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AN ANALOGUE OF THE KOLOSOFF-MUSKHELISHVILI FORMULAE
IN THREE DIMENSIONS*

BY

DARRELL D. PENROD
University of Notre Dame, Notre Dame, Indiana

1. Introduction. The application of analytic function theory to two dimensional
elasticity has contributed greatly to the development of that area. While there is no
complete generalization of this technique for three dimensions, there is, in fact, a theory
of functions of a hypervariable which can be utilized. The hypervariable is that of
Ketchum [1], and monogenic functions of this hypervariable generate harmonic functions
in three dimensions. Since the displacement vector of a linear isotropic elastic solid can
be represented in terms of harmonic functions, it can also be represented in terms of
functions of the hypervariable. This representation is accomplished herein and used to
generate several singular solutions for the infinite and semi-infinite elastic space.

2. Hypernumbers and functions of the hypervariables. A hypernumber B has
the following form:

B= Y bE,

k=—

where each b, is a complex number and E, is a basis element for the algebra. The ordinary
algebraic operations for hypernumbers are defined below. If B = > ;. _. b.E, and
C = X5 _.cE, then

B+ C= 2 (b=*c)E:, AB = I‘Z (A\b)E,

k== -

BC = Z dkEk Where dk = Z bk_,‘ci

k=~ jm—c

provided d, converges for each k. If one or more d, is infinite, then the product is not
defined.
We shall be concerned with functions of the hypervariable

w = —vE_, + z2E, + uE,
where
u=23+1) and v =3 — ).
A hyi)erfunction

Pa,u,) = 3 fu@u 0,

km—c
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is said to have a derivative with respect to w if its component functions f, satisfy the
following equations

— e St 20, 1, £2--0) 2.1
When the derivative exists, it can be shown (Ketchum [1]) that

ar _ <

dw ,,.Z_:w oz E,
Furthermore, when dF/dw exists, and when the second partial derivatives of each f;
exist and are continuous, we can differentiate (2.1) with respect to z obtaining

Oty _ e

9> oz du

Under the above assumptions

s fre @ (3fk+1)

But according to (2.1)

s _ _of
or o’

and so

Oy To o _ 0 (_0R),

x> drdu  ouodr ou EY

Recalling that v = 1(z + 7y) and v = (2 — 7y) we have

Ohe O OTh _
ax® T ooyt T o
A function which has a derivative for all values of w in a region D, and whose com-
ponent functions are analytic in D is said to be monogenic in D.
The preceding discussion shows that the component functions of a monogenic func-
tion of w are themselves harmonic. A partial converse to this result was given by Ketchum

[1].

TaEOREM 1 (Completeness Theorem). If g(z, y, 2) is harmonic in a region D, then
there exists a function F(w) = D, f.E: , monogenic in a subregion of D, with the
property that g(z, y, 2) = fo(z, u, v).

3. Displacements and stresses in terms of functions of the hypervariable. The
desired hyperfunction representation is based upon a harmonic representation deduced
from a result due to Duffin [2].

Lemma 1. If g(z, y, 2) is a harmonic function in the cylindrical region C defined by
"+ 2° < a*and 0 < z < b, then in a cylinder C; C C there exists a harmonic function
h(z, y, 2) such that

g
[
Q
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Tueorem 2. If u is a vector valued function of class C° in a cylinder C, and if u is a
solution of the homogeneous Cauchy-Navier equation in C, then there exist functions
f, g, and h, harmonic in C, C C such that

7\+3u >\+n

u= -V Xgi+—7F—"1fi — zVf — Vh 2.2
in Cl.
Proor: The Cauchy-Navier equation is
)‘-';2“V(Vu) VXV Xu=0 (2.3)

where \ and u are constants (nonzero). Since the components of u are of class C°, the
divergence of the above equation exists and is

"";2"V(v u) = 0.

Hence we put V-u = 9f/dx where f is harmonic, (lemma 1). We also notice that since
f is harmonic,

V(V-u) = V%= VvV X V X fi,
and (2.3) becomes

VXVX[)—\+Tz’—‘ﬁ—u:|=O.

It follows that
v X [%& fi — u] = Vo, 2.4)
and
V% = 0.

Let ¢ = dg/dz where ¢ is harmonic (lemma 1), and again Vdg/dz = V X V X gi.
Then equation (2.4) is

vxP+%

fi—u—V X gl] =0
which implies that
H;z”f u—V Xgi=Vy @.5)

Taking the divergence of equation (2.5) and recalling that V -u = 9f/dx, we have

N+ wdf

M Oz = V.

However, f is harmonic so that

v”(w - "——J“—“xf) -0
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hence

_Atwu

where h is harmonic. Substitution into equation (2.5) yields the desired result.
The scalar form of (2.2) is

_AN+3u, N+u Oof oh
= 2u f 2u xax or
wy = -0 _Atnw of 0k (2.6)

Let P(w) = D v _. p:E: be a monogenic function of w, then P’ will denote the j-th
component function of P(w), that is,
P =p;
TueoreEM 3. If u is a solution of the homogeneous Cauchy-Navier equation and
of class C® in a region D, then, in some subregion of D, there exist monogenic functions
F(w), G(w) and H(w) such that

W= T o Tdw T dw
4G _ 4w dP_dE
CRE i % T = 2.7
. d@ A4pu dFt dH™
u2+zu3——dw—z % TTaw T Y dw

Proor: It has already been shown that

_AN+3p, AN+p_ of 0ok
th = 2u f 2u Tor oz
wy= =29 _Atw of 0k

oz 2u dy 9y

where f, g, and h are harmonic. Let three monogenic functions F, G, H be chosen (theorem

1) such that
FP=f G=g, H° =Hh.

Then
ar _ o P _ sl _ _of _3f
dw ~ oz’ dw dy 9z
dF _ of ;of | of

dw u_ oy T e’
and similarly for G and H.
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Finally, we have
7\+3uFo_>\+de_F°_¢ﬁ°_>\+3uf_>\+ux3_f_6h_
2u 2u dw dw 2 2u dr Iz

d¢" _ N+ dF _ dH
dw 2u dw dw

and
_ dG™! _ i)\ + ;uxdF'l _ .dH™!
dw 2u dw v dw

_(_ 3% A+u ﬁ]_‘_%) .<a_g_7\+u Qz_a_h)_ :
"( z Thoy ™ 2 T ) "t

as required.
The corresponding equations for the stresses are derived from the following relations:

u[%ﬂ————a(“?a‘xw*)] = n[%+i%+i%+%] = rer ¥ 0T,

d a9z ady dx Jx
Ous — tuy) [% LUy . Ous %]_ (o, — 0.)
E e M e Tty Tt Tyl Tt
dF°
Vau= a0’

Suy _
AV -u + 2u oz =%
Utilizing equations (2.1) and (2.7) yields the stress hyperfunction relations

dF° d’F° d’H°
=0+ 2) G~ Nt wzT s = 2

. dF! d’r d’H! .d°G!
Tzz + T2y = —H d’w + ()‘ + ”')x dw2 + 2/1' de + Mt dw2 (2 8)
(o, — 0.) _ _ G | i\ Fp) dF .d’H?
Tye 1+ ) = —u dw’ + ) z dw? + wm dw’
dF°

o:F o, + 0o = BN+ 2 i

4. Applications. Many of the important solutions in three dimensional elasticity
involve displacements of order (1/p)(0* = 2* + y° + 2°), and it is quite natural to seek
monogenic functions of the same order. Knerr [3] has given a function S(w) of the desired
type. Let

S(w) = _Z“:s,,E,.
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where
1
S = —
P
_ (=D + )" -
sn - P(P + x)n (n 07 1' 2y )
PR ol )
™ (e + )
where

p2=x2+y2+22'
It is easily verified that this function is monogenic except along the negative z axis and
at the origin where it ceases to exist.

A number of solutions are generated by direct substitution into the displacement-
hyperfunction relations. These solutions have either point or line singularities and are
called nuclei of strain by Love [4]. The use of the function S(w) in the displacement-
hyperfunction relations (2.7) is illustrated below, and the various nuclei of strain are
identified.

1. Let Flw) = S(w), G(w) = H(w) = 0. Then

At+3ul  Atuz
YT 2w 2u P’
A
Uy = + v x_z
2u p
A
w= gk
L P
(Point load in the x direction at the origin)
2. Fw) = Glw) = 0, Hw) = S(w);

w = z/p°, U =y/p’, us =2/p°

(center of dilatation at the origin)

3. Flw) = Hw) = 0, Gw) = S(w);
w=0, u=2/, u=-y/
(Center of rotation about the x axis at the origin)
dH
4. Fw) = Gw) = 0, o = —S(w);
w=l -y L __ 2
e T oplp+ ) P p(p + 2)
(Line of centers of dilatation along the axis fromz = Otoz = — )
5. Fw) = Hw) = 0, 4G _ Sw);

dw
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—Z

= = e——— = .L
w="0 ot+a’ T op+a
(Line of centers of rotation about the z axis fromz = 0 toz = — )
6. F) = S@),  6a) =0, 2= is0);
A+pl + A+ pa®
T2 2u p*’
w=rtez Yy
? 2u o plp+2)’
Uy = A+ paz z

2u p° plo+ 2)

(Point load at the origin normal to the half space z > 0 with no other surface tractions
on z = 0; Boussinesq [5])

1 dGé —1
7. F= ) E - E)Sw), o-= 2, Bt E_)S(w),
aH _ A+ 2 :
dw - 4“()\ + “) (El E—l)S(w);
u = ——1 2 1z
YT20F+ wole+2) T 2up’’
s 1y 1 Y2

T 2% 20+ w) oo + 27

we bl D arbi ]

T2\ ") 20+ wle+ e+ 2)°

(Point load at the origin in the z direction on the half space > 0 with no other surface
tractions on z = 0; Cerruti [6])

The generation of solutions with singularities interior to the half space z > 0 neces-
sitates the introduction of two new monogenic functions. Let

S'(w) = Z SIE,

n=—x

where
s,’.=;§,—(pl,)_f_i;b—%;, n=2012 ...
PR )
BTG S
P=@E-d+y+
and

S"w) = 3 s.E.

n=-—w
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where
v o (=Dt )"
n p’(p//+x+£)”’

__ =
p(o”" +z + O™’

=+ 4y + 2
The following nuclei of strain have been obtained for the half space z > 0.

A+ 3u g d8”

! x 124 —
8. Fw) = 8') + 372 8"@) = %55, 6@) =0,
dH _ (4 wEdS | A4 2u g, (Ot 30EdS”
dw o dw Toade S-S

(A concentrated load in the z direction at (£, 0, 0) witho, = 7,, = 7., = Oonz = 0;
Mindlin [7]).

s Fu) = §'w) — 8"y + ZQE 8 457

A+3p dw’

dH _ O\t wEdS (O + w)EdS”
dw 2u dw 2u dw '’

Gw) =0

(A concentrated load in the z direction at (£, 0, 0) with 4, = u, = w3 = O on z = 0;
Rongved [8]).

10. Fw) = S'(w) — S""(w),
H _ _(\+ £SO+ wEdS”
dw 2u dw 2u dw '
Glw) =0
(A concentrated load in the z direction at (£, 0, 0) with 0, = w, = 43 = O onz = 0)
11. Fw) = 8'(w) — 8" (w)
dH _ (A + wEdS (A + wEdS”
dw 2u dw 2u dw
Gw) =0
(A concentrated load in the z direction at (¢, 0, 0) with u, = 7,, = 7., = Oon z = 0).

A+ 3u
AN u

12.  Fw) = 3B, — E., [s'( ) + 238 ) 4 2 dS"]

dd _ o g AEBe g N4 duh + 5,
= 1 L-I][ § o+ S
_ A+ wEdS | (A 3wk ds"]
2u dw 2u dw

d@ _ _ (A + 2u)i

dw = op B+ BLllS' (@) + 57()]
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(A concentrated load in the 2z direction at (¢, 0, 0) with ¢, = 7,, = 7., = Oonz = 0;
Mindlin [7])

13. F@=ﬁE—R{MM—WM—¥%£%%]

dH
aw = 3B, — E—l][h‘% S’(w)
_()\+H)Ed;su_>\+3p, ’ _()\+”)£dsn:|
2p dw 2u 87" (w) 2u dw
4@ _ i+ 2u) s
dw ~ R CUCO RO}

(A concentrated load in the z direction at (£, 0, 0) with u;, = u, = u; = 0 on z = 0;
Rongved [8])

14. F(w) = 3[E, — E_|][S" + 8"]

dH _, A+ 3w, " (A + wi (48" _ dS”
%=MIE{ o (S') + 8”(w) — "(%“wﬂ

20 - OB 4 50 + S)

(A concentrated load in the z direction at (¢, 0, 0) with u, = 7,, = 7., = Oonz = 0)
15.  F(w) = 3[E, — EL][8'(w) — 8" (w)]

dH _ 3o g [ AEBu g o _<x+u>s(d_& &)]

W= =0 g 4 2w - 5]

(A concentrated load in the z direction at (¢, 0, 0) with o, = u, = u3 = 0 on z = 0)

All of the preceding nuclei for the concentrated load in the z direction were deter-
mined from the general expression

Fu) = S') + A8"(w) + BE
@_ _()\ + wi dS " dS
1 =0 uEd% o5 + DL,
Gw) = 0,

where A, B, C, D are real numbers adjusted to satisfy the boundary conditions. Similarly,
the nuclei for the concentrated load in the z direction are derived from the expression
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Pl = 3t = E-‘][S’W) + A8"@) + B S"]

‘fv \[E, — F_,][* +3ug O -2:;05 ds’ ds’ ]

dG _ —i A+ 2%, . dS"

where 4, B, C, D, K, L are real numbers.
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