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A ONE-DIMENSIONAL CONSOLIDATION PROBLEM WITH A
MOVING BOUNDARY*

BY

R. E. GIBSON
{Imperial College, London)

1. Introduction. In a previous note [1] some simple one-dimensional diffusion
problems of the sphere and infinite cylinder which involve a condition to be satisfied
on a specified moving boundary were considered. The progress of consolidation in a
clay layer increasing in thickness with time was discussed in a further paper [2], In
these examples it was supposed that the medium vanished at t = 0, and therefore no
initial conditions were prescribed; this restriction was made use of in the method of
solution adopted. In many cases of practical consequence, however, a medium of finite
extent exists initially through which the required quantity (e.g. temperature, concen-
tration, water pressure) has a given distribution, and in the present note we shall be
concerned with a problem of this type, taken from the field of soil mechanics.

2. Consolidation of a clay layer. Consider a layer of homogeneous saturated clay
bounded by the planes x = 0 and x = h (t). The excess water pressure u in the pores of
the clay [2] is governed by the equation

d2u du dh
cte2 = Tt-"Tt' (1)

where c and 7 are respectively the coefficient of consolidation and the submerged density
of the clay. We seek a solution of (1) subject to the conditions

fx (0, 0 = 0, t> 0, (2)
u[h(t), t] = 0, t > 0, (3)

and
u(x, 0) = f(x), 0 < x < h(0), (4)

where h(t) and j(x) are given functions.
A direct approach, using for example a Fourier type integral transform, would

appear to carry us no further than can the following elementary considerations. A
solution of (1) appropriate to the conditions (2) and (4) is clearly

~h(0)

w{x, t) = y[h(t) - h(0)] + (47ret)'"2 / M)K{x, f,£) dt, (5)
Jo

where the kernel

K(x, t]£) = exp (x - ^)2
4 ct ] +exp
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To this we must add a solution to (1) which will enable the requirement (3) to be met
while not disturbing conditions (2) and (4). A function possessing the necessary proper-
ties is

v(x,t) = —(4jrct)~U2 f g(£)K(x, t;£) d%, (6)
J h(. 0)

since

v(x, 0+) = — g(x), h(0) < x < <=

= 0, 0 < x < h(0),

where the function g is the arbitrary element we need to satisfy (3). It is, of course,
assumed that the integral (6) exists for t > 0; this must be verified a posteriori.

The problem therefore reduces from (3), (5) and (6) to the following integral equation

wW), t] = (4irc<)~1/2 f g(£)K[h(t), f, {] (7)
Jh( 0)

for g(£). For reasons which will appear presently it will prove convenient to write

g = + sr2

and replace (7) by two integral equations, namely

y[h(t) - K0)] = (4[ gim(h, t; $) di (8)
Jh(0)

and
0) „oo

/ f(QK(h, t; £) = g&)K{h, t; {) d{. (9)
JO Jh( 0)

3. Reduction of the first integral equation. It is unlikely that these equations can
be solved for an arbitrary h(t), and we shall be concerned here with the following simple
relation

h(t) = a + mt

where m, the velocity of this upper boundary, is constant, and a > 0.
Following Parodi [3] we take the Laplace transform of (8) which becomes

(iirc)1/2ymp~2 = ^ g^) ^ T1/2 exp - |'pt + ^mt dt d$

+/• g.(8f'-'xp +:+"']<'<■
With the following changes of variable

£ = r + a,
( j_ -2V/2
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and
G(r) = ffi(r + a)

and proceeding formally, we find that

<Kc- - I) + +1) -P [-C- + ?>] - (10)
G*(X) = [ e~XrG(r) dr.

Jo

where

We now put
s m

Z ~ c1/2 ~ 2c

in (10), which becomes

G*(z) + G*(z + f) exp [ -2a(z + f)] = 2ymc(z + g)[(* + g) C - J-] , (11)

and in this way the integral equation is reduced to a linear difference equation.
4. Solution of the difference equation. The difference equation may be treated by

considering first the solution of (11) with the right hand side zero:

<t>(z) + 4>(z + exp £ — 2a(z + = 0;

using elementary methods [4] we find

*(s) = exp [az(l +£)+ (12)

as a special solution. To obtain the required solution put

G*(z) = <t>(z)i{z) (13)

and it follows from (11) that

4 + f) - «2> - -1 7 {2z + + f) exp {"K1 + m)+'m ']}
so that, formally at least, a solution is

m~y£{(z + f) -[s + (n + 1)™]}

•exp {-[„(* + »)(l + „ + + i»(» + |)]}.

Using equations (12), (13) and (14) the following expression is obtained

G*{z) = y £ (—!)*{ ̂  -[* + (» + « 7] }

(14)

•exp ar^2z + (n + 1) 7
(15)
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S. Solution of the integral equation. The required function G(j) of Section 3 can
now be found by inverting (15), and we use the result

fO, 0 < r < /31
~ / e"e^\z + 5)~2 dz

J k-i oo

By introducing the unit function

(r - r >

U(t) = 1, r > 0

= 0, r < 0

the solution can be expressed in the succinct form

(?(t) = t Z (— 1)"(T ~ 2an)|exp j^_^: (T _ 2an)J

— exp £ — (n + 1) ~ (T ~ 2an)J|[/(r — 2an) exp j^ —

so that, finally,

<7i(f) = (~1)"K - (2n + l)o]|exp (£ ~ 2 na - a) J

— n(n + 1)

— exp — (n + 1) ™ (£ — 2na — a)Jjf/[£ — (2n + l)a] exp j^— ^n(n + 1)J-
(16)

The water pressure u'(x, t) corresponding to an initial pressure f(x) = 0 in the layer
0 < x < a, the pressures being generated solely by the increasing weight of super-
incumbent material, is given from (5) and (6) by

u'{x, t) = ymt - (4irct)~W2 f g^Kix, t; £) d£.
J a

Rewriting (16) in the form

?.(£) = Z T(Z,ri)U[£ - (2n + l)a],
n=0

we have

u' = ymt — (47rct)~1/2 f T(£, 0)K(x, t; £) d£ + f T(£, l)K(x, <; £) d£ -(- • • • 1
J a J3o J

= ymt - (4ttc0"1/2 Z [ T(£, n)K(x, t; £)
n=0 J(2n+1)a

(17)

and the integration may be accomplished by introducing the variable

f = { — (2 n + 1 )a
in (17); we find finally that

u' = - 7(ci)V2 exp (_^) Z (-l)"[F(x, £, n) + F(—x, t, n)]

• exp ^n(n+ 1) +^(2n+ l)2

(18)



1960] CONSOLIDATION PROBLEM 127

where

F(x, t, n) = [x(a2) - x(«i)],

x(a) = ae" erfc a,

= (4ct)~1/2[2nmt + (2n + 1 )a — x],

and

a2 = (±ct)~l/2[2(n + 1 )mt + (2 n + 1 )a — x].

We note here an earlier result [2] for the case a = 0:

u'{x, t) = ymt - y(irct)~1/2 exp (-^) £ £tanh f cosh g exp (-=|) df.

The more general solution (18) with a = 0 can easily be shown to be equivalent to this
if the term sech (mi./2c) in the above integrand is expanded in exponentials and the
series integrated term by term.

6. Reduction of the second integral equation. In the above treatment of the first
integral equation (8) we found it possible to reduce the problem to one of determining
the solution of a difference equation in the complex plane. The solution of the second
integral equation (9) can be found in the same way, but it is instructive to employ a
direct method by which the problem is reduced to the solution of a difference equation
in the real plane.

We rewrite equation (9) in the equivalent form

J /(£) exp [—(mt + a - /±ct\ d£ = jf g2(£)K(a + mt, t; £) rff (19)

where /(£) is a specified even function.
We now impose the condition

02© =0, — a < £ < a (20)

and the right hand side of (19) then becomes:

expi~ric)/„ [?2(x +a)exp(ir) + *(x~a)exp(~ir)]exp(~b)dx>

where we have put £ = X + a in the first term, and £ = X — a in the second term of the
integrand. The left hand side of (19) is now modified by taking

M) = 0, |{ | > a, (21)
and then

f /(£) exp [—(mt + a - Q'2/4ct] d£ = f /($) exp [-(mt + a - £f/ict] d£
J —a J — co

— [ /(^ ~ °) exP [—(m^ + X)2/4c£] d\
Jo
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where X = a — £. The equation (19) now takes the form

Jo + a) exp + {gr2(X - a) - /(X - a)} exp (-7^) exp d\ = 0

for all values of t > 0. It is natural to assume that the integrand vanishes and this leads
to the following difference equation

g2(\ + a) exp (mX/c) + - a) = /(X - a).

The condition (20) enables g2 to be determined uniquely. We omit the details of the
solution which is

= ( —1)"+1/(£ ~ 2na) exp [—nm(£ — na)/c]; (2n — 1) < £ < (2n + 1). (22)

From (5), (6) and (22) the water pressure u"(x, t) in the layer 0 < x < a + mt, when
the initial pressure is j(x) in 0 < x < a and when the accreting material is supposed
weightless (7 = 0), is

u"(x, t) = (4ttc<) 1/2 f /(£) exp [-(x - £)2/4ct] d£
J—a

— (47rc<)_1/2 S ( —1)"+' f f(£)K(x, t; £ + 2na) exp [—nm{£ + na)/c\ c/£.
n«=l J— a

(23)

The complete solution to the problem of Section 2 is now found from the sum of (18)
and (23)

u = u' + u".

It can easily be verified that equations (l)-(4) are satisfied and that the series involved
in the solution converge for t > 0 and / bounded.

7. Some alternative boundary conditions. When other boundary conditions are
imposed the use of the above method depends upon our being able to choose a solution
at the outset which satisfies all conditions except that on the moving boundary; in simple
cases a knowledge of the appropriate Green's functions will be sufficient. For example,
to satisfy (1) with initial condition (4) and boundary conditions

u[h(t), t] = \p(t) (24)

u(0, t) = *(«) (25)

we should take as a tentative solution

» - ,[»«) - 1(0)] - z<4«)-" Jf bhM (, *WI exp [-55^] *'
«C0 -A( 0)

+ gm(x, t-& dt + / mQ{x, t- q da,
J h(0) JO

where

Q(x, <-;£) = (47TC«r1/2{exp [-(x - £)2/4c/] - exp [-(a: + £)2/'4c<]}

(26)
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our choice being dictated by the nature of the initial and boundary conditions. The
expression (26) satisfies (1), (4) and (25) and the function g is to be found from the
condition (24); this requires us to solve the linear equation

m - y[m - no)] + hm*cTu2 fa bKr) ~ *(t)] exp [~4c(f^r)] dr
/»A( 0) «oo

- / fmih(t), t; {] df = / g(ti)Q[h(t), t; {] df,
JO Jh( 0)

and with h(t) of the form (10) the solution may be found along the lines adopted above.
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