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-NOTES-

A SYMMETRIC DUAL THEOREM FOR NON-LINEAR PROGRAMS*

By BERTRAM MOND (Aerospace Research Laboratories, Wright-Patterson Air Force Base, Ohio)

1. Introduction. Following Dorn [3], a pair of dual programs will be called sym-
metric if 'the dual of the dual is the original program,' i.e. if, when the dual program
is recast in the form of the primal, its dual is the primal. A linear program and its dual
[6] are symmetric in this sense. Non-linear programs and their duals, as given in [4]
for quadratic programs, in [5] for convex programs with linear constraints, and in
[7, 8, 10 & 11] for convex programs with more general constraints are not symmetric.

In what follows, a pair of symmetric non-linear dual programs will be exhibited.
Symmetric non-linear programs are given in [1 & 3] for quadratic programs and in [2]
for more general programs. The relationship of this development to that of Dantzig,
Eisenberg and Cottle [2] will be considered in Section 4.

2. Notation. Small letters will generally denote vectors and capital letters matrices.
x > y means that every component of x is greater than or equal to the corresponding
component of y. Prime will denote transpose.

f(x, y) will be a real-valued differentiable function of x and y, where x and y have
dimension n and m respectively. y) will denote the vector that is the gradient
of / with respect to the x variable at the point (x, y) and VJ(x, y) the gradient of /
with respect to y at the point (x, y), i.e.

Y7 i(v ,,\ _ fd/(a, y) df(x, y) df(x, y)~1'
Ji ' y) L dx, ' dx2 ' ' dxn J '

V7 i(v y) d/O, y) df(x, y) 1'
'K ' V) L dyl • dy2 ' "' ' dym J '

3. Symmetric dual programs. Consider the following two programs:
Primal Program (P):

Minimize H(x, y) = j(x, y) - y'VJ(x, y) (1)

subject to — VJ(x, y) > 0, (2)

z > 0. (3)

Dual Program (P*):

Maximize G(x, y) = f(x, y) - x'VJ(x, y) (4)

subject to - V,/(i, y) < 0, (5)

y > 0. (6)
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If f(x, y) = b'y — y'Ax + c'x, (P) and (P*) reduce to a pair of dual linear programs.
If f(x, y) = b'y — y'Ax + \x'Cx + p'x, (P) and (P*) become the quadratic dual pro-
grams of [4]. If j(x, y) = b'y — y'Ax — \y'Dy + \x'Cx + p'x, one obtains the symmetric
dual programs of [1], Letting f(x, y) = g(x) — y'Ax + b'y, yields the non-linear dual
programs with linear constraints of [5]. Letting f(x, y) = g(x) — y'F(x) (here Fix) is
an m-dimensional vector valued function of x) yields the non-linear dual programs
with more general constraints of [7].

Some additional assumptions about f(x, y) are needed in order to establish a dual
relationship between (P) and (P*).

1. f(x, y) has continuous first partial derivatives.
2. For each fixed y, in the region defined by the constraints (2), (3), (5) and (6),

fix, y) is convex in x.
3. For each fixed x, in the region defined by (2), (3), (5) and (6), f(x, y) is concave in y.
4. Let Xi be the set of all x for which a vector y exists such that constraints (5)

and (6) hold. Let Yi be the set of all y for which an x exists such that (5) and (6) hold.
Define

z{x, y) = VJ(x, y) (7)

and let Z be the set of all vectors z(x, y) with i«I, and y t Y, . It will be assumed that
there exists a differentiable function that determines, for a given zx e Z and yx t Yt ,
a unique xx e X, such that 2, = Vxf(xt , yi).

5. Let Yu be the set of all y for which there exists an x such that constraints (2)
and (3) hold. Let I„ be the set of all x for which there exists a y such that (2) and (3)
hold. Define

w(x, y) = V,/(x, y) (8)

and let IF be the set of all w{x, y) with x e Xn and y e Yn . It will be assumed that
there exists a differentiable function that determines, for a given wn e IF and xu e In ,
a unique yu t Yu such that wu = VJ(xn , yn).

Theorem. If (x0 , y0) is an optimal solution for (P) or (P*),

a) (x0 , y0) is optimal for both (P) and (P*); and
b) the minimum of (P) equals the maximum of (P*).

Proof: Assume that (x0 , y0) is a minimizing solution of (P). Then (x0 , y0 , w0) is a
minimizing solution of (P) recast as

Minimize h(x, y, w) = f(x, y) — y'w (9)

subject to — w > 0, (10)

w = VJ(x, y), (11)

x > 0. (12)

Thus h(xo , y0 , w0) < h(x, y, w) for all (x, y, w) satisfying (10), (11) and (12). Let us
now consider the linear programming problem (L):

Minimize $(x, w) = f(x0 , y0) — y'oW + x'VJ(x0 , y0) (13)
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subject to — w > 0, (14)

X > 0. (15)

It is obvious that (x0 , w0) is a feasible solution of L. We will now show that it is
also an optimal solution.

Suppose there exists an (x*, w*) satisfying (14) and (15) such that w*) <\p(xQ, w0),
i.e.,

— y'0(w* — w°) + (x* — x0)'VJ(x„ , y„) < 0. (16)

Define

Xi = x0 + r(x* — x0), (17)

u>i = w0 + r(w* —w0), (0 < r < 1). (18)

(xt , Wi) is also feasible for (L). Since wt is in W, there exists a > 0 such that

Wi = Vyf(xl , 2/0, (19)
and thus (x, , yx , w,) is a feasible solution of (P).

Consider hfa , y^ , w,) — h(x0, y0 , w0) = /(x, , yt) - y[wx — f(x0 , y0) + y'0w0.
From the mean value theorem we have, with 0 < < 1 and 02 = 1 — 0, ,

h(xi , ?/i , Wj) - h(x0 , y0 , w0) = (2/1 - y0)'VJ(xl — d^x, - x„), 2/1 - 0,(?u - y„))

+ (x, - x0)'Vzf(xI - Otfa - x0), 2/! - 6l(yl - 2/0)) - y[Wi + y'0w0

= (yi - yo)'VJ(x1 - e^Xi - xo), 2/1 - di(yi - y0)) - y'lWi + y'ow0

+ (x, - x0)'Vxf(x0 + d2(xl — x0), 2/0 + ^2(2/1 - y0)

= (2/1 - 2/o)'{V„/(x, - e^Xi - Xo), 2/1 - 0,(2/1 - 2/0)) - v„/(x, , 2/,)}

— 2/o(^i - w0) + (Xj — x0)'{VJ(x0 + 02(zi - x0), 2/0

+ 02&1 - 2/0)) - V*/(x0 .2/0)} + (x, - x„)'VI/(x0 , 2/0)•

By virtue of assumption 5 and the mean value theorem,

(2/1 ~ 2/o)' = (u>! - WoVMK - 77(1^ — w0), xl - rj(x, - x0)]

+ (Xi — X0)W[Wi — I7(w, — W0), Xi ~ v(Xi ~ X0)], 0 < T) < 1, (20)

where M[w, x] is a matrix whose i, j element is the partial derivative of the ;th component
of y with respect to the zth component of w and iV[w, x] is a matrix whose i, j element
is the partial derivative of the jth component of y with respect to the zth component
of x. Hence, using (17), (18) and (20),

h(x 1 , yt , Wi) - h(x0 , 2/0 , w0) = r{[(w* -

- ijr(w* — w0), xt — 1?r(x* — x0)] + (x* — x0)'N[wl — trr(w* — w0), x,

- tjr(x* - x0)]][V„/(x, - 0tr(x* - x0), 2/1 - 9Hy* - y0)) ~ VJ(xt , 2/1)]

- y'a(w* - w0) + (x* - x0)'[Vi/(x0 + 02r(x* - x0), y0 + rd2(y* - y0))

- VJ(x0 ,2/0)] + (x* - Xo)'VJ(xo ,y0)}-
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Because of the continuity of Vxj(x, y) and V„/(x, y), it follows that, for a suffi-
ciently small r, h(xi , yx , Wi) — h(x0, y0, w0) will have the same sign as

- y'0(w* - w0) + (x* — x0)'VxJ(x0 , y0)

which by (16) is negative. This contradicts the hypothesis that (x0 , y0 , Wo) is optimal.
Hence (a;0 , w0) is an optimal solution of (L).

The dual of (L), is the problem (L*):

Maximize j(xa , y()) (21)

subject to — V,/(x0 , Vo) < 0, (22)

u = 2/0 , (23)

u > 0. (24)

By the duality theorem for linear programming, (L*) has an optimal solution-
From (23), u = y0 is the optimal solution. Therefore, by the duality theorem for linear
programming,

- y'oWo + x'0Vxf(xo ,y0) = 0. (25)

Now, (x0, y0), since it satisfies (22) and (24), is a feasible solution of (P*). Let (it, v)
be any other feasible solution of (P*).

It follows [see 5 or 9] from assumption 2 that f(x0, v) — f(u, v) > (x0 — m)'V,/(w, v)
and from assumption 3 that f(x0, y0) — j(x0, v) > (y0 — v)'Vyj(x0, y0)- Hence f(x0, y„) —
j(u, v)=/(x0, y0)-j{x0, v)+f(xo , v)-j{u, v) > (y0-vYVJ(.x0 , yo) + (x0-u)'Vxf(u, v).

Therefore G(x0, y0) — Giu, v) = j(x0, y0) — x'aX7xj(xa, y0) — j(u, v) + u'Vxf(u, v) >
(2/o - »)'Vj(x0 , 2/0) + (x0 - u)'Vxf(u, v) - x'0Vxf(x0 , y0) + u'Vxj(u, v). From (25),
2/oV„/(z0, Vo) — x'o VJ(x0, y0) = 0, from (6) and (2) — v'VJ(x0, y0) > 0, from (3) and
(5) x'0Vxf(u, v) > 0. Thus G(x0, y0) — G(u, v) > 0. Hence (x0, ya) is an optimal solution
of P*.

The minimum of (P)is f(x0, y0) — y'0Vyf(x0, y0)- The maximum of (P*) is f(x0, y0) —
x'uVJ(x0 , yQ). It therefore follows from (25) that the minimum of (P) equals the max-
imum of (P*).

If (x0 , y0) is an optimal solution of (P*), the corresponding portion of the theorem
can be proved, either by an argument analogous to the preceding one, or, by recasting
(P*) in the form of (P) and utilizing the results already established.

4. Remarks. It was pointed out earlier that our results are similar to those of
Dantzig, Eisenberg and Cottle [2]. There are, however, two essential differences. These
are 1) the method of proof and 2) the assumptions needed to establish the theorem.

The proof of the symmetric duality theorem in [2] is based on the Kuhn-Tucker
theorem [9]. The proof given here is an extension of Dorn's method [5] that makes use
of the duality theorem of linear programming. It is noteworthy that this method is
applicable even though neither (P) nor (P*) will, in general, have linear constraints.

The assumptions made in regard to both the functionals to be minimized or max-
imized and the constraints are more stringent in [2]; and, in this sense, our results
represent a generalization of those of Dantzig, Eisenberg and Cottle. In [2], f(x, y)
is assumed to have continuous second partial derivatives whereas only the existence
and continuity of the first partial derivatives are needed here. In [2], f(x, y) is required
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to be strictly convex in x for fixed y and strictly concave in y for fixed x. As was pointed
out in [5], assumptions 2 and 4 are less restrictive than strict convexity with respect
to x. Similarly, assumptions 3 and 5 are less restrictive than strict concavity of j(x, y)
with respect to y.

In [2], the constraints of both (P) and (P*) include x > 0 and y > 0. Only x > 0
for the primal and y > 0 for the dual are required here. Finally, Dantzig, Eisenberg
and Cottle assume that the constraints satisfy the Kuhn-Tucker constraint qualifi-
cation [9]. This assumption is not needed for the proof given here.
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