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difficult, and probably not possible, to express f as the sum of a finite number of terms
for each of which we can use (3).

STRESS FUNCTIONS OF MAXWELL AND MORERA*
By WILHELM ORNSTEIN (Newark College of Engineering)

Summary. A systematic process is devised for the derivation of the stress functions
of Maxwell and Morera by the application of the theorem that a vector whose divergence
vanishes is solenoidal. Symmetric and anti-symmetric matrices are established, and
the elements of these matrices represent the stress functions of Maxwell and Morera
respectively.

Introduction. The procedure used by Maxwell' to derive three stress functions
representing six stress components at any point of an isotropic body is similar to that
which Morera® subsequently applied to the establishment of the corresponding stress
functions. This procedure described also by Love® consisted in the choice of three stress
components; then the substitution of these components into the equilibrium equation
led to the remaining three components necessary to satisfy the equations of equilibrium.
Later it was discovered by Sir Richard Southwell* that Saint Venant’s and Beltrami’s
compatibility equations follow from Castigliano’s principle when the strain energy is
expressed in terms of Maxwell’s and of Morera’s functions.

Derivations. Neglecting the body forces, the equation of equilibrium is

divT = 0, )

where T is the stress tensor. The three equations of equilibrium are obtained by cyclic
interchange of z, y, z in the equation

Xz , Xy | Xz _
ax+ 6y+az = 0. 2)

The equations of equilibrium (2) can be written as
div4 =0, divB = 0, divC =0 3

where, because of the theorem that a vector whose divergence vanishes is a solenoidal
vector, the following relations exist:

A = curl F, B = curl G, C = curl H. 4)
Consequently, the stress components may be written as follows:
_ oF, _ oF, _oF, _ oF, _oF, _oF,
Xo= oy “ % V=% "o 2T % T ey’
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s o= 90s _ 9G, _ 939G _ 9Gs _ G, _ 3G,

Yz = dy 9z’ Yy = 9z ar ’ Yz = dr dy ' ®)
_oH, _oH, _ o, _ o, _ oH. _ oH,

2z =30 " T V=" T T T oy

Upon substituting (5) into the equilibrium conditions
Xy = Yz, Xz = Zz; Yz =2y (6)

and introducing, for abbreviation, the symbol T = F, 4 G, + H; , the following equa-
tions are obtained:

oF; 3G, , A, = T) _
+ ay + az - 0)
OF,  8(G,—T) o, _
9z + ay + 9z - 0; (7)
F, = T) , 8G, , oH, _
oz + dy + 0.

Equations (7), in the same manner as Egs. (2), can be expressed as before: when the
divergence of some vector is equal to zero, that vector is solenoidal. Thus the following
expressions can be written:

U 0l _au, _au, _aU, _ 3y,
F,—-T= 3y dz ’ G, 9z dzr ’ H, or dy '
oV, _ oV L3V oV _ov,_ o,

F, = dy 3z’ G-T 9z oz ’ H, dz dy ’ ®)
oW, oW, oW, W, LW, oW,
Fs dy oz ’ G =5 w W~ T=7% ay

To evaluate the expression T, the three terms on the diagonal of Egs. (8) are added:

F1+G2+H3_3I‘= _2I‘
from which

W= Vo) = 22 W, - W) — 227, — . ©)

1
2 0z 2ay

_9Us 98U, _ 139 10 ;r oy _ 198 .0
= dy oz 2 0z Wy = Vo) = 2 ay (Us — W) 23z (V, = Uy,
_aV, _aV, 18 1oy,
Gz - 92 9z 2 ox (W Vs) 2 ay (Ua Wl) (Vl Uz), (10)
_ W, oW, 19 1 6 oy 19 .
H =% 9y 29z (W2 — Vi) — (U s = W) =55, (Vi—=U).
Now, by use of (8) and (10) the stresses in (5) can be determined as follows:
FW, , 3°V. 3
Xz = 23 + 2 W, + V), ( (11)

97’ ay 0z
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U, , 3°W, 9’
Yy 622 + axZ - ax az (U3 + Wl)) .
o'V, , U, & .
Ze =57 t 0y oz ay(V‘ + U
xy = L2Us 16U2_62W3+_’W2 18°V, | 19°W, 129%V,
y“zayaz 2797 9zoy " 2dzez ' 28z0x ' 29yez 2 o7
_1a/_ A
_ _ 1 32(Uz +V) 1 az(Wz + V) l (Us + W)  9°W,
Xy=Yo=—-g= 50 Y2 T e T2 oye az dy

In a similar way one obtains

_ L, 13N+ U)  18Wa 4 V), 13V 4U) _ 9V,
Xe=Zz=—5=%7 t3  aym T2 ozoy 9z 0z’

g _1PW+ V) 18U+ Wy | 1%V, + Uy _ W,
Ye=Zy=—50"o7  t3 ooy T2 oza 3y oz

No. 2

(12)

13)

(14)

(1)

(16)

The normal and tangential stress components expressed by Egs. (11) to (16) are

determined by the elements of a square matrix, which can be written as follows:

U, U. U,
Vi V. Vs

W, W, W,

(17)

when all the elements except those on the diagonal are set equal to zero; i.e., when

U3=U3=V1=V3=W1=W2=0
and when

U1=X1, V2=Xz, W3=X3

there is a symmetric, or diagonal, matrix, whose elements form the Maxwell stress
functions. With these elements the stress components are obtained from equations (11)

to (16) as follows:

_ 6_27& 32?(2 _ 32X1 ’xs
Xz = a’ " o’ Yy = 92° ar’*’

_ ¥, R i ¢
Ze =2t oy Xy =Yz =—3 %"

gy = P —r = — Oxe
Yz = Zy = — 3y 02’ Xz =2z = % 0z

When the diagonal elements of the Matrix (17) are set equal to zero; i.e., when
U1 = Vz = W3 =

(18)
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and when
W, + Va = —y
Ua + W1 = —‘/’2
Vl + Uz = _"ps

the matrix is anti-symmetric, and its elements represent the Morera stress-functions
which when substituted into Eqgs. (11) to (16) yield the following stress components:

_ 9% _ 9 _ O
Xz = 5502 Yy"azax’ 22 = 50y
e Ve 19 (3% Qﬁ_%>
Xy = Yz = 2az<ax + dy az )
(19)
e e 10 (3% 0¥ %)
Xe = Zz = 26y(6:c dy %)
e gy L9 (_03%h 0¥ %)
Ye= 2y = 262( oz "oy Tz

Thus, the stress tensor expressed by Maxwell and Morera functions was derived by a
direct method from diagonal and antisymmetric matrices.

A REMARK ON INTEGRAL INVARIANTS*
By H. D. BLOCK (University of Minnesota)

Let the 2n variables ¢: , g2, *** , ¢a, P1, P2, -+ , Pa be related to the 2n variables
Q,Q, ,Q,,P ,P,, -, P, by a canonical transformation. Let o be the unit
square:0 S u £ 1,0 v < l,andlet ¢; = fi(», ), p; = g:(u,v), ¢ =1,2, --- , ),
where f; and g; have continuous derivatives on ¢. This induces the relationships @, = F,
(w,v), P, = G;(u,v), (. = 1,2, --- ,n). Let &, = Uw.nyee (fi(%, v), g:(u, v)) and S; =
Uew.orer (Fi(n, v), Gi(u, v)), i.e. the maps of ¢ on the (g; , p:) and (Q: , P.) planes re-
spectively. Let

s=1 i=1

> [ dgcdp. a3 [[ 0. ap,
be denoted respectively b; "
[[ Zasap. ana  [[ a0 ap..
. s
It is widely' believed that under the conditions stated
[[ £ dgcap. = [ = aq.ap..
. p

*Received Oct. 28, 1953.
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