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AN ITERATIVE SOLUTION TO THE EFFECTS OF CONCENTRATED LOADS

APPLIED TO LONG RECTANGULAR BEAMS*

BY

C. A. M. GRAY

The University of Sydney

Summary. The analysis of the bending of thin deep rectangular beams by con-

centrated loads has already been treated by L.N.G. Filon and Th. v. Karman. These

authors consider an infinitely long beam and express the load as a Fourier integral,

obtaining integral solutions for the stresses and displacements. In their integral fonm,

these results are rather difficult to interpret, although F. Seewald, using Karman's

analysis, has calculated numerical values for the case of a single concentrated load.

In this paper, a totally different approach to the problem is made. The loaded area

is conformally transformed to a circle, and, using Muschelisvili's transformation of the

boundary conditions, the problem is solved in the plane of the circle. The solution is

then obtained in the form of a complex power series. In this manner, a direct solution,

to any required degree of accuracy, is readily obtained.

1. Theory. Consider a long deep rectangular beam resting on two supports placed

at the same level, and loaded by a weight placed midway between them. The weight of

the beam will be neglected, and the beam will be assumed to be in a state of generalised

plane stress, the plane of the mean stress being that of the length and depth. To determine

the local effects of the concentrated loads on the stresses and deflexion it is convenient

to move the supports to infinity and treat the beam as an infinitely long strip of depth

2h as is shown in Fig. 1. This procedure is that adopted by L.N.G. Filon, H. Lamb,
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and Th. v. Karman [1, 2] in their solutions of the problem.

Transform the strip ABCD to the unit circle, y, in the f plane by the transformation

— 2ih . 1 -|- f
z == log = -4ahr-\f + f/3 + f5/5 +•••)• (1)
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Following Muschelisvili [3], define two functions 9. (z) and w'iz) of the complex

variable z by,

ax + a„ = az — <yv + 2 irxv = — ${zfi"(z) + «>"(z)}, (2)

where the dashes denote differentiation with regard to z and the bars denote the con-

jugate function. Then, the boundary conditions in the z plane can be expressed in the

f plane by

Of/00] + K°m*) + w'[f(a)] = F, + iF2 , (3)
where,

2 = /(f) = X Wrfr,
r-0

is the transformation relation, a is the value of f on the unit circle,

m) = £ {«[/(r)]},

Fj + iF2 is the transform of /x + if2 , + if2 = 4-if', (X, + iY.) ds, X, , Y, are the

components of the boundary tractions, applied in the z plane, and s is the distance

measured along the boundary in the z plane.

Since 0^(f) is analytic within the unit circle, we can express it by the Taylor's Series,

U(!) = X brir. (4)
r-0

Let us multiply both sides of (3) by (1/2 in) da/ (a — f) and integrate around y.

Using Cauchy's Theorem and, neglecting the constant, we have,

fl[/(f)] = (l/2«) £ (F1 + iF2) da/(a - f) - (l/2«) £ f(a)V(a)da/(r - f) (5)

Similarly from the relation conjugate to (3) we obtain,

w'[/(f)] = (1/2iri) J (Fj — iF2) da/(a — f) — (1/2iri) J f(a)S2',(a) da/{a — f). (6)

Substituting (4) into (5), carrying out the integration and noting that

can be expressed as a power series, X)>~o Pr S*, we obtain the following infinite set of

equations

X (1 + v)u,+ib„-, + (1 -I- n) X u1+n+,by = p„ . (7)
0 f-0

Solving equation (7) gives 0' . To complete the solution, we require w'(z) which is

established in exactly the same way, using (6). The formula for w'(z) is then

w'(z) = (1/2iri) f (Fx — iF2) da/(a — f) — X , (8)
J y r-0

where the c's are given by the relations,

c„ = X urbn+r . (9)
r-0

A full and complete account of the derivation of (7) and (8) is given in Reference 4.
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2. Solution. Returning to the original problem, consider the given loading as a

combination of the following two systems, where in system B, the points L,M,N,P are

supposed to be very remote.

,1/2

D

y

X
rB

1/2

System B

Fig. 2.

Case A. Load function:

along BCD, F1 + iF2 = —2i,

along DAB, + iF2 = 0.

Then,

(1/2ttz) f (Fj + iF2) do/(a — f) = — ir "'log (<rD — f)/(<rB — f)
J y

^ (l/2«) £ (Ft + iF2) da/(a - f) = ^ (1 + f2)"1

(1/2*0 J (F, - »F2) d<r/(* - f) = x-1 log (e<3'/2 - Me"" - f).
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Equations (7) become

2 6„ + .333336, + -2 64 + .1428576e + .111116s + • • • = -(2hy\

2b0 + 1.662 + .42857 64 + .3333366 +.27273 6S + ■ • • = (2 h)~\

2 b0 + 1.71086, + 1.55566* + .4545566 + .3846268 + ••• = -(2 h)~l,

2b„ + 1.77862 + 1.636464 + 1.538566 + .4666668 + ••• = (2h)~\ etc.

Using an iterative process to solve these equations we obtain for the 6th and 7th

iterations the following values:

Iteration b0 X h 62 X h 64 X h 66 X h 6S X h 6,„ X h

6 .32113 .91461 -1.0132 .98457 - .98724 .98556

- .34898 .88018 -1.0381 .97263 -1.0143 1.0143

From these we obtain

^ = -.329/h + .895f2/h - 1.025f4//i + .979f/h + • • • ,

= ~ ~k fr? + A7l/h ~ -105?/h - -°25f4A + • • •, (a)

(b)-«[aT?r- 21 - -I0f'- + -•]•

Using these values in equations (8) and (9) we calculate w'(z) and w"(z) as follows:

w'(z) = i log (~*_~/) - f + * [-.55014f + .771667f3

+ .043f5+ •••], (c)

w"(z) = [ttt " 1 [t+~?I ~ '11763 + "1{)75r2 + "107f4 + "'] (d)

Case B. Load function:

For BM MCN ND DP PAL LB

F, + iF 2 — t -2 i — i -2 i

Then,

J. I + w - A- , £ [_< „
Now when L and P move to A at, = o> = 1, and when M and N move to C cM = <rN =

— 1. Thus,

- f2

r
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The constants 6 are purely imaginary and equations (7) become

6t - 26,/3 - 263/5 - 265/7 - 267/9 +... = - 1/h,

6, + 63 - 46j/5 - 4 63/7 - 465/9 - 467/ll + • • • = 0,

6i + b3 + 65 - 66,/7 - 663/9 - 665/ll - 667/13 + • • • = -l/h, etc.

Assume

Oj = iwbiz/4h + /3f3 + /5f5 + ■ • • ,

i.e., assume that the 6, are of the form

61 = 61 ,

63 = 6i/3 + f3 ,

65 = 6j/5 + /5 , etc.

Then since

2 2 2 2 _
1-3-5^3_7\5-7^9+"' _°'

14 4 41 1 i 1   2. _l ... _ 0

3 1.5 3.7 5.9

i,l,l 6 6 6 „
1 + 3 + 5~L7~3J~Kri+",=°' etC-

6, can be eliminated from the equations and we are left with the following system for

the values of /:

-.2/3 - .142857/5 - .llllll/7 - .090909/9 + ••• = -1/2/),

.107143/3 - .mill/5 - -090909/7 - .076923/s + ■ • • = 0,

.055556/3 + .075758/6 - .076923fr - .066667/„ + ••• = -1/6A, etc.

To bring these into a form suitable for the iteration process subtract each equation

from the one above it. Thus,

-.307143/3 - .031746/5 - .020202/, - .013986/9 + ••• = -1/2h,

.051587/3 - .186869/5 - -013986/7 - .010256/, + ••• = 1/6h,

.021365/3 - .027681/5 - .135256/, - .007843/, + ••• = -1/6h, etc.

From these we obtain

fa -T- i/h 1.581 ± .004 /» -*• i/h - .72 ± .01

ft + i/h - .581 ± .001
/11 -5- i/h 1.25 ± .01

ft + i/h 1.33 ± .02 /13 -*■ i/h ■ .77 ± .02
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Thus

hW, = ibiZir/4 - tf/( 1 + f2) + if(l + .581 f2 + ,419r4 + .33f6 + • • •) (e)

and

h>V' = ibM/4 + f (1 - f2)7(l + f2)2 - \ (1 - f)[l + l-743f2

+ 2.095f4 + •••] (f)

From formulae 8 and 9 and using the tabulated values of f, we have,

w'{z) = iblZ\/8h + 7r~1 log (1 + f2)/(l - f2) + » - (1 + f)"1

+ (4/ir)[c„ + ,972f2 + ,749f4 +•■•], (g)

and

hw"(z) = #/(l + f2) + (W2)f(l - f2)/(l + f2)2 + ib^/4

+ tf(l - f2)( 1.944 + 2.996f2 + •••)• (h)

The stress distribution for which Q" = ibiZir/Ah, w"(z) = ibiZirj^h is that due to

pure flexure, provided = —iBJh, where Bi is real. From statics, we know that there is

an infinite bending moment at the centre section due to the loads at infinity. But, from

statics, at a section where the support loads are applied, the normal stress distribution

must be equivalent to a moment of h/2ir as shown in Fig. 3. As this moment is applied

1/4 J

1/4

1/4 W

2

1/4  v 1/4 ITml
1/4

Fig. 3.

effectively at infinity, it must be included in the 6i term. For as f —* ± 1, RQ'2 —* BlZ/4h2.

Hence, is made up of two parts, that due to an infinite moment which will be repre-

sented by b' and that due to a moment of amount h/2%. Thus

B, = b' + 3/tt2

and

ha: = b'zw/ih + 3z/4wh - »f/( 1 + f2) + if(l + .581 r2 + .419f4 + • • •), (0

w'(z) = b'z\/8h2 + 322/8tt/i2 + 7T-' log (1 + f)/(l - r2) + i

- (1 + f2)"1 + (4/t)(co + -972f2 + • • •) (j)
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Equations a to / now give the solution to the problem. To calculate the stresses at

any point we use equation (1) with the values of ft', ft'' and w" obtained by substituting

the corresponding values of f in the relevant equation a to j. Fig. 4 gives the distribution

Fig. 4.

of normal stresses across BD and the shear stress distribution along the y axis.

The deflections u and v are readily obtained from formula (10)

8 n(u + iv) = (3 — v)/(l + v) ft (2) — 2 ft'(2) — w'(z), (10)

where n is the shear modulus; v is Poisson's ratio, u, v are the components of displace-

ment in the x and y direction respectively; and D is u + iv.

We are particularly concerned with the displacement and curvature of the y axis

and for this case some simplification of 10 is possible.

Differentiate both sides of (10) with regard to y, then,

*\ r\    

8/n — = ift'(3 — v)/(l + v) — ift'(z) + izil"(z) + iw"(z).
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Since it is only the loading condition of case B that will have any effect on the centre

line we have for x = 0,

r = t,
i£l'(z) = —iQ'(z),

,>«■<» + »"(«)] -=$.y + 1.5-L + ^ .

+ M4£/h - .024*7h + •••.

and therefore

S"|L. - rr^[r;f2 + 1 • TT? - (-696t + -«of +•••)] - jf. • y

• (rr?)' + i • rr? + S •«• wfw+(£A)['944 - 024£ + ->•
To compare this result with the usual engineering form let u, be the deflection of

x = 0 and, considering the case y > 0 let £ = —t and E denote Young's Modulus. Then,

+ t2

= TT • ik + 1 ' (!) 'k ~ ik • + -hr [.696* - .608<2dy 4h Eh 8 \hv Eh Eh 1 -f- t Eh

+ .480,' - .405C + .358C + ...]- X [l . S . + _

+ | • t • (l ~ *y + .944< - .024:t2 + • • •]

Using Euler's summation process we have for the first series on the right-hand side

.696* - .608<2 + .480<3 + • • • = .696 + .088 (y^) + • • • .

Then if A is the correction to the usual engineering deflection,

fy -it ■ + m(•696ri-< + + -)

- 8^[i ' A (fr?)'+ TT7 +1'! WT7? + 0441 ~ 0241'+ "']

Hence the correction to the usual engineering curvature is

w--^-LiI(-m-'-216rh + 224 (rri)' + ■")

_ jfelfr?} ~SiLifL ■ [-944 + 2(i + ?>'~ ™' 8(i(1+ it

K = -o

7T 1 — 6t2 + i

2 (1 + f)
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and,

-1, 1 + t2 , 1 T V , 1-656 1 .088 1
A = ̂ h^r^ + A-370h + —--T+~t-~ rr?+---J

J_ y t J_ 1 ,236 . _ 2 _ J_ _ 1.568
8/x h ' 1 + *2 + 8m ' 1 + t2 + ttm g u j 8m tt£

Figure 5 gives a plot of X with y assuming v = 0.3 and shows that for y > h, K is

negligible. Hence the engineering approximation, that the curvature is proportional to

the bending moment, is quite exact at a distance from the load greater than half the

depth of the beam. Making the assumption that for y > h the curvature of the centre

line is proportional to the bending moment, we can then calculate the correction A which

is also given in Fig. 5.
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