)dy = f V (62, 02)Z(61 + w1, 02 + w,)db, \
472 D e

where the variables of integration are now called 6, 6, and df denotes d6,db,, the inte-
gral being extended over the entire plane ®. We thus have proved that the Fourier
transform of #d¢/0x-+vd¢/dy equals

i f . [wiU (81, 85) + w2V (61, 05) ]Z (81 + w1, 62 + w2)df
or, what is the same by (21) and (22),
01(02
2 f —-—Z(ol, 0)Z(01 + w1, 02 + wi)db. (46)
e 01 + .

Let us now consider the Fourier transform of the Laplacian of the vorticity:

1
: Elon, wn ) = — f Afe-itisond, ()
472J p
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Applying Green’s formula

f [Ai‘ ¢ i(@1ztory) — ;A(g—i(mwm)]do
D

% . 9 .
= _.f — g~ $mzten) — ¢ (g ilwrztemw)) | ds
B on ’ an

and setting.

1 i)
d(w1, wy, 1) = —- f [52 + i(wia + waB)t ] e ilarztongs, ) (48)
B

472
we obtain
Clos, wa, ) = — (w1 + w3)Z(w1,wa, £) — B(ws, ws £). (49)

Reviewing the expressions of the Fourier transforms of 3¢/d¢, #d¢/dx+vd¢/dy, and
A{ we may state the following

THEOREM IV—Equation (6) is equivalent to the following integrodifferential equa-
tion for the Fourier transforms:
01(.02 el

020 -
o Z(01, 02, DZ (61 + w1, 02 + ws, £)dO

3
—'—Z ) vt Zf :
g tlenen ) +2 ) 0% + 62

= — p(wr + w)Z(wy, 0 1) — v®(wy, ws, £). (50)

This equation, being fully equivalent to the Navier-Stokes equations, is the rational
starting point for any rigorous study of the Fourier transform of the vorticity and
hence, of the spectral function. This study seems to be very difficult; perhaps it will
be only possible to check, in some approximate way, some of the working hypotheses
which were assumed in recent papers, e.g., the assumption that the big eddies have a
tendency to degenerate into smaller ones. This means that when ¢ is increasing the
peak on the spectral surface y(wi, we, t) is gradually shifted towards the high fre-
quencies w;, ws.

3. We can get interesting general results, if we consider the case where the flow
extends over the entire plane.
X —w<a<4o, —woly<+ o

This case may be regarded as a limiting case of previous problem. The boundary
condition (3) means now that the fluid is at rest at infinity:

lim w(x, y; =0 lim (%, y, 8 = 0. (51)
r—+o0 r—+w )
r=4 Vet y

If the kinetic energy is to remain finite,

1
.E=—f W + v¥)do < + o, (52)
2Jx
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the decrease of # and v must be sufﬁmently rapid. A sufficient condition is
u = O(r=3/7), v = O(r~%/?) for large values of 7. (53)

To insure the existence of the Fourier transform

1
Z(wl, wa, t) P .——fg'(x' y' t)e—i(w1z+wzv)d¢' . (54)
4r2J x

it is sufficient to assume that { is absolutely integrable

fxlg'ld¢r<+°°. (55)

In this case, all the properties a) to j) enumerated for the Fourier transform (9) still
hold for (54). The condition is obviously satisfied if:

¢ = O0(r3%) for large values of r. (56)

To compute the Fourier transforms of 9¢/0t, ud¢/0x+v3¢ /0y, and A{, we can use the
same process as before, taking for D the circle x2+y%<R? and then letting R tend
towards 4+ «. We must observe, however, that we no longer have =0, 9=0 on the
boundary B; we must therefore carefully examine some terms in our equations.
In the evaluation of the Fourier transform of #d¢/dx-+vd¢/0y, the two terms
(44) and (45) do no longer vanish. According to Schwarz’ inequality we have, how-

ever, '
1/2 1/2
§_f[u|[§‘|ds§[fu'~’ds:| [ffzds] .

B B B

From our assumption concerning the decrease of # and ¢, it is obvious that

f a,ug-e—i(wl:n-l-wzy)ds
B

lim u’ds = 0, lim s = 0.
R-+w B R+ B
Similar considerations apply to (45). Thus, at the limit, the expression (46) for the
Fourier transform still holds.
In the evaluation of the Fourier transform of A{ we obtam a very fortunate sxmph-
fication: from (48) ,we have

1 o
ol = 55 L[l dent D ls o

The assumption of decreasing of ¢ yields

a¢

lim Zlas = o, lim | |¢|ds=0;
R+ an R—+w B
thus
lim & = 0.

R+t o

The Fourier transforms C and Z being extended to the whole plane, we have thus
now:

-
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C = — (0 4+ wp)Z.

THEOREM V—In the case of a flow extending over the entire plane X, where the fluid
is al rest at infinity, and where u, v, ¢ decrease so rapidly that

1
E=—f (W 4+ v¥)do < + =
2 x
and

fl§|d¢r<+°°,
D¢

the Fourier transform of the vorticity satisfies the integrodifferential equation:

01wy — 0o -
— 5 Z(01, 02, 8)-Z(61 + w1, 02 + w2, £)dO (57)
6 + 6, ‘

d
———Z(wl, wa, t) + Zf
at )

2 2
= — y(wy + w2)Z(w1, w2, ).
This equation seems to me the most simple that can be obtained in this manner.

To give at least an application, we shall establish the general solution of (57) for
the particular, but interesting, class of flows, where the vorticity is constant along
every stream line.

The flows characterized by ¢{=F() have been the subject of interesting re-
searches.? It is in this case and only in this case that.non-linear terms disappear in the
Navier-Stokes equations; their Fourier transform vanishes, of course. Equation (57)
is then reduced to

oz

—67 = — v(wf + w:)Z,

and the general solution is
2 2
Z (w1, wa, 8) = Zo(w1, we)eerten)t,
Here, Zo(wy, wz) denotes the arbitrary value of Z for £ =0. It is seen that, in this case,

not only an upper bound of Z, but Z itself is decreasing exponentially for every value
Of w1, Wa.

9 Ratib Berker, Sur quelques cas d'intégration des équations du mouvement d'un fluide visqueux incom-
pressible, Thesis, Lille, 1936.



