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TRANSLATIONAL ADDITION THEOREMS
FOR SPHERICAL VECTOR WAVE FUNCTIONS*

BT

ORVAL R. CRUZAN
Diamond Ordnance Fuze Laboratories

Washington, D. C.

Abstract. Translational addition theorems for spherical vector waye functions have
been derived in a reduced form. The reduction has been accomplished by the use of
formulas relating the coefficients that arise in the expansion of the product of two associ-
ated Legendre functions. These addition theorems should be useful, in general, in those
cases involving electromagnetic sources and spherical bodies.

1. Introduction. When electromagnetic waves interact with spherical bodies, it
becomes desirable in many problems to expand the fields in terms of spherical vector
wave functions. Furthermore, it is helpful to have addition theorems for the wave
functions, e.g., in the case of two or more spherical bodies. Here we need to expand the
secondary electromagnetic field of each sphere about the other in order to readily apply
the boundary conditions appropriate to each spherical body.

Such addition theorems have been obtained by Stein [1]. As given for the case of
coordinate translation they are not in the most desirable form, in that the coefficients
involved consist of several terms each. Although these coefficients were not reduced, it
was stated that certain recursion formulas might be useful [2],

It turns out that in addition to the two recursion formulas, Eqs. (A-7) and (A-8),
that Stein [3] considered particularly useful, four other formulas are required, two of
which are of the recursion form; the other two have a quasi-recurrent form, as shown by
Eqs. (A-3) and (A-4). These additional formulas have been obtained, and the coefficients
reduced to one term each [4]. Moreover, the derivation of the addition theorems has
been made in a straightforward and rigorous way, by making use of the orthogonal
properties of the angular functions and of the vector wave functions.

Besides the formulas sufficient for the reduction of the addition theorems, several three
term recursion formulas have been derived. These should be helpful for computing the
values of the coefficients in the expansion of the product of two associated Legendre
functions.

2. Spherical vector wave functions [5]. Divergenceless solutions of the vector
Helmholtz equation,

VV-c - V X V X c + k2c = 0, (1)

where k is the propagation constant, are the two vector wave functions M and N. The
relations between these two are

kN = V X M ^
kM = V X N.
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In spherical coordinates, M is given by the formula

M = V X r\p, (3)
where r is a radial vector, and ^ is a solution of the scalar Helmholtz equation,

vV + = 0. (4)
By means of vector identities, Eq. (3) can be put in the alternative form,

M = X r, (5)

since V X r = 0. Omitting the time factor exp (—iut), the explicit expressions for
M and N, respectively, are [1]:

Z7fi dPm
mmn = -—- zn(kr)Pmn(cos 0) exp (im4>)ie - zn(kr) -rf- (cos 9) exp (im4>)i*

sin u o(7

and

nm„ = n(n — zJkr)PmJcos B) exp (im<f)ir + ~ ~ [rzjkr)] (cosJ) exp (im<t>)\s

+ kr^n e Jr [rzn(krW1(vos 6) exp (im<f>), (6)

where zn(Jer) stands for any of the spherical radial functions.
3. Vector wave functions under coordinate translation [4]. Although in the follow-

ing derivation of the translational addition theorems, waves convergent about the origin
0' are used, the derivation is just as readily made for divergent waves. If the translation
as illustrated in Fig. 1 is made, then

r = a + r'. (7)

Fig. 1. Coordinate translation
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With this value of r, we have, by using Eq. (5),

M = X a + Vxp X r\ (8)

Since the gradient of a scalar quantity is invariant to a transformation of the coordinate
system, then we may regard Vip as being expressed in terms of the coordinates of the
second system. As can be determined from Fig. 1,

a = a(ix sin 0O cos <j>0 + sin 90 sin <j>0 + i* cos 0O). (9)

Consequently, we have

M = a(sin 0O cos^oVi/' Xi, + sin 0O sin <j>0V Xi,+ cos 0OV X i2)

+ W X r'. (10)

The unit vectors (ix, i„ , i2) in terms of the unit vectors in the second coordinate system
are

= ir. sin 0' cos <t>' + i9. cos 0' cos <j>' — sin<£',

= ir- sin 0' sin <£' + i,» cos 0' sin <j>' + cos <£', (11)

= ir. cos 0' — i9. sin 9'.

If in Eq. (B — 1) we put

Afav) = ( — iyi'~n(2v + 1)

• Z i"a(m, n | —fi, v | p)zp(ka)P™~"(cos d0) exp [i(m — n)<f>0], (12)
V

where the a(m, n\ — pj's are given in appendix A, then

if = Z E A{n, v)j,(kr')P"Xcos 9') exp (W)- (13)
y = 0 fi = — v

Using this expression for \p, we obtain, in view of Eq. (5), for the last term of the right
member of Eq. (10),

V* x r' = £ i: Ab,v)m'„ , (14)
v = 0 n = — v

where m£„ is of the same form as mnm, Eqs. (6), but is referred to the second coordinate
system. By using the orthogonal properties of the angular functions and of the vector
wave functions, it can be shown that the other vector quantities in Eq. (10) are

oo 0

V^Xi,= z z «ml, + b'M,
v=0 n=—v

Vf X i„ = Z X)
j» = 0 n = — v

v*xi,= it i: (o;, + kyk,). as)
v=0V
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where

at, = 2v(yV+ 1) -\ ~ t'" ~ V ~ (y ~ v)(" ~ ~ 1M(m + 1, f ~ 1)]

+ 2„ _j_ 3 K" + ^ + 2)(v + m + l)A(jt + 1, v + 1) — A(n — 1, v + 1)]| ,

ik jv + 1 _ 1, r _ 1) + (y — /x)(f — M — IMG* + 1, V — 1)]

K +1

2v{v + 1) |> - 1

V

2^ + 3 [(»» + At + 2)(v + yu + 1)A(/X + 1, v + 1) + A(n — 1, v + l)]f , (16)

,,, k )(y + l)(p — n) A, , v(v + n + 1) A, ,
a"' - j^T+lj t 2,-1 2v + 3 Ab,v + 1)

and

K- = 2v(y + i) K" ~~ **)(" + ^ + IMG* + !>") + ~ 1,")],

K' = 2v(y \ i) K" — + ^ + +l,i') — A(At — 1, ?)],

6» " K^lj ^ '>• (17)
and n£„ is of the same form as n,„„ , Eqs. (6), except that it is referred to the second co-
ordinate system.

In reducing Eq. (10), we may, by using Eqs. (15), set

A„, = sin 0O cos <j)Qa'^ + sin 90 sin <$>aa"v + cos Boa'//. (18)

If we denote the coefficient of the vector wave function m^„ by A™ , then from Eqs-
(14), (15), and (18), we obtain

A™" = aA„, + A(n, v). (19)
If we use the recursion formulas, Eqs. (A-6) through (A-9), and the appropriate relations
between the spherical radial functions, then we have

A- = (—1)" X a(m> n I —A*, v I p)a(n, v, p)z,£ka)P™~"(cos 60) exp [i(m — p.)<}>0], (20)
V

where

a(n, v, p) = i+v~n[2v(v + l)(2f + 1) + (v + l)(n — v + p + l)(n + v — p)

- v{v - n + V + 1)(» + " + V + 2)]/|>(? + 1)]. (21)

For the coefficient of n£, , we may set

B™" = a(sin 60 cos <t>abl„ + sin 0a sin + cos 60b'//). (22)

Using Eqs. (12), (17), (A-10), and (A-3) and the appropriate relations for the spherical
radial functions, we obtain

= (-1)"+1 Z) a(m, n \ — n, v | p, p — 1 )b{n, v, p)zv{ka)P™~\cos d0)
V

•exp [i(m — ix)4>o], (23)
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where

b(n, v, p) = i'+v~n[(n + v + p + 1)0 — n + p)(n — v + p){n + v — p + 1)]1/2

•{2v + l)/[2r0 + 1)]. (24)

4. Addition theorems. In summary, we have the translational addition theorems
for spherical vector wave functions

00 v

Theorem I: mmn = £ £ {A™m^ +'"°(25)

Theorem II: n,,. = E £ (A>£, + B^m^),
j» = 0 n = — v

where

A™° = (—1)" E a(m> n I —v | p)a(n, f, p)zB{ka)P™~"(cos 0O) exp [i(m — m)0o], (26)
V

B= ( —1)"+1 E a(m> n I —M, I P, P ~ l)&(w, p)zJ,(kd)P™~"(cos 0O) exp |>'(m — m)<£o],
V

a(n, v, p) = i"+!'_"[2j'(^ + 1)(2j< + 1) + (v + 1 )(n — v + p + l)(n + v — p)

— v(v — n + p + 1 )(n + v + p + 2)]/[2><(i' + 1)],

and

b(n, v, p) = i'+v~n[{n + v + p + l)(i> — n + p)(n — v + p)(n + v — p + 1)]1/2

■{2v + l)/[2v(v + 1)]. (27)

APPENDIX A

Relationships involving the coefficients in the expansion of PmnP"v In the derivation
of the addition theorem for the spherical scalar wave function (appendix B) there occurs
the product P"P? of two associated Legendre functions in which the argument is n = cos 6.
This product can be expressed in terms of the expansion [2, 4],

PZP: = Z a(m, n\ n,v\ p)P;+(A-l)
V

where

/ I is/ + m)\(v + m)! (p ~ m, — m)!T/2o(m,n = (-1) + „ +

n v p

0 0 0
n v p

\rn ju —m — /J
(A-2)

and

jl J2 J*3

rrii m2 ra3.

is the Wigner 3 — j symbol [6].
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For the reduction of the coefficients involved in the addition theorems, it is necessary
to obtain formulas simplifying various groupings of the a(m, n \ /x, v | p)'s. From the
formulas connecting the Wigner 3 — j and 6 — j symbols [6], and the formula for the
a(m, n | —p,v\ p), Eq. (A-2), we can obtain the following relationships [4]
(2p — 1)[(» + c + p+ 1)(" — n + p)(n — v + p)(n + v — p + 1)]1/2

•a(m, n \ n, v \ p,p - 1)
= (2p + 1)[(> + n)(v — M + 1 )a(m, n\n — I,v\p — I)

— {p — m — n)(p — m — n — 1 )a(m, n\n-\-\,v\p — I)
— 2n{p — m — ix)a(m, n \ n, v | p — 1)1. (A-3)

(2p + 3)[(n + v — p)(n — v + p + l)(v + p - n + 1 )(n + v + p + 2)]1/2

■a(m, n \ n, v \ p,p + 1)
= (2p + l)[(p + m + m + 1 ){p + m + n + 2 )a(m, nf/t+l^lp+l)

— (f + fi)(v — m + 1 )a{m, n \ n — l,v\p + \)

— 2n(p + m + n + 1 )a(m, n \ n, v | p + 1)], (A-4)
where

. i „. i „ t - +«

(A-5)
n v p \ n v q

m n — m — ni [0 0 0.
(2p — 1 )(n + v — p)(n — v + p + 1 )a(m, n | n, v — 1 | p)

= (2p + l)[2(v - fi)(p - m - n)a(m, n \ n, v | p - 1)
- 0 ~ a0(" ~ M + l)o(m, n \ ix - l,v\p - I)

— (p — m — ix — l)(p — m — n)a(m, n \ ix + 1, v | p — 1)] (A-6)

(2p + 3 )(n — y + p)(n + y — p + l)a(m, n\ tx,v + l\p)

= (2p + 1)[—(p + m + ix + l)(p + m + ix + 2 )a(m, n|/i+l,v|p + l)

+ 2(y + m + l)(p + m + ix + 1 )a(m, n | ix, v | p + 1)

— (v + n)(v + ix + 1 )a(m, n | m — 1, v | p + 1)]. (A-7)

(2p — l)(n + v + p + 2)(r — n + p + l)a(m, n \ ix, v + 1 | p)

= (2p + l)[(p - m — ix — 1 )(p - m - ix)a(m, n|/i+l,f|p-l)

+ 2(f + /x + l)(p — m — n)a(m, n | ix, v | p — 1)

+ (v + ix)(y + ix + l)a(m, n | fx — 1, v | p — 1)]. (A-8)

(2p + 3)(v — n + p)(n + v + p + 1 )a(m, n | y., v — 1 | p)

= (2p + l)[(p + m + ix + 2 )(p + m + /! + l)a(m, n|/tt + l,i'|p+l)

+ (v — — ix + l)a(m, n | ju - 1, | p + 1)

+ 2(v - ix)(p + m + ix + l)a(m, n | n, v | p + 1)]. (A-9)
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In addition to the above relationships for the aim, n | n, v | p)'s, there can be derived
numerous recursion formulas based upon various recursion relations for the associated
Legendre functions. By using the relationship for associated Legendre functions,

(1 - Vy/2[P:+1 + (y + H)(y - M + DPT1] - 2nvPI = 0,

and multiplying by P™ , it can be shown that

(2p — l)[(p + m + n + l)(p + m + m + 2)a(m, n|/x+l,j>|p+l)

— (v + m)0 — m + 1 )a(m, n \ n — 1, p | p + 1)

— 2^i(p + m + ii + 1 )a(m, n \ n, v | p + 1)]

= (2p + 3)[(p — m — fi)(p — m — n — 1 )a(m, n \ n + l,v \ p — 1)

— (v + n)(v — » + 1 )a{m, n \ n — \,v\p — 1)

+ 2n(p — m — n)a(m, n | n, v | p — 1)]. (A-10)

Certain three-term recursion formulas are also readily obtained. From the relation

d dP" dP"JfL __ Dm " I DM n
de{ n '1 " de ^ ' de ' (A-i l)

and the derivative formulas

dPZ m'i) ■ - p;.'+1 (A-i2)
dd (1 — jj2)1

and

= (1 I^y/2 PZ' + (»' - m'+ 1)(»' + m')P:/-\ (A-13)

one obtains respectively

a(m, n | n, v | p) = a(m + 1, n | n, v | p) + a{m, n | n + 1, v | p) (A-14)

and

(p - m — ix + l)(p + m + fi)a(m, n \ n, v | p)

= (" + m)(" — m + 1 )a(m, n | n — 1, v | p)

+ (n + m)(n — m + l)a(m — 1, n \ n, v | p). (A-15)

From Eqs. (A-14) and (A-15) there can be obtained the formulas

[(p + m + n)(p — m — n + l) + (v — n)(v + n + 1) — (n + m){n — m + 1)]

■a(m, n | n, v | p) = (v + n)(v — fi + 1 )a(m, n \ /i — 1, v | p)

+ (p — m — fi)(p + m + n + 1 )a(m, n | m + 1, " I V) (A-16)
and

[(p + m + aO(p — m — At+l) + (n — m)(n + m + 1) — (v + n)(v — n + 1)]

•a(m, n | m, ? I p) = (» + mXw ~ m + l)a(m — 1, n \ n, v \ p)

+ (p — m — n)(p + m + n + 1 )a(m + 1, n | n, v | p). (A-17)
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APPENDIX B
Addition theorems for spherical scalar wave functions

In this appendix, the addition theorems for the scalar wave functions will be listed,
with appropriate limits, since they have been already derived [7]. The addition theorems
given here are for the case of coordinate translation illustrated in Fig. 1. The more correct
forms for the theorems [1] are

zn(kr)P1{cos 0) exp (im<j>) = Z) S Z) (—l)"i"+v~n{2v + 1 )a(m, n [ ~n,v\p)
v=0 n=—v p

• j,(kr')zp(ka)P1(cos 8')P™~"(cos 90) exp [i(m — exp r' < a (B-l)

= EEZ (-l)V+—(& + l)a(m, n\-n,v\V)
v = 0 n=* — v p

■ jy(ka)zT(kr')P"v(cos d0)P"~"(cos 0') exp [i{m — exp r' > a. (B-2)

The symbol z„(kr) stands for the spherical Bessel, Neumann, or Hankel (first or second
kind) function. It can be shown that either Eq. (B-l) or Eq. (B-2) may be used with
zn(kr) = jn(kr), without restriction on the relative size of r' and a.
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