
327

ON A CLASS OF INTEGRAL EQUATION

By N. MULLINEUX and J. R. REED (The University of Aston, Birmingham, England)

1. Introduction. The paper considers integral equations of the form

ag(x) = bf(x) - A f K(\x - y\)g(y) dy, x > 0, (1)
Jo

where either a or b may be chosen to be zero. The method whilst different from Thiel-
man's [1], applies to the same type of kernel, viz.

n n m

K(u) = Pt(u) exP ( — kiU) = X) aau' exP ( — k<u), u > 0, A", > 0, (2)
i=l *=1 ;=0

i.e. the P;(u) are polynomials.
Thielman uses an ingenious elementary method ascribed to Lalesco [2] for solving

this type of equation. Of course, the solution can also be obtained by a straightforward
application of the Weiner-Hopf technique [3], but in the method outlined here elementary
use is made of the Laplace transform.

2. Convolution theorem and formal solution. Let

£/ = Kp) = f fxp (-px)j(x) dx
Jo

denote the Laplace transform of / (x) and consider

£ [ K(y - x)g(y) dy = [ exp (-px) dx [ K(y - x)g(y) dy
J i J () J x

= f g(y) dy [ K(y - x) exp (-px) dx - f g(y) dy [ K(y — x) exp (-px) dx (3)
J 0 — co J 0 J -co

= K(-p)g(p) - / g(y) dy / K(y + x) exp (px) dx
J o Jo

provided all integrals are convergent. For the type of kernel under consideration

[ K(y + x) exp (px) dx = it f ».,(?/ + *)' exp {px - kx(y + x)} dx
Jo i = l j =0 Jo

= IZI , A"l yi + 1'h exp (~k,y) (4)
t = l i-0 h~l \P Ki)

where, assuming all the integrals converge

_L
0' + i - h)\1 /- m,

Then, substitution in (3) yields

K(—p)g(p) = £ f K(y - x)g(y) dy + X) Z) 2 ~ k,)~h (6)
Jx i-1 i-o h-l

Received May 2, 1966.



328 N. MULLINEUX AND J. R. REED [Vol. XXV, No. 3

where

ytjh = A{lh [ exp (-kiy)yi+1-kg(y) dy (7)
Jq

are finite constants if g(y) is assumed to be such that the integrals (7) are also convergent.
In fact this property of convergence of these integrals is required for the determination
of the 7*s as is shown in the two following examples.

The method proceeds as follows. Write equation (1) in the form

ag(x) = bj{x) - X J K(x - y)g(y) dy - X ̂  K(y - x)g(y) dy

and then take its Laplace transform to give, on using Eq. (6)

ag(p) = bf(p) - \R(p)g(p) - \R(-p)g(p) + £ T<m(p - &.)"*. (8)
i.i.k

Solve for g(p) and use the inversion theorem to find g(x), and determine the y's from
convergency conditions (see example 1).

3. Illustrations of the method. The solution of problems where the kernel is com-
plicated adds little to the understanding of the method. Consequently two simple ex-
amples are solved, an integral equation of the first kind with its associated homogeneous
integral equation and one of the second kind, both with single term kernels.

Example 1. Solve

f(x) = X / exp {-k |a; - y\\g(y) dy, k > 0.
Jo

Here

K(u) = exp (-ku), R{jp) + R(~p) = 2k/(k7 - p2);

i = 1, j = 0, h = 1, at/ = 1, = 7 say„

From (8)

2k\g(p) = (k2 - p2)f(p) - y(k + V) (9)

and tills is written as

2 k\g(p) = k2j(p) - {p2f(j>) - p/(0) - /<u(0)} - \p{ y + /(0)} + ky + f(0)]. (10)
The expression in square brackets on the r.h.s. of Eq. (10) has a convergent inverse only
when it is identically zero, i.e. when

7 = -/(0)

and

0 = ky + /"'(0) - -km + /<n(0). (11)
The required solution is therefore

k2Kx) - r\x)g{x) ~

provided f(x) satisfies the condition of Eq. (11).
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If j(x) is replaced by g(x), the corresponding homogeneous equation is produced and
then g(x) is that solution of the differential equation

gm(x) + (2X — k)kg{x) = 0

which satisfies Eq. (11), viz. gn) (0) — kg(0) = 0. This can be verified by direct differen-
tiation of the homogeneous integral equation

Example 2. Solve

g(x) = /(x) - X f |x - y\ exp {—k \x - y\}g(y) dy, k > 0. (12)
Jo

Here

K(u) = u exp (—ku), R(p) + R(—p) = 2(fc2 + p2)/{k2 — p2)2,

i = 1, j = 1, h — 1, 2, so that Eq. (8) gives

./ n ?/ \ 2X(fc2 + p2) s , Yi , Tj
9<P) = I(P) ~ (Jfc, _ vy ff(p) + ~~k +

which simplifies to

m = {f(p) + ~^ (13)
where

2 X(fca + p2)
(k2 - p2)2 + 2\(p2 + k2)

Inversion of Eq. (13) yields, on using the usual convolution theorem,

g(x) = j(x) + (yi + xy2) exp (kx) - [ {f(y) + (-yi + yy2) exp (ky)\yp{x - y) dy
J 0

where Yi , y2 are arbitrary, since all the integrals involved in the inversion of Eq. (13)
are convergent.
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