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THE SPECTRUM OF FREQUENCY-MODULATED WAVES
AFTER RECEPTION IN RANDOM NOISE—II*

BY
DAVID MIDDLETON
Cruft Laboratory, Harvard Universiiy

Part I: Introduction and Discussion

In our earlier paper [1]1 expressions for the spectrum of an FM wave received in
the presence of random (fluctuation) noise were obtained in the two extreme cases of
no limiting and “super’-limiting.** It is the purpose here to develop the completely
general theory for the demodulated wave, taking into account the effects of arbitrary
amounts of limiting on the noise and signal spectra and power of the low-frequency
output of the receiver. We are interested in the spectrum because the signal-to-noise
ratio determined at the output depends noticeably on the spectral distribution after
demodulation when broad-band FM (in which the IF filter width is large compared
with the audio response) is used. In the case of narrow-band FM (where the IF width
is comparable with the audio) we are concerned mainly with the iniegrated spectrum or
power output, so that spectral shape is not so significant (cf. [2]). The general theory
is outlined in Part II, including an examination of important special cases, and a de-
tailed study of noise alone is given in Part III; the Gaussian filter amplitude response
is assumed. Remarks on signal and noise are contained in Part IV; applications to
evaluation of the signal-to-noise ratio are discussed more fully in [2].

A satisfactory analytical model of the actual nonlinear elements in the receiver—
the limiter followed by the discriminator—can be constructed if we assume: (1) that
the physical discriminator is replaced by an ‘‘ideal”’ one which responds everywhere
linearly with frequency; accordingly, the output current (or voltage) is directly pro-
portional to the instantaneous difference frequency between the wave and the central
or resonant frequency of the (symmetrical) IF, limiter, and discriminator bands; (2)
that the filter response of the limiter is taken to be wide enough to pass the IF portion
of the limited signal and noise without distortion due to frequency selection. In practise
this means that a limiter band width several times the IF spread is needed; it can easily
be obtained, since the limiter circuit is of necessity a low @ device. (If it were not,
filtering would restore randomness to the noise, and the limiting would be nullified.)
The case of the discriminator’s response is more critical, but if the linear portion of
the actual characteristic is at least twice the r-m-s frequency deviation, distortion will
not be serious, and our idealized model is then a satisfactory substitute (cf. [3, Chs. 4
and 5] for a treatment of an actual discriminator when there is no limiting).
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support extended Cruft Laboratory, Harvard University, jointly by the Navy Department (Office of
Naval Research), the Signal Corps of the U. 8. Army, and the U. S. Air Force, under ONR contract
N5-0ri-76, T.0.I. The author wishes to thank Mrs. Roger Stokey and Miss Marilyn Lang of the Elec-
tronics Research Laboratory, who performed the calculations for Figs. 1-6.

tNumbers in brackets refer to the bibliography at the end of the paper.

**In [1] is listed previous work on this problem, of which the papers by Stumpers [Proc. I.LR.E. 36,

1080 (1948)], Blachman [3], and Rice [9] are particularly to be noted.
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The narrow-band wave leaving the IF and entering the limiter may be represented as
V() = R(®) cos [wt + 6(1)], (1.1)

where R is the envelope and 6 a phase angle. Now f(=w,/27) is the central frequency
of the IF, limiter, and discriminator; both R and 8 are slowly varying functions of the
time compared with wet. Letting f(7z) be the Fourier transform of the limiter’s dynamic
characteristic g(V), we may write the output of the limiter as (cf. [1]),

Vo(t) = %r fc f(iz) dz exp [izR cos (wot + 6)]
= i B.(R) cos [n(wet + 6)], (1.2)
where
B.(®) = 52 [ 1)7.(Re) 13)

(n=20,1,2,---).

The contour C extends along the real axis from — « to + « and is indented downward
about a possible singularity at z = 0. The various B,(R) are the envelopes of the n
spectral zones produced in the limiter by its nonlinear action [4, Sec. 3], while the
nf (n > 0) are the respective phases. Only the band concentrated about fo(n = 1) is
passed to enter the discriminator. One may show [1, Eqs. (1.7)-(1.9)] that the low-
frequency output of the discriminator is

Eo(t) = Bi(R)6 = %’ fc 12T (R?) de. (1.4)

The transform of the characteristic of our idealized limiter [1, Fig. 1] is
f@@2) = 28[1 — exp (—iRe2)]/(%2)’, (1.5)

in which B is a tube constant and R, is the level at which limiting takes place; the factor
2 arises because both positive and negative portions of the wave contribute to the
envelope. Explicitly, Ey(t) is found for our particular choice of f(¢z) [or g(V)] to be

R, 0<R<ZLR,

4R, . . P2 /P2
Eo(t) — BKé< T 2Fl(_1/2: 1/27 3/2; RO/R) (16)

2RJR . 4R
= —7—1-—{1?0 (1 = R}/R*»'? + sin™! 1?0}’ R, £ R.
The details of the analysis for the correlation function, the spectrum, and power follow
in Parts IT and III, and examples are illustrated in Figs. 1-6.

At this point it is convenient to list the principal parameters that appear throughout
the text and in the figures: b, = mean input noise power, at the IF output, A, = peak
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carrier amplitude, R, = amplitude at which limiting takes place, B = envelope of the
wave leaving the IF stage, p = A;/2b, = ratio of mean carrier to mean noise power
at IF output, r, = R,/(2b,)""*> = ratio of the r-m-s clipping level to the r-m-s noise
level, w;, = (angular) frequency displacement from exact tuning, w, = (angular) fre-
quency proportional to the width of the IF spectrum (see Eq. (3.33)), @ = w/w, =
f/f» = a normalized frequency, measured in terms of the IF spectral width, w, =
maximum spectral intensity of the noise at the IF output, 8, x = limiter and discrimi-
nator circuit constants, Dy(f) = (angular) frequency modulation, R(t), r(f) = correlation
functions, 7(f) = phase of the modulated carrier wave.

A number of general observations can be made. First, as shown in Figs. 1 and 2,
the total power output drops with increased limiting, since less of the original wave is
then passed. When there is no carrier but only fluctuation noise, we see from Fig. 3 a
similar behavior, noting that in all cases when the limiting threshold (R,) is very large,
the output power remains constant for a given input noise voltage and varies directly
with the amount of signal power, if a carrier is present. The signal is always suppressed
when it is weak relative to the noise (cf. Eq. (2.10)).

Second, as in any clipping or saturation process restricting the instantaneous ampli-
tude of the disturbance, limiting spreads the spectrum; for noise alone, the precise
extent of the spread is shown in Figs. 4 and 5. Figure 4 compares absolute values of
the spectral intensity for varying amounts of limiting, and Fig. 5 gives a comparison
of the same spectra, all now normalized to unity at f = 0, the point of maximum in-
tensity. The reason for the spread lies in the fact that clipping produces an (infinitely)
large number of new harmonics of the original wave, and the difference or beat fre-
quencies between the original (adjacent) components, all relatively close to the resonant
frequency f, , are the source of the added intensity in the low-frequency part of the
spectrum. The effect, of course, is much more pronounced the heavier the clipping
(Ro — 0). For no limiting, the spectral intensity falls off “~ exp [— (f/f,)?], while in
the instance of “super’’-clipping the decay goes as (f/f,)*. The “tails” of the spectrum
well away from zero frequency are quite extended (cf. Figs. 4 and 5 once more). One
finds also, as earlier [1], that limiting, when the carrier is much greater than the noise,
yields a vanishingly small noise spectrum at or near f = 0; if there is no limiting, how-
ever, this is no longer true. Herein lies the superiority of broad-band FM over AM
and narrow-band FM for large carrier amplitudes. The present paper, in conjunction
with the results of [1] and [2], completes our theoretical discussion of FM reception in
fluctuation noise.

Part II: General Theory of Arbitrary Limiting

As before (cf. [1]) the correlation function of the low-frequency output of the dis-
criminator is*

Ro(t) = [E(to)E(to + t)]av = KQ[BI(RI)BI(R2)é1é2]av . (2°1)
The bar denotes the statistical average over the random variables describing the noise,

*Throughout this paper we write the correlation function as Ro(t), and its normalized version as ro(t),
to facilitate the distinction between the correlation function and the envelope R, and clipping level R, .
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while [ ]., indicates the average to be taken over the phases of the modulation, if any.
By a well-known theorem (cf. [5], [6]*) the mean power spectrum is the cosine Fourier
transform of the correlation function:

Wo(f) = 4/ Ro(t) cos wi dt, (w = %f)’
0
and conversely (2.2)

Ro(f) = fo " Walf) cos ot df.

The parrow-band input voltage V,(f) of the limiter-discriminator element and the
final low-frequency output E,(t) of the discriminator are represented precisely as in the
earlier paper [1, Egs. (2.3)-(2.11)]. The present analysis proceeds in the same fashion
also, except that instead of the integrals K, and K, [1, Egs. (2.20)] one encounters a
more general version

© © 2 2q1/2
K, = f_m dx f_m dny—l(E—.EZcz,———_:_;/z]—-) exp (—ixz — 1y2'),
(2.3)
© © 2 2171/2
K, = f_m dx f_m dy y%l exp (—ixz — 1y2'),
which it is convenient to reduce to a single integral. Here £ is a variable corresponding
to the variable of integration in (1.4) which is introduced to account for the general
dynamic characteristic [whose Fourier transform is f(¢£)] considered here. As before,
the following important quantities are needed:

b= [ - wrun a6 = o [ w0 cos o — wotds;
(2.4)
) = $.(0/640).

Here w(f) is the mean input power spectrum of the noise, essentially determined by
the IF filter response, which is assumed to be symmetrical about f, , the resonant fre-
quency. The quantity b, is accordingly the mean input noise power.

A more detailed discussion of the principal steps in the analysis is given in [1]. The
final result is the low-frequency correlation function

R = 35 35 0™ —0u() & (58 005 (6 + Do — )

=0 m=0

+ €% 2m,1k-11 €08 (K — 1)(n: — )]
2, €k 2 1 _,
+ ¢:(%) E |:5Ck,2m+1,k cos k(ny — m) — '2‘ 3k 2m1,k+2 €08 (K 4+ 2)(n, — m)

1
- § Jc:,2m+l,lk—2] cos (k — 2)(n, — ﬂl):l

(2.5)
*See also S. O. Rice, Bell System Tech. J. 23, 282 (1944) and [4] for further references.
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+ @) 0u) P (1 — ) s merre

— 3Ce.2mer.x) SN (B + 1)(n2 — 1)

- 5ck.2m,|k-1|(5ck,zm+1,k — 3Ch.2m+1,1k-21) sin | k-1 | (2 — m)]

.. 1
+ 2bepmn, cos k(s — ﬂl)[agsci.zm.k+l + ) (3Ch.2m.k+1 — Gck.2m,lk—ll)2:|}>
in which
M2 = wit + ¥, , and "}1,2 = wy + ‘i’l.z = ws + Do(ty,2);
t (253,)
p = A%/2b, and ¥ = f Da(t) dt.

The result (2.5) is formally identical with our earlier expression for R,(t)» (cf. [1, Eq.
(2.28)]) where only the cases of no limiting (R, — ) and extreme limiting (R, — 0)
were considered. However, the amplitude functions 3¢ now take the more complex form

(2m+k)/2
bom )/

<[ s ae [T 60 ar

3C2m+n.o(P; To) = 2(2m+k)/2[m!(m + 1)!]1/2 -

® 2.6
X [ BRI (up) oxp (— 67bu/2) d, 20
w=2m+n+k=13,5, ).
For the linear limiter considered specifically here, 3¢ becomes (cf. Appendix I)
(2m+k)/2 q/2 n/2
ICr,2m-n,e = e g = 1'/(261) (2/b,) 172
2™ R m)(m + k)17 glr [ml(m + k)1]
2.7

1 @i T(—s)T(1 — 2s+II1
X%/:m,- (=9T1 — 91" 'T'(» + 9) Fio b siq 41— p) ds

s+ 1/2)T(s + 1HT(3/2 — s)

where 1, = Ro/(2b0)%, v = (w +q¢ + 1)/2 =1,2,3, ---, T, is given explicitly in
(A1.15). [Similar results may be obtained in the same fashion for other types of limiter
response, i.e. choices of f(¢£) other than Eq. (1.5)].

As before, the complete correlation function R,(¢) is obtained after the average over
the phases of the modulation has been performed. The mean power spectrum follows
at once from the Fourier transform of R,(¢), according to (2.2). We observe that the
output, as in amplitude modulation (cf. [7]), consists of three classes of modulation
product: (1) (n X n) noise, produced by the beating of noise components with one
another; (2) (s X m) noise, which is the result of signal and noise beating together; and
(3) (s X s) signal harmonics. In (2.5) only the terms in the first bracket [ ] for which
q=|k— 1|,k |k — 2|, etc. = 0 represent (n X n) noise; the remaining terms of
the first and all those in the second and third brackets [ ] are (s X n) noise, except
in the latter when m = &k = 0, in which case we have the signal components.
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1. Signal Output. This follows immediately from (2.5) and is

Ro(t)(axn = A(z)["}l"}2]avsc(2)01

(2.8a)

= 19 6 RS o DO+ Dolto + D1} { L2 D)

= (1), a2
+ ,E (‘2),("“) 2l + 1

p

2 ([0 + v+ 172 = 0/ = b2 = tog, @28b)

. S YRR N U B VR (e e 1)<—p>">}2
2121 + 1)]‘F‘(l TL2Z-p -3 2) (2).m!
20
T
o0 ?o
10 "’IGw ‘I\ '// 5({!
(@ A =Ro()ses)/<T Medov. a0,
0 (b) = Rq(O)sus)/<(T)?> gy, (POWER) — |
(€) = Ro (O)(sxs)/ <M1y = (0.C)2 / 204
/| | 1.5
db A //"
y/d 1.0}
o Z ] 0.8y
v // 0.6y
/ ]
P=A§/2b° /// 0.4,
o = Ro/J 2o /44
o VG
// / 0.2y
)
Y/ /v
;/;J ” 0.1y
L1
» V/ /4
/,
/14
N/
// A / / 10 logyo P db
0 /iAW ARV, ||
-20 =10 _ 0.0 10.0 20.0 300

Fic. 1. Discriminator output—(a) Correlation function for signal components, (b) Mean signal power
output, (¢) Mean square d. c. output—as a function of carrier strength for various degrees of limiting.
Here the abscissa is 10 logo p, where p = (mean carrier power from IF)/(mean noise power from IF);
» is the modulation, including any deviation (wi) from exact tuning (fo = f.).

from (2.5a) and (Al.15); ¢ is the logarithmic derivative of the Gamma-function. Note
that because of our assumption of an idealized, linear discriminator, the modulation is
received undistorted. Figure 1 illustrates Eo(f).x.) as a function of p for various de-
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grees of limiting. When there is no limiting at all (r, — «), or when the limiting is ex-
treme (r, — 0), we obtain (cf. Eq. (A1.18)) the expressions of our earlier analysis
[1, Egs. (2.36), (2.37)]. In general, when the carrier is very strong compared with the
noise (p — ), we find (cf. (2.82) and (2.19)) that for all degrees of limiting such that
R, < 4, (or1, < p'?),

- 16
Ro(t)(sXs)]v—'w = "262["11772]av ;5 Rg 2F1(_ 1/2; 1/2; 3/2$ R?)/Ag)Z

2
= 4 et R0 - Ry 4 B2sin R @9
m™ RO Ao
R, < 4,.

Here the noise is suppressed by the signal. Compare (2.9) with the square of (1.6);
the dependence on R, and 4, (=R if the noise is negligible) is the same, as we would
expect.

At the other extreme of carriers weak compared with the noise (p — 0), (2.8) re-
duces to :

BuOoo = (2R Griaup{1 4 5 (SUDul=8) (2m )

m?

(2.10)

X [¥(m) — ¥(3/2 — m)/2 — logr, — 1/2m(2m + 1)]}2-

This shows at once how the stronger noise suppresses the signal: instead of the (power)
output being proportional to p, it is proportional to p®, just as in the analogous situation
for the detection of AM signals by a half-wave rectifier.

2. The d-c output. The d-c output is obtained from the correlation function if we let
t > in (2.5). The square root of the result gives us the desired mean amplitude,
which is

(Bo()]ar = BAc[ws + Do(t)]av¥onn - (2.11)

By a different method (cf. [2]), we may express the d-c as an integral,

(Eo(§)]aw = 2kmp"%e™” fo ) B.()1,(2rp"®) exp (—1%) dr, (2.12)

1/2

where B, (r) is given by (1.3) on replacing R by r and multiplying by (2b,)'*. Numerical
results are also shown in Fig. 1 (for the square of the d.c.), which may be obtained
either by summing the series in (2.8b) or by graphical methods applied to (2.12). Simple
forms of [Ey(t)]., occur when there is either no limiting or extreme clipping, (cf. [1,
Eqgs. (2.36), (2.37)]).

3. Mean power output. By a well-known theorem [4, Sec. 2 and Appendix II] the
mean power may be derived from the correlation function on letting ¢ — 0 (cf. (2.2)).
The result in this instance is the double series given in [1, Eq. (2.33)], on replacing H
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by 3C. Again, a simpler expression has been found in the form of an integral (cf. [2]),
namely,

Wo = «” exp (—p){p[r}”].v fo i B\(r)* exp (—r)[Io(2rp'"*) + I,(2rp""*)] dr/r
(2.13)

_ ﬁé—o— fw B\(r)? exp (—1)I,(2rp'"*) dr/r}.

The curves of Fig. 2 show how W, depends on carrier strength for various clipping

. . . . 2 . . 2
levels in the important special cases [7°],, = 0 (no modulation), and [9°],, = —(0)/2b, .
L
"2y
10 tog,0 [ Wo/(K2/3215)] Po, [ B>=be/206) 4o
20 ]
p=A§/2b°
T =Ro /(255 50N
| o
I —
———— MODULATION 3.0\
— ==~ NO MODULATION =
(o] 7
2.0
y. 1.5
db / =
1.0
L=
0 = i - o=y
il i s ot — P [ — 3= \\\ Tr~|so 06k
1=~ ~ NN
3
=~ Jd ~J \\\\ N 1% N 0.4k
N o 1o N N20, |\ N
< AY
oy \x N 0] \\ N N
-10 J ~3 7 N
F =1 \ M~ N\ | 0.2 \\
N N \\ N \0.6, AN \ ) N
) ~3 X, < \
\\ \\ \o. 4, N\ N < N
~
N = N EN
N
) \ \0-2 \ N N N
% \\ h AN N N AN
0.1
B <T®>=0 [ N N N
A \ N N N
N \ NN N
N N N\ N
30 < N
\ N\ \ N
. < ¥
N N \
N \ N
10 log,o P db N N\
[T NEER
0 -0 ) 10 20 30

F1e. 2. Mean power output of discriminator as a function of carrier strength, with different degrees of
limiting. Here the abscissa is 10 logio p (cf. Fig. 1), and 5 is the modulation, if any. The quantity b, ,
obtained from Eq. (2.4), represents the second moment of the input noise spectrum w(f).
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Specific calculations were made with the help of Simpson’s rule (cf. [2, Part II]). In a
few special cases, however, W, assumes a closed form

(no limiting: 1o — e)Wo = 2b0x262[p[7}2].v(1 _l-ew ("’)) - "’2(0)], 2.14)
2p 2bo

and

(extreme limiting: r, — O)W, = (4%6 ro)2bo exp (—p) {[p[1°]er — 2(0)/bo]
X [y — Ei(—1)]
. (2.15)

+ mio [7%]ar 2™*22m + 3) — $:(0)p™ " (m + 2)/bo)/(m + D(m + 2)1},

where v = 0.2731 and Ei (—r17) is the exponential integral
- [rﬁ e’ dy/y.

When the carrier is very strong we obtain (2.9), (¢ = 0). (Other limiting forms of the
above are given in [2, Part II]).

4. Two important limiting cases.

A. Strong carrier with limiting (Ao > ; Ry, < A, , by # 0). Here the noise and
limiting levels are assumed small compared with the peak carrier amplitude, i.e. -
A, > (2by)'? A, > R, [however, it is not necessary to assume that R, > (2b,)'/*].
Then, in our expression for the output correlation function, obtained from (2.5) we
retain only terms in by and b, , and discard the higher powers of r;* and p™'. Our correla-

tion function reduces to (p — » in what follows)
Ry(t)y = —JC(Z,O@Z(t) cos (9, — m) + %Aoﬂcoo@l(t)'(’:h + 772)

X (3012 — Ho10) Sin (1 — m1) (2.16)

A2 .. -
+ 5—1;0;"?50(0771?72 cos (12 — 1) (3Ci0s — FCi00)” + Aom7:3Co01 -

Now we need the limiting form of 3¢ when p — « ; this is most easily found from (2.7)
and the asymptotic development of ,F, [4, Appendix III] to be

KB (2 )n/z p—(n+l)/2

3Ck.2m+n,q])7—»m = — To\ 7~

r \b/ [m!m + k)1""*

‘ (2.17)

L [T s w/p T+ 9l + ¢+ 90 +s = @/p+ -]

2t J_as s+ 1/2T(s+ )TB/2 — s)T(g+ 1 —» — s) ’

Keeping only the leading term in the series, we easily find from (2.17) that
2 2 1/2
o1z — o100 = A 3Coo1 , and JCios — g0 = ( llol) ICoor (2.18)
[ 0
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where

B8R, 1 - F(=9)(Ro/A0)™ ds
Aad'? 2ri J_o; (s + 1/2)T(3B/2 —s)

":«2001]17—’0° =

— 28R Fi(=1/2,1/23/2,RY, (2.19)
- 27%5 [ﬁ—‘; (1 — R2/AD"* + sin™ ﬁ—z], R, < A).

The general procedure for evaluating the contour integral for 3Cy,(p — =) is available
in Appendix I. For the noise part of the output, the correlation function (2.16) is, there-
fore,

Ro(t)noise 22 [—2(?) cos (12 — m) + ¢1(t)(7}1 + "72) sin (n, — m1)
o (2.20)
+ do(t)mime cos (g, — 771)]3(3301 , (p —®; A, > Ry).

We observe that the coefficient of 3%y, in (2.20) is precisely that given in [1, Eq. (2.40)],
when A = 2, i.e. when there is extreme limiting. Qur more general result also includes
the cases of moderate to negligible amounts of limiting (R, — A, , 4o > (2bo)'?).

In a similar fashion (cf. [1, Eqgs. (2.41)-(2.47)]) we obtain the alternative representa-
tion

Ro(D)noise =2 Gcgm{(—g—t + %)(g—i + %)(bo(t)
@2.21)
X fo ™ cos [wdt 4 [2 Do(t) dt’:l dx/xo},

in which z,(=2r/w,) is the period of the modulation and d"$,() /3t = ¢.(t), (Eq. (2.4)).
Expansion of the integrand in a (cosine) Fourier series, using the integral form of ¢,(¢)
and the Fourier transform relations between the correlation function and the mean
power spectrum of the noise, gives us finally
4kBR,\’
Wit = (2R -1/, 172; 3/2; R/ 2

™

(2.22)
X 2 A wlwy + nw, + wa + @) + wlwo + nw. + wa — )],

n=0

Ro < 4o).

Here A, is the amplitude of the nth term in the development of [cos (9, — 71)]uy -
Equation (2.22) shows that when the carrier is strong and there is limiting at or below
the maximum carrier level, the noise spectrum always vanishes at f = 0 and is small
in the vicinity of zero frequency. This accounts for the great improvement in the signal
vs. the noise (cf. [2]) when broad-band FM (maximum modulation frequency small
compared with the maximum carrier deviation) is used at large carrier levels with
sufficient limiting,.
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The mean power output, including the signal, is found at once from (2.9) and (2.20)
by setting t = 0. We have

(p — o)W, = RO(O) = {Ag + ¢0(O)[7.72]sv - ¢2(0)}5C(2,01
. . (2.23)
= 206301 {P[n"]av + 3([(n")ev — 12(0)},  (Ro < Ay)

showing how the strong carrier suppresses the noise [second term of (2.23)], as in the
detection of amplitude-modulated waves.
B. Strong carrier, lttle or no limiting (Ay >, Ay < Ry, by # 0). In the extreme

of exceedingly strong carriers, when 4, < R, the situation corresponds in the first
approximation to the case of essentially no limiting, for which 3¢ becomes from (A1.18),

K_B <2_>n/2 p—k—(M+n)/2P([2m + k + n + q]/z)
bo I(lg —2m —k —n+2]/2) ~

gck.2m+n,q]r—'°° = 2
The correlation function (2.16) then reduces to
Ro(t)zv = Kzﬂz{—fi’z(t) COos ("72 - "71) + 2bop731;72}, (Ro > Ao) (2~25)

and the noise spectrum associated with the low-frequency output is again precisely our
earlier result [1, Eq. (2.42)], viz:

(2.24)

Wo(f) 2 8 2 AJ(nw, + wa + w)*wlwe + nw, + wg + w)
(2.26)

+ (w, + ws — w)’w(we + M + @, — )],

where we note, in contrast with (2.22), that the spectral intensity at and near zero
frequency does not vanish. Broad-band FM under these conditions is accordingly much
less satisfactory (cf. [2]) than when limiting is used. The mean power may be obtained
from (2.14) on letting p — .

Part III: Noise Alone

This is the simplest case to handle analytically; a complete discussion follows. Since
there is no carrier, p = 7 = 5 = 0. We may therefore, from (2.5), write the correlation
function of the low-frequency output of our discriminator as

©

2 2m+ 1 2 2 m
Ro(t) = Z {_Gcl,Zm.O ¢2(t)7'o(t) ! + 5 3Co,2m+1,0 ¢1(t) To(t)2

m=0

3.1)

1 m+
- 5 ch.zmn.o ¢1(t)27'0(t)2 2}-

Again, in the special instances of no limiting (r, — «) and super-limiting (r, —0) (3.1)
reduces to the much simpler forms of our earlier treatment.* A general expression for
the mean output power W, is found by setting ¢ = 0 in (3.1) above; however, a compact
form, from which calculations are more easily made, may be derived from (2.13) on
letting p — 0, viz.,

*Cf. Egs. (3.2) and (3.8), and Sec. 3(a) of [1] for details
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2 ©
Wolpo = —K:;z(o) /; B,(n)? exp (—1°) %‘

3.2)

Figure 3 illustrates the variation of the mean noise power as the limiting threshold is

changed.
[ Wo/(K®/3% bg)
1.0
//
A p: 0
/ MEAN NOISE POWER OUTPUT
’ (NO CARRIER)
/ ?o =Ro/M2bo
0|1/
/
/)
0 (o] 1.0 2.0 3.0
! ; & !

Fre. 3. Mean low-frequency noise power output of the discriminator for different degrees of limiting

when there is no carrier; b; is the second moment of the spectrum w(f) Eq. (2.4).

To obtain the spectrum we need only take the Fourier transform of (3.1) according
to (2.2). In the specific calculations, we assume a Gaussian spectral distribution for the
input noise, corresponding to the composite IF-limiter-discriminator frequency response.

We have
w(f) = woexp [—(w — wp)*/w3], and  w, = 2bow"?/w, .
From (2.4) we find also that
do(t) = bo exp (—wpt’/4),  ¢i(t) = —Fwit do(?)

4’2(0 = %wi(wftz/Z — Deo(?), Tf — Tl = w§r§/2.

The spectrum becomes finally

Wo(f) = 2r'*bow i ({Rf,m,o[l - (1 - mi 1)(2m + 2)-‘](2m + 27

2

Q
m—+ 1

00 a1 = 5N + 27} oxp [ 0/2m + 2)

_1 1
2 m+ 2

B3 amr.o2m + 971 = — L) exp [~ 0*/(2m + ),

(3.3a)

(3.3b)

(3.9
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where @ = w/w, = f/f, . Figures 4 and 5 show the spectra for different degrees of limiting.
Figure 5 is the same as Fig. 4, but now the spectra are normalized in such a way as to
have the same intensity at f = 0. This demonstrates more effectively how limiting

[o]
T 1T 17T 17T 1T 1
- 32 . 2n2
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F16. 4. The spectrum of the noise output of the discriminator for various degrees of limiting when
there is no carrier (p = 0).

spreads the spectrum. A table of spectral intensities and a brief outline of the method
of calculation involved in Figs. 4 and 5 are given in Appendix II.

With no clipping or, conversely, with very heavy clipping, the spectra are given by
[1, Egs. (3.7) and (3.9)]. These distributions are included in Figs. 4 and 5. It is interesting
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to observe that well out on the “tail” of the spectrum, where @ — », the intensity falls
off in the following ways:*

I’Vo(f)]r Sy K2ﬁ2b0wb exp (— 92)

0—®

[ 3. 5)
16 2 2,52 -1
Wo(HItmo = '7? ok B w2
Q-
[ W, (f)/ Wo(0)
1.0 | N = NORMALIZATION FACTOR
N
N T = RoA/2b0
09 v == INPUT SPECTRUM: e-Q?
\
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Fig. 5. Normalized spectrum of the noise output of the discriminator for various degrees of limiting when
there is no carrier (p = 0).

For intermediate amounts of limiting the behavior varies between the rapid falling off
[« exp (—©7)] for no limiting when Q is sufficiently great and the relatively slow decay
(—Q7") of super-limiting. Note also that for large clipping levels (r, — =) the spectrum

*See Appendix II.
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is independent of limiting, while for very intense clipping, the spectral intensity is
proportional to r; (r, — 0).

Part IV: Remarks on Carriers and Noise

When a carrier accompanies the noise in the receiver, our final low-frequency output
is considerably modified, particularly if the carrier is intense relative to the noise.
Modulation further distorts the continuous part of the output spectrum, so that a
precise calculation of spectral shape becomes formidable indeed. In the more general
cases including a signal we use (2.5) and average over the phases of the modulation,
according to

1 To
Ro(t) = ,—71—0 ) dto(mod)RO(t’ tO)N = [Ro(t)N]sv ) (4-1)

to obtain the complete correlation function. Formally, we have only to replace the
amplitude functions H of our earlier analysis [1] by the more general 3¢ (cf. (2.6), (2.7)),
yielding the behavior for all degrees of limiting, the most important cases of which
(ro ==, r, — 0) have been discussed in the earlier paper [1, Secs. 3,4]. In the general
instance of arbitrary limiting the results of [1, Figs. 5-11] are expected to apply quali-
tatively, except that as the degree of limiting decreases, there is less spreading of the
spectrum for a fixed carrier power (p = constant). Out on the tails of the spectrum
(@ —> =) the intensity [for an originally Gaussian distribution of the type (3.3a)] falls
off at least as exp (—Q°) for no limiting and at least as Q' when there is super-limiting.
The presence of a carrier (p > 0) increases the rate at which the intensity diminishes,
especially if the carrier is strong: the noise is then largely suppressed and the spectrum
is proportional to Q® exp (—Q°) (cf. [1, Fig. 8]). On the other hand, for weak carriers
the noise in turn suppresses the signal (Eq. (2.10)), and the distribution of the spectrum
will follow as if noise only were present (cf. Part III and Figs. 4 and 5). The effects of
modulation do not become noticeable, of course, until we attain large carrier powers;
Figs. 7-11 of [1] show typical distributions in the extreme of strong carriers with simple
forms of modulation (r, =« or r, — 0).

APPENDIX I: The Amplitude Functions 3C; 5,m+...(p; Ro)

The quantities 3¢, which appear in (2.6) for the correlation function, become for

the linear limiter used here
(2m+k)/2

3 = Hs2min.o(@; Ro) = 2‘2'"+k>/2[:n!(m Py T,, (Al.1)

where

) 1 — —1R, ®
r, = 1:"6 fc< €X§2( L oz)) dzf0 J(r2)J\(rp) dr
(A1.2)
X / T Aop) exp (—boo®/2) dp,  (u = 2m + K + n)

in which, from (2.5), we note that u = 1,3, 5,7, -« - .
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We start by integrating over r first, observing that this integral is a special case of
Weber and Schafheitlin’s more general expression. Using Gegenbauer’s result* we obtain

L ) = [ T0709) dr = g P F(3/4, 5/4 2485/ + 5T) (ALY

which is defined for all z # p. When 2z = p, ,F, is logarithmically divergent, and I,
assumes the formal value I'(0)/2wz. Since the singularity is only logarithmic, it is safely
removed in the following integration over z. We have**

Ly = [[L=RLRE 16, ) g

(A1.4)

_ Ly B/9.6/4.27 f w" sin Ropu
p2 n=0 (2),{17,! 0 (u2 + 1)2n+3/2 N

Next, we represent sin Ropu as a contour integral involving I'-functions, reverse the
order of integration, and finally sum the series. Thus we write

1/2 3 28+1
sinRopu =3 [ (R;”“) . (§(+ ! g8 (Rep 2 0), (AL.5)
where the contour extends along the imaginary axis and includes the pole at the origin.
With the aid of Cauchy’s theorem the integral may be evaluated to give sin Rqpu, by
swinging the contour around in an infinite arc in the half of the complex plane for which
R(s) > 0, and hence enclosing all the singularities of I'(—s). These singularities are
simple polesat s = m (m = 0, 1, 2, - - -), whose residues are (—1)"/m! The convergence
of the integral and the proper vanishing of the integrand as | s| — along the infinite
arc are easily shown with the help of the asymptotic expansion of the I'-function,f viz.,

T(*z+ a) =exp {(z+ a — 1/2) log (£2)F z + (log 27)/2 + 0(z)}, (A1.6)
| arg (2 + a) | < m, | arg (&2) | < m, 0(z) — 0, |z]| —>o.
For the integral in (A1.4) we find that

®  sin Ropu —
]; (1 + u2;2n+3/2 u2 ' du

1/2 @i 2s+1 _ @ 2n+2s
T (&) I'(—s) ds U (AL.7)

T om ).\ 2 TG+ 3/ b G g e M

_ 7'/’ f‘”‘ (13@)2'“ TSI + s + 1/QT0m — s+ 1) ;.
2T(2n + 3/2) J_wi \ 2 I'(s + 3/2)

*G. N. Watson, Theory of Bessel functions, 2nd ed., Cambridge University Press, 1945. See p. 407,
Eq. (1), which is incorrectly given; a factor I'(A/2 + 1/2) should be inserted in the denominator.

**Termwise integration is allowed, since the series is uniformly convergent, except at z = p, where,
‘however,

f | (@) | dz exists.
(z=p)
See Titchmarch, Theory of functions, 2nd ed., Oxford University Press, 1939, p. 42.
tSee E. T. Whittaker and G. N. Watson, Modern analysis, Cambridge University Press, 1940, p. 279.
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on evaluating the Beta-function (which is defined, since R(s) < 2n + 1/2). Inasmuch
asT(n+ s+ 1/2)T(n — s+ 1) = T'(s + 1/2)T(1 — s)(s + 1/2),(1 — s)., and since
(3/4).(5/4),.2°"' = I'(2n + 3/2)/='"?, from the duplication formula for the Gamma-
function, we see that the series in (Al.4) becomes

(s + 1/2).(1 — 8)n _ o A
’;) @).n! =,F\(s+1/2,1 —s;2;1) = TG T DIG2 =9 (A1.8)

by the well-known summation formula for ,F, . The integral L,(p) reduces finally to

w21 —sI(—9)*(Rop/2)" ™"
Ly(p) = Py {2“2 f_m_ G+ 1/2T6 + DT@E/2 — 9 ds}. (A1.9)

Integration over p, with the help of [4, Eq. (A3.7)], givesus T, :

_2. © .
T= =28 [y (Ao Lule) exp (—500/2) do,

_ _@_ q/2( )p/2—L ©f '—SF( 8)2 2s+lr(v -I-S)
B bo/ 2miJ_wi(s+ 1/2)T(s + HT(B/2 — )

(A1.10)
X Fi\v+s;¢+1;,—p)ds, GG=@w+q¢+1/2=12 -,

where p = A;5/2b, and 1, = R,/(2b,)'’*. This form is particularly useful for large values
of p, as then we may replace ,F, by its asymptotic development before evaluating the
contour integral.
We observe that the integrand of (A1.10) contains a simple pole at s = 0 and double
polesat s = I(l = 1, 2, ---). We need, therefore, to evaluate an expression of the form
D U TR
=i )., I'(—s)°f(s) ds, (A1.11)
where f(s) contains no poles in the right complex half-plane [R(s) > 0] and I'(—s)f(s)
is finite at s = 0. The residue R, at the double poles s = I(I > 1) of I'(—s)?* is found
from the Laurent expansion to be

R, = [d% {(—=s + l)’r(—s)’f(s)}:l . (A1.12)
s=l2>1
Using Euler’s representation of the I'-function,
I(—=s) = lim [nln™"/(=8)(=s + 1) -+ (=s + n)],
we get

R, = lim ({—2nPn"'f(I) log n + n!n "' /()

n—o

+ 20 f(D[-1/1 4+ 1/(—1+ 1)
(A1.13)
+ o+ 1/-14+141/24 - +1/(n — D]}

D= 17 e (=P 12 (0 — D).
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Since
. 1 1 1

='y=0.5772~--,and¢(m)=1_+%+%+ ...%_%

where v is the Euler-Mascheroni constant and ¢ is the logarithmic derivative of the
T-function, (Al.11) becomes

L = TO10) + 3 i 0 — 26010 (A1.14)

[The logarithmic derivative of the I'-function is tabulated in Jahnke and Emde, Tables
of functions, Stechert & Co., 1938, pp. 9-22; note, however, that Jahnke and Emde’s
definition is related to ours above by ¥5&. (2) = ¢(z + 1)]. The leading term of (A1.14)
represents the residue at s = 0. If we observe that

d 1 _ =yl +1) da a1 _¥@B/2 -1
{d—s (s + 1) },,, = Tax1’ {ds r@/2 -9 }.-z =T@/2 =1

dl'g'ﬂ} _ 20+1
{———ds s 2(log ro)rs
and that

{d% (Mo +8)Fiv +s;9¢+1; — p)]}"l = TO)), g v+ l)nzgr(/q-:_l 1—;-” n)(—p)"’

r@d/2 — 1) = (—1'x"*/2(-1/2),,
we obtain finally for (A1.10)

4 a/2 2 n/2
— Bxto pq! <b_o) I‘(v){lFl(v; q+1;,—p)

T, =

o~ 0u(=1/2)(=1)" (21
+ X an’ (21 + 1)

x <[¢(l) U+ D262 - D2~ 5T AL

- 10gro] WFiv+ g+ 1, —p)

1+ Dy + 1+ n)(=p"
T2 ; (¢ + D.n! )}’
b=m+Ek+n+q¢+1/2=1,23, ---).

In cases of extreme or super-limiting (A1.15) immediately gives the behavior as a
function of the relative limiting level r, as r, — 0; we have accordingly,
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. . ar, (22 p7°T(2m + k 4+ n + g + 1]/2)
1 8 amn. o3 F0) = "5(170) gifmi(m + BT

To—0

X Fi(2m+k4+n+qg+1]/2;¢+ 1; — p)
(A1.16)

CEES

ROBKHk,2m+n,q(p; 2)a

where H, 5m+n,, is the amplitude function defined in an earlier paper [1]. At the other
extreme of no limiting (r, —«) we attempt to expand (A1.15) or (Al.10) in a series
in (r,)”". This is done by displacing the contour in (A1.10) to the left of the imaginary
axis, a process that is valid for all R(s) < 0, since it is readily shown from (A1.6) that
the integrand vanishes as exp (—w | I,,(s) |/2), when I,,(s) — =+ . We assume for the
moment that » is not an integer. Then the first pole for R(s) < 0 occurs at s = —1/2,
and succeeding poles lieat s = —v — [, (I = 0, 1, 2, ---). Applying Cauchy’s theorem
to the region bounded by the displaced contour, the infinite arcs at I,,(s) — =+ «, and
the original contour, we obtain the asymptotic development

q/2

nu/2
T, ‘_Q% (i—o) {—é My — 1/2)Fiv — 1/2; ¢+ 15 — p)
(A1.17)

1. 1—-2y © 2 =21
1-T@)TI'( 4 Dr, )i + 1),(ro) 5 Fi(=L g+ 1; — p)y.

77T3/2 + I —») &6+ 1 — 1/2)(3/2 +

Now letting » — 1, 2, - - - we see that the series in (A1.17) vanishes (since I'(1 — ») —
=+ », or more fundamentally, as a consequence of I'(v 4+ s)/T'(1 + s) not having poles
when R(s) < 0), and we are left with
. 2 n/2,_a/2
lim Ko ai7) = 2 (2) 2 T@m 4 40+ @/2)
0 !

Fooo 2

+

(A1.18)
XaFi(2m +k +n+ ¢/2; ¢+ 1; — p) = BrHe omen.op; 1),
which agrees with Eq. (2.29) of our earlier work [1]. (If we note that (sin Ropu/%)|Rgoe =
w6(u — 0) we obtain (A1.18) directly from (A1.4) and the integration over p, since
only the term n = 0 yields a nonvanishing result). Unfortunately, the above approach
does not give the succeeding terms in r;*, and other methods must be sought.

APPENDIX II: Calculation for the Spectrum of Noise Alone

The general spectrum of the noise output of our discriminator is given by (3.4) and
the pertinent amplitude function 3¢ follow from (A1.15) when p = 0, namely, 3¢, 2m.0 ,
3Co,2m+1,0 5 Ha,2m+1,0 - Lixplicitly, these quantities are

_ 2 1/2
3C1,2m,0 = (m + 1) l/sz(rg), 3Co,ome1,0 = (b_> Gm(rg);
)

1\72/9 \172
Io,ome1,0 = (Z _-:: 2) (b_o> Gm+1(rg))

(A2.1)
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where

e 2l + 1

XD+l +1)/2-y@/2-D/2—-¢¥m+1+1)/2 (A22)

G.(@) = %{1 + ,i (=1)'(=1/2),(m + 1), ( 21 )

D S S
T U@ D) 28 "’]}'

The series for G,,(r5) converges with satisfactory rapidity for all r, equal to or less than
unity, but unfortunately the series (3.4) for the spectrum does not converge at all
speedily when r, “~ 0.3 or more. Since accuracy to within a few per cent is quite sufficient
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F1c. 6. The normalized spectrum of the noise output of the discriminator as a function of limiting level
when there is no input carrier (p = 0).

for all practical purposes, it is possible to get around the convergence difficulty by
interpolation. To do so we first calculate data for Wy (f) in the interval 0.01 < r, < 0.3,
which can be done precisely. Next, we observe that for values of r, “~ 2.5 or more the
effect of limiting on the purely noise wave is slight. The probability that noise peaks
2.5 times in excess of the r-m-s value will occur is proportional to exp (—r;) = ¢™® =
0.002, or about 0.2 per cent of the time—a negligible effect. The resulting spread in
the noise spectrum due to clipping is correspondingly trivial (cf. [8]). Accordingly, we
may safely use the values of the spectral intensity, when r, —»« [1, Eq. (3.7), when
1, > 2.5] leaving an interval of about one cycle over which to make the interpolation.
Because we wish eventually to be able to normalize the spectra so that the maximum
intensity is unity, and since W,(f) .. Occurs at zero frequency when there is no carrier,
we need make only one interpolation, i.e. for Wy(0) over the range 0.3 < r, < 3.0.



1950] SPECTRUM OF FREQUENCY-MODULATED WAVES 79

From this data (correct to within two per cent) we normalize the spectrum at the calcu-
lated points, obtaining the curves of Fig. 6. A short table of normalization factors N is
given below:

TasLE 1.

To N* To N To N
.01 2.644-10 0.1 4.78-1072 0.8 0.370
.03 2.47-1073 0.2 0.176 0.9 0.375
.05 7.02 “ 0.3 0.257 1.0 0.379
.06 1.12-1072 0.4 -0.303 1.5 0.382
.07 1.70 « 0.5 0.332 2.0 0.386
.08 2.51 “« 0.6 0.350 3.0 0.389
.09 3.48 0.7 0.362 ® 0.3963

(*The values in bold face type are precise; N is the number by which Wo(f)aorm. must be multiplied
to give Wo(f)abso!uce.)

The limiting behavior of the spectrum at large frequencies is of considerable interest.
It is possible to obtain at least the leading term in the asymptotic expansion quite
simply by the technique of Appendix I (cf. Egs. (A1.16)-(A1.18)). We begin first with
the simple case of super-clipping, in which we have to examine the series (3.8) of [1].
We transform the series as follows:

~exp [—@/2m + D] _ 5~ el ¥ 1
ng (m + 1)3/2 = g( Q°/2) k!n;)(m-{- 1)k+3/2

(A2.3)
= 3 £(6/2+ B(- /2 /R

where ¢ is Riemann’s Zeta-function.* Next, we use a contour integral (cf. (Al.5)) in-
volving the Gamma-function to represent the transformed series, viz:

3 16/2 + D=0/ k= o [ 1@/2 + IT(-@/Y de =1, (A2

the contour extending along the imaginary axis and including the pole at s = 0. Shifting
the origin to the left [R(s) < 0] so as to include the single, simple pole of the {-function,
here at s = —1/2, we easily show by Cauchy’s theorem that

I, = <Residue at s = —l) + f £(3/2 4+ s)T(—s) ﬁ - (Q%/2)°,
2 —i—cC 21"7’
(A2.5)
(c > 1/2),
since the contribution of the integrand along the infinite arcs (& ® 7 to &= © 7 — ¢) van-
ishes.** Equation (A2.5) then allows us to write,

*Whittaker and Watson, ¢bid., Ch. XIII.
**For we note that

| T(=)(2°/2)'¢(3/2 + s) | = exp (== | 2]/2)-| 0|’

as v >+ o, where s = u + 4, independently of the value of c.

©i—c
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at least for the leading term as @ =, I, == (27)'/?/Q, a result also obtained by Rice
[9] and Blachman [3]; (see also Appendlx V of [1] for the other terms).

The case of no limiting (r, —«) may be handled in the same way. The contour
integral representation of the series (3.7) of [1] is now

,;) (m')%-—l)m exp [— @°/(2m + 2)]

=L [T el D oy /s + 2], (a29)

I'(s + (s + 1)**

- f”" [(=9T(s 4 1/2)
T Jwi T(1/2 = 9T(s + (s + 1)
where we have used the relation sin 7z = n/T'(2)T'(1 — 2) to transform the cosine term

in (A2.6). The integral (A2.7) is convergent for all values of s = u + % whose real
parts are finite, for by (A1.6) we have

7 oxp [ 0°/s + 2] o, (A2)

lim T'(—s)T'(s 4+ 1/2) exp [— Q*/(2s + 2)] 1
lolow I'(1/2 — s)T(s + 1)(s + 1)** IU |5/2'
The leading term is then found as in (A2.5) from the pole at s = —1/2, so that
. = (1/2)5, exp [— 92/(27)’& + 2)] o~ 03/2 2
191—1'2 "g (m')2(m _|_ 1)3/2 = 2 €xXp (_Q )' (A2'8)

The rapid falling-off of the spectral intensity as @ —» when there is no limiting is
attributable to the equally rapid decay [« exp (—Q%)] of the spectral intensity of the
wave entering the discriminator. Roughly speaking, the number of beat-frequencies,
and hence the spectral density, produced in the discriminator for very large @ decreases
in the same way as the original spectral intensity.
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