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PSEUDO-SIMILARITY SOLUTIONS OF THE ONE-DIMENSIONAL DIFFUSION
EQUATION WITH APPLICATIONS TO THE PHASE CHANGE PROBLEM*

DAVID LANGFORD**
Pratt & Whitney Aircraft, East Hartford, Connecticut

Abstract. New solutions of the diffusion equation may be used to prescribe
both the diffusion potential and the diffusional flow rate, along the moving curve
X — a(l + /3 -T)1/2, as arbitrary power series in the variable (a(l + /3- T)1'2), where
a and /3 are arbitrary constants and T is time.

The new solutions are applicable to problems with planar, cylindrical, or spherical
symmetry. They include, as special cases, the instantaneous source solutions of the
diffusion equation, the classical closed-form solutions to the phase change problem,
and new solutions to the phase-change problem for nonuniform initial conditions.

A. Introduction. We treat the one-dimensional diffusion of heat perpendicular
to the surfaces of parallel planes, coaxial cylinders, and concentric spheres. The heat
flow between bounding surfaces of these types is governed by the following partial
differential equation:

X~k-(Xh-K-Ux)x = R-C-Ur(X, T). (1)

Here U(X, T) is the temperature at point X at time T, K(U) is the thermal conductivity,
C(U) is the specific heat, R is the constant density of the medium, and D is the constant
diffusivity of the medium, D = K/RC. Also, k — 0, 1, 2 for plane, cylinder, md sphere,
respectively. If k = 1, X is measured from the axis of a cylinder. If k — 2, X if measured
from the center of a sphere.

We assume that Eq. (1) has a solution which is of a particular form; we obtain a
solution which is useful for treating phase change problems.

I. The phase change problem. Phase change is assumed to occur at the constant
temperature U*. The location X = Y(T) of a moving phase boundary is then fixed by
the implicit relation

U(X, T) = U* = constant at X = Y(T). (2a)

Latent heat of phase change is absorbed or released at X = Y(T), depending on whether
heating or cooling is occurring. In either case:

the velocity dY/dT of the phase boundary is proportional to the net rate
at which heat enters the phase boundary from the two sides of that
boundary. (2b)
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Any solution U (X, T) to a phase change problem must satisfy some prescribed condition
at T = 0. The solution U(X, T) may also be required to satisfy a condition at some
fixed boundary, say at X = 0 or at X = F(0)—this is the "direct" problem in which
Y(T) is to be determined as part of the solution. As an alternate, Y(T) may be
prescribed, this being the "inverse" problem. We solve the inverse problem for
Y{T)-Yr(T) — constant, with k = 0, 1, 2.

2. Connection with prior work. For Y(T)- Yr(T) = constant, the first closed
form solution to U(X, T) was published by Lame and Clapeyron [6] in 1831. These
authors dealt only with the planar case k = 0. For k = 1 and 2, closed form solutions
were derived by Rieck [5] in 1924 and re-derived by Frank [4] in 1950. These early
solutions have wide application [2] but are restricted to the case U(X, 0) = constant.

For Y(T)-Yt(T) = constant, with U(X, 0) 5^ constant, solutions to U(X, T)
were given by Redozubov [11] in 1962 for A; = 0 and by Martynov [10] in 1960 for
k = 2. For the same case we use a different method to develop solutions for k = 0, 1, 2.*

The early solutions were functions only of the similarity parameter X/Y(T). Our
solutions are functions of X/Y(T) and T.

B. The form assumed for the solutions. We begin by writing the one-dimensional
diffusion Eq. 1 in the dimensionless form

x~k-{x= u,{x, t), (3a)

where

pU'-U(.X, T)
u(x,t) = (1/L)- C(U')-dU'. (3b)

J U'-U*

Here \L\ — energy per unit mass necessary to cause phase change, with L > 0 for
heating and L < 0 for cooling. Also,

x = X/X* and t = TD/(X*)2, (3c)

where X* is an arbitrary reference length. We now assume that Eq. (3a) has a solution
of the form

u(x, t) = <t>(z) ■ \p{t), z = b2x2/y2(t), b = constant, (3d)

with <t>(z), \p(t), and y(t) being unknown, and with b being arbitrary. We substitute this
into Eq. (3a) and obtain

4>i, A / 2 I A 7 2\ <Al(0 2 •(/>„ .a(z, = + 1 k + (yy,/2b2) ■z «) (3e)

The variables z and t are clearly separable if yy, = constant. We therefore assume
that

yy, = constant = y(0)-yt(0), (4a)

whence
  2/(0 = Vo ■ (1 + 2Vlt/y0)u2, (4b)

*The condition Y-YT — constant is one special case of the more general condition Ytt/Yt ~
constant = y. For y = 0, closed form solutions to U{X, T) were given by Stefan [12] in 1 >90 for k = 0
and by Langford [7, 9] in 1965-1966 for k = 2. For y ^ 0, a closed form solution was given 1 Langford
[8, 9] in 1965-1966 for k — 2. These solutions are restricted to the case U(X, 0) = U*.
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and

y>( 0 = 2/1/(1 + Zyit/yoY'2, (4c)
where y0 and yx are arbitrary constants.

We now have a(z, t) = a = constant. We further simplify Eq. (3e) by choosing
b2 = so that yy,/2b2 = —1. We then integrate and set ^(0) = 1 to obtain

u(x, t) = <j>(z)-(y2/y20)~", (5a)

where

2 = b2x2/if, b2 = -hVaVi , (5b)
and

y(t) = y0- (1 + 2y,t/y0)l/2, (5c)

with y0 and yx being arbitrary constants, and with being a solution of

z-<t>,, + (c — z)-<j>z = a-4>(z), c = (1 + k)/2, k = 0,1, 2. (5d)

1. The confluent hypergeometric equation. Equation (5d) is one of the standard
forms of the confluent hypergeometric equation [1], One of its solutions is the Kummer
function M(a, c, z) which may be defined thus for arbitrary a, c, z:

M(„ r s) = 1 4- -4- a(a + ^ 4- °(g + 1)(a + 2)-- 4- . . .
( ' ' ' + c 1! + c(c + 1) 2! + c(c + 1 )(c + 2) 3! + " (6a)

Now define

W(a, c, z) = (zl~c)-M(a + 1 — c, 2 — c, z), c ^ 1,2, 3, . (6b)

This function, if it exists and differs from M(a, c, z), is a solution of Eq. ~d) which is
linearly independent of M(a, c, z). For c = 1, 2, 3, ■ • • , a solution of Eq. (5d) which
is linearly independent of M(a, c, z) will in general involve a term in lne (z). It will be
denoted by W(a, c, z) [1].

The complete solution to Eq. (5d) may now be given as

4>(z) = m-M(a, c, z) + w-W(a, c, z), m and w constants. (7a)

For later use we note that, for z = 0, corresponding to x = 0, it can be shown that:

limit [M(a, c, z)] = 1, limit [dM(a, c, z)/dx\ = 0; (7b)
Z—»0 x—>0

limit [W(a, c, z)] = 0 for c = 1/2 (k = 0),

= CO for C = 1, 3/2 (k = 1, 2); (7c)

limit [xk• TITx(a, c, s)] = b/y(t) for c = 1/2 (k — 0),
i—»0

= constant for c = 1 (k = 1),

= ~y(t)/b for c = 3/2 (k = 2). (7d)
We will now examine the properties of <j>(z) in order that we may find a more useful form
for the solution (5a).

2. Orthogonality relations. Equation (5d) may be rewritten in the form

(z°-e~'~-<t>z)z = a-z'~x-e~"-<t>(z). (8a)
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This equation is of such a nature that we can require that its solution satisfy the
boundary conditions

ji ■<!>(? i) + Ji'<t>.(? i) = 0, (8b)
and

j2-<t>(z a) + -V^fe) = o, (8c)
where j{ , J,•, and 2, are real constants, chosen independent of the separation constant a.

Equations 8 form a Sturm-Liouville system [3]. Prescribed values of the j, , /, , z(
lead to an infinite number of values of the parameter a for which the system 8 has a
nontrivial solution. These values of a are characteristic of the system. Further, all
the characteristic values are real and not more than a finite number of them are positive.
For each characteristic value a there is a characteristic function 4>a(z) which is a solution
of system 8. Now suppose that <t>'(z) and <t>"(z) are solutions of the Sturm-Liouville
system 8 corresponding to the characteristic values a = s' and a = s", respectively.
Then from equation 8a it follows that

(z'-e-'-ti), = (9a)

and
{z'-e~'= «"-aT1 •«-.*"(«). (9b)

These equations can be used with the boundary conditions (8b) and (8c) to show that

(«' s") f (zc 1-e ') <t>'(z)-<l>"(z)-dz = 0. (10)
J z 1

Let the set of characteristic values be denoted by s„ ; a = s0, Si , s2, • • • . Equation
10 shows that the corresponding set <t>'"(z) of c aracteristic functions is orthogonal
with respect to the weighting function z*'1 -e~' over the interval 0 < z, g 2 , This
set of orthogonal functions can easily be made to yield the generalized Fourier series
expansion of any function with sectionally continuous first derivatives [3]. The series
expansion can be used with Eqs. (5a) and (7a) to show that the final solution u(x, t)
of the diffusion Eq. (3a) will have the form

a— »co

u(x, t) = X) c, z) + wa-W(a, c, z)]-(y2/yl)~a}, (11a)
a™ a0

where ma and w„ are constants, i.e., they depend only 011 a. Here (lib)

0 = 6V/V, b2 = -\yQiJi , c = (1 + k)/2, (11c)
and

y(t) = 2/o "(1 + 2ylt/yu)u\ (lid)

with ?/0 and y 1 cir bitrary constants.
The func* ions (11a) is formally a solution of Eq. (3a) for any sequences of constants

for the values of the sn, m,„, and ws„. It is easily shown that these sequences of constants
can be chosen such that both u(y(t), t) and ux(y(t), t) are arbitrary power series in the
variable y(t). This makes it possible to use the solution (11a) to solve the special class
of phase change problems for which the motion of the phase boundary is given
by Eq. (lid).* (See Footnote Next Page)
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C. The phase change problem. The solution (11a) will be used to develop the classi-
cal solutions to the phase change problem; it will then be used to develop the solution to
the ablation problem for which u(x, 0) constant. The solution to the ablation problem
will be used to develop the solution to the melting problem for which u(x, 0) ^ constant.
The results are applicable for k — 0, 1, 2 'provided, the phase boundary x = y{t) moves
such that yy, = constant.

1. The classical solutions. The classical closed from solutions to the phase change
problem may be obtained from equation (11a) by assuming that the only nonzero coeffi-
cient is wSti and that s0 = 0. We make the indicated assumptions, add a constant term, and
introduce a new multiplicative constant v*. We obtain

nZ «=bx/v

u(x, t) = 2-(v*)-bk+1-exV [-b*]• / Z~k■ exp [+Z2]-dZ. (12a)
J Z-b

This may also be written in the form

u(x, t) = 2>*)-fi*+1-exp [+B2]- f " Z~k-exp [-Z2]-dZ, (12b)
J Z-Bx/v

where
B2 ee -fc2 = \yQy, , and y = (yl + 2yoyit)1/2 = (yl + 4B2t)1/2. (12c)

For the solution (12a) or (12b),
u(y(t), t) = 0, u£y(t), t) = ~{v*)-y,{t). (12d)

From this it follows that the curve x = y(t) gives the location of the moving isotherm
u — 0; and that the velocity y,(t) of the isotherm is proportional to the temperature
gradient at the isotherm.

Equations (12a) and (12b) can be called the "classical solutions" to the phase change
problem because they include most of the closed form solutions used in studies of the
phase change problem [2], To obtain the classical solutions to the phase change problem,
we must set ya = 0 in Eq. (12c). We obtain y(t) = 2Bt1/2, whence y,(t) — B/tU2, and
?/,(0) = oo. Corresponding to the infinite velocity at zero time, the temperature /(<)
at the point x = yn = 0 undergoes a step change from a value zero at zero time to some
constant value

/(/) = 2■ (v*) Bk+1 ■ exp [B2]- f Z'k-exp [—z2]-dZ = constant, t > 0; (13a)
Jo

/(£) = oo for k = 1 or 2 and t > 0. (13b)

2. The ablation problem with inward motion. Suppose by way of example that
a slab, cylinder, or sphere is being symmetrically heated by some surface heat source
and that at zero time the temperature at the surface x — y0 is equal to the ablation
temperature u = 0. Then

u(y0 ,0) =0. (14a)
We take

u(x, 0) = I(x) = a prescribed function, 0 ^ x ^ y0 , J(i) g 0, (14b)
The solution (11a) can also be used to generate the instantaneous plane, line, and point source

solutions to the diffusion equation. The procedure is simply to assume that the only nonzero coefficient
in equation (11a) is m,0 , set = 1, set s0 = c, and replace thy (t — j/oA/i).
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with /(x) assumed to have sectionally continuous first derivatives. We now assume
there is no heat source acting at x = 0 so, by symmetry, we have

ux(0, t) = 0. (14c)

We assume further that the location x = y(t) of the moving ablation surface u = 0 is
given by Eq. (lid). Then

u(y(t), 0 = 0. 2/(0 = 2/0 • (1 + Zyit/VoY'2, y\ arbitrary. (14d)
Our problem is to find a solution u(x, t) of the diffusion Eq. (3a) such that u(x, t) sat-
isfies the initial condition (14b) and the boundary conditions (14c) and (14d), with
05 y(t), t > 0.

We assume that u(x, t) is given by Eq. (11). Condition (14c) can be used with
Eqs. (11a), (7b), and (7d) to show that all the w,n in Eq. (11a) must have the value
zero. Equation (11a) can therefore be written

u(x, t) = ma-M(a, c, z)-(y2/yly, z = b2x2/y2. (15a)
a-80

Use of this result with condition (14d) gives rise to the following eigenvalue condition
for the determination of the s„ :

M(a, c, b ) = 0, <x — So i Sj , s? , • • • j b — ^VoVi • (15b)

With the s„ known, we may use Eq. (15a) with the initial condition (14b) to show that

u (x, 0) = X} ma-M(a,c, b2x2/yl) = I(x) — a prescribed function. (15c)

This relation allows us to compute the mSn . We net Z = b2x2/y20 , multiply Eq. (15c)
by [Zc~l -e~z • M(s„ , c, Z)-dZ], integrate from Z = 0 !o Z = b2, and use the orthogonality
condition 10 to obtain

m,„ =■I' I((Zyl/b2)1'2)• Zc~*-e~z■ M{sn , c, Z)-dZ

L6 M(sn ,c, Z)-Zc-l-e~z-M(sn , c, Z)-dZ (16)

With the coefficients m,„ known from Eq. (16), the solution u{x, t) is given by
Eq. (15a). This solution has a domain t > 0, 0 5 i S y(t), all material having been
ablated (evaporated) for y(t) < x < y(0) = y0 ■

3. The melting problem with inward motion. Suppose that a slab, cylinder, or
sphere is being symmetrically heated from the outside and that at zero time the surface
temperature is equal to the melting temperature u — 0. For t > 0 there will exist both
an outer liquid region and a solid inner region. The temperature will be zero along
the moving phase boundary x = y(t), but there will be a discontinuity in the temperature
gradient at x = y(t). This discontinuity occurs because of the existence of a step change
in thermal properties at the phase change temperature and because of the existence
of a latent heat of phase change. The solution for the temperature distribution in the
outer liquid region will be found by determining the solution for the inner solid region
and then continuing that solution across the moving phase boundary.

Let u(x, t) represent the dimensionless temperature in the solid inner region
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0 ^ x y(t), t > 0. Let conditions (14) be imposed. Then u(x, t) is given by Eq. (15a).
We rewrite that equation in the form

o= a eo

u(x, t) = ma-M(a, c, z0x2/y2)-{y2/yly, (17a)
o=«0

where
zo - b2 = -iyoVl = -I - 7(0)- Fr(0)/Z>, (17b)

with

y2/yl = 1 + 2y1t/y0 = 1 + 2 T-F,(0)/F(0) = Y\T)/Y\0). (17c)
Here F(T) is the actual (dimensional) location of the moving phase boundary. To
conform with definitions (3c), we must have

y(t) = Y(T)/X*, and t = TD/(X*)2, (17d)
where X* is an arbitrary reference length. Also, F(0) and Fr(0) are the arbitrary initial
location and initial velocity of the moving phase boundary. Finally, as before, the sn
and m,„ are determined from Eqs. (15b) and (16) but with b2 replaced by the new
constant z0 .

The density R is assumed not to vary between the solid and liquid phases. If there
is no absorption of latent heat at the moving phase boundary and no change in the
thermal diffusivity, then Eq. (17a) constitutes the complete solution for y(0) ^ x 0.
Suppose temporarily that there is no absorption of latent heat at the moving phase
boundary. Then the heat flow rate is invariant across the moving boundary x = y(t).
But suppose that the thermal diffusivity changes stepwise from D in the inner region
y(t) > x > 0 to D" in the outer region y(0) > x > y{t). Then the temperature dis-
tribution u"(x, t) in the outer region must satisfy the following heat flux anc temperature
conditions at the moving phase boundary:

D"-u"(y(t), t) = D-ux(y(t), t), (18a)

arid
u"(y(t), t) = 0, with y2/yl = 1 + 2-T- Fr(0)/F(0). (18b)

We now assume that u"(x, t) is given by Eq. (11a), with a modification made to the
variable z to indicate that u"(x, t) is to be used for a material with diffusivity D". We
use condition (18b) to show that the equation used for u"(x, t) must reduce to the form

u"(x, t) = YL

where

M(a, c, z'0'x2/y2) _ W(a, c, z'0'x2/y2)
. M(a, c, z'0') W(a,c,z'0') . (y2/yir°}, (18c)

z'o' ̂  (z0)-(D/D") = -j - F(0)- Yt(0)/D"; m'J = constant. (18d)

Substitution of Eqs. (17a) and (18c) into the boundary condition (18a) yields

s'J = s„ for all n (18e)

and
M,(sn , c, z'g') W,(sK , C, z'o')

, c, z0) = m"-
M(sn,c,z0) W(sn,c,z0)_

(18f)
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Equation (18f) is an equation for the determination of the m'/n , everything else being
known. Equations (18c, d, e, f) completely determine u"{x, t). The function u"(x, t)
is applicable to the outer liquid region and has a domain y(t) < x < 7/(0).

Suppose now that latent heat is absorbed at the moving phase boundary at a rate
\yt(t)\. This heat must be delivered to the phase boundary by conduction through the
outer liquid region. It is therefore necessary to augment the function u"{x, t) by a
solution u'{x, t) of the heat equation for which u'(y(t), t) = 0 and for which

0 = ~y,(t).* The solution u'(x, t) can be obtained by setting v* = 1 in Eq. (12a).
The result is

nZ - bx/v

u'(x, t) = 2-6t + l-exp [— b2]- / Z~*-exp [+Z2]-dZ, (19a)
J Z-b

where here

b2 = z'q' = (z0)-(D/D") = -J - F(0)- Yt(0)/D". (19b)
For the melting problem, the complete solution to the case yy, = y0yx is given by u(x, t)
for y(t) ^ x ^ 0 and by [u"(x, t) + u'(x, <)] for y{0) S: x g y{t). Note that we did not
have the freedom to impose a boundary condition at x = y{0) because we required that
the motion of the phase boundary be given by Eq. (17c).
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