ON THE LOW FREQUENCY ACOUSTICAL SCATTERING OF A PLANE
WAVE FROM A SOFT SPINDLE AT NOSE-ON INCIDENCE*

By ERGUN AR (University of Michigan)

1. Introduction. By means of a recently developed method it is now possible to solve
iteratively the Dirichlet Problem [3], and the Neumann Problem [1] for the scalar
Helmbholtz equation (V? + k*)¢ = 0 in the regions exterior to a nonseparable body
imbedded in the Euclidean 3-space; provided k, the complex wave number, is sufficiently
small, and the solution of the Laplace’s equation can be obtained for the body in question.

In what follows we shall consider one such body, namely, a spindle (a football shaped
object).

We shall first obtain the potential Dirichlet Green’s function for the spindle. Then
by means of the above mentioned method we shall express, in the form of integrals,
the scalar scattered field of a plane wave which is incident nose-on upon the spindle.

2. The Geometry of the Problem. The bispherical coordinate system (e, 8,¢), which
is suitable for this problem, is given by

_ ¢sinh 8 _ _csinasing z=csina—cos¢ @.1)
" coshB — cosa’ " coshB — cosa’ coshp — cosa’ )
c ¢sin a . ..
hg = h, = cosh B — cosa’ hy = cosh B — cosa’ ¢ is a positive real constant,
where
- Q)
he = (6a + da + da/ ’
and similarly for ks and A, .
In these coordinates
_ L a¢) “1_1( Qxﬁ) hy aw]
Vi [33 (hﬂ Y] + 3 hg sin a 3 +sm = 06 2.2)

The range of the variables are —o < 8 < ©,0< a< 7,0 < ¢ < 2m.

The necessary and sufficient conditions for the separability of the Laplace (and
Helmholtz) equations in various coordinate systems are given by Moon and Spencer
[5]). Using their criteria for separation, we see that the Laplace equation is not simply
separable in bispherical coordinates but is partially separable (whereas the Helmholtz
equation is nonseparable in either sense).

In the bispherical coordinates the surface @ = «, (const.) is a surface formed by
rotating about the z-axis that part of the circle, in the z-z plane, of a radius ¢ cosec o,
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with center x = 0, x = ¢ cot o, . This surface of revolution is called a spindle. All the
surfaces of constant a go through two points x = ¢ (y = 2z = 0); and at these points
B = = o respectively. The surface @ = 0 is the z-axis for £ > c¢ plus the sphere at
infinity; the surface @ = /2 is the sphere of radius ¢ with center at the origin; and the
surface @ = = is the z-axis for z < ¢. The exterior region we are concerned with is o; >
a20, 0 >8> —o,2r>¢ >0

3. The Potential Dirichlet Green’s function for the spindle. The Jacobian of the
transformation (2.1) is

0, 9,2 _ ¢’ sin a

d(e, B, ¢) (cosh 8 — cos a) (3.1
Also
8z — o) 8y — yo) 8(z — 20) = “——gg: g: 3 i 8l — ap) 8(8 — Bo) 8(¢ — o). (3.2)"

Therefore the potential Green’s function satisfies the equation

(cosh B cos a)°
¢’ sin a

v Go(a B,¢; a0, B, ¢o) ‘ 5(‘1 - ao) 5(5 - /30) 5(4’ - ¢o) (3-3)
where (oo , Bo , ¢0) and (@, B, ¢) denote the source and the field points respectively,
and V? in bispherical coordinates is given by (2.2). The solution of Eq. (3.3) which
vanishes on the boundary and satisfies the regularity condition 7G, < ©, 7*(8G,/dr) < =,
as r — o, can be found to be

GoE, B, ¢; %0, Bo , $0) = —-21—6 _E.,, exp [im(¢ — ¢o)l(cosh B — £)'"*(cosh B, — &)

,f” dy —1 exp [iv |Bo — B[] T(iv + 1/2 — m)
Po 1) sin (v + m — 1/2)x (v + 1/2 + m)

I[P-r—l/Z(_E)P?v—l/z’(El) - P:'"v-l/2($)P? _1/2(—21)]P?' —l/z(fo), E S EO ] (3'4)
IPcr-l/z(E)[P'v—l/2( EO)PU-I/EE(EI) - P?v-l/2(£0)Ps1—1/2(_E1)]1 E ._>. Eo ’

where £ = cos a.
With the substitution s = v — } the above representation for the Dirichlet Green’s
function is written as

G, = 2ic (cosh B — cos )'"*(cosh B, — cos ay)'’*

2 exp [(s 4+ 1/2) |8 = Bol] & n I'(s + 1 — m)
'f.,-«-m sin sr ,,,z_:oe"‘(_l) cos m(¢ — ¢o) TG+ 1+ m)

P%(—cos a,)
P7(cos a;

We now make the following observations in connection with the nature of the poles
of the integrand:

-{P",‘(—cos a)P"(cos ap) — Py (cos &)P"(cos ao)} a>a>a. (3.5

1Equality is understood in the sense of distributions. We shall assume the usual é-function formalism
such as substitution, integration by parts, etc., and for proofs refer to e.g., Gelfond and Schilow (2]
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(1) First we note that since the behavior of P7"(—cos a)P7(cos a,) is the same as
P (—cos a,)/P%(cos a,)-P7(cos a)P7(cos ap) for large |s|. Therefore, we only need to
study the integrand in the half plane Re s < — 1.

(2) (1/sinsm)(T'(s+ 1 —m)/(T'(s + 1 4+ m)) hasm poles of order twoat s = —1, —2,
+++, —m and simple polesat § = —m —n,n =1,2,3, .-+ ,.

(3) In the s-plane P7(cos a) is an entire function. Zeros of P~ in the s-plane are all
real and distinct.”

(4) In the s-plane, the zeros of P™(cos a), P7(cos () are different for @  B; the
zeros of P7(—cos a), P7(cos a) are different.

(5) Recall that in constructing the Green’s function in the variable « over the range
a > a > a,, we used the proper combination of two functions.

¢ = PU(=§P(E) = —PIOPU(-4),

¢ =P ":(f)
If 8 is an integer, then since

P = (=)"PU-¢, Piut) = (—D"PU-&),

the Green’s function G, = 0 for all @ in @, > « > 0. This means that the
factor (1/sin s7)(T'(s + 1 — m)/(T'(s + 1 4 m) has in fact no residue contribution to
the integral and the only contribution is from the simple poles of 1/P7(cos ;) at the
noninteger real values of s in the region Re s < —3.

(6) Let s = s, denote the noninteger real solutions of the equation P%(cos ;) = 0
in the region Re s < —4% of the s-plane.

We can now, by means of the observations (1) through (6), write down the final
residue series for G,

©

G, = f(cosh B — cos a)'’*(cosh B, — cos ao)”z{z en(—1)" cos m(p — o)

m=0

. z exp [(s; + 1/2) |8 — Bol] T'(s; + 1 — m) P (—cosa,)
7 sin ;7 I's;, +1+ m)(_;_ié (P.(c08 &)} ues;

-P7 (cos a)P7 (cos ao)} a > a>a (3.6)

4. Dirichlet Green’s function for the Helmholtz operator. We are seeking the Green’s
function for the surface B of the spindle & = o, satisfying

(8) (V* + k")Gi(p, po) = —4m-3[R(p, po)l, p, po € V,

(b) Gi(ps , Po) = 0, (4.1)

(c) the radiation condition, lim,.. [r(6G./dr — 1kG,)| = 0, uniformly in all direc-
tions, where V denotes the volume exterior to the spindle suface B, p(a, 8, ¢) the field
point, po(ao 5 Bo ; $o) the source point, py(ay , B, ¢) a point on the surface of the spindle

'H. M. Macdonald showed [4] that for x real and ¢ > 0, P;* (cos «) can have no complex zeros.
He also showed that P¥ (cos ), ¢ > 0, has an infinite number of distinct real zeros and, in addition,
at most 2k complex zeros, where k is the greatest integer contained in u. Inour casem = 0,1, 2 -+ - and
we can exclude the possibility of complex zeros as can be seen from the relation P;™ (cos a) =
(T(s — m + 1))/(T(s + m + 1))(—1)"P7? (cos «) for integer m.
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a = a, . R(p, p,) is the distance between p and p, . We note that
r = ((cosh 8 + cos a)”*/(cosh 8 — cos a))'?,

and r — « if and only if « — 0, 8 — 0. With our choice of é-function and the radiation
condition, the free space Green’s function is ¢**/R; and the composition of G, into
singular and regular parts is given by

Gi(p, po) = %%M + Ui(p, po), (4.2

where U, satisfies
(V? + KU, = 0,

and the radiation condition 4.1c.
In our case the Helmholtz equation is reduced from the wave equation by assuming
fwt

the harmonic time dependence ¢'“*.
We now state the result [3] which will be used to generate the scattered field. If

(& w:V—E,
(b) weC*(V)
(¢) Jrw| < =, 1'2gr—w}<°° as r— o,

then w(p) satisfies the integral equation

w(p) = ,/;,Go(P, P)'wl’) dv + j; w(ps) gn— Go(p, ps) dos (4.3)

where the volume element is given by

= dr - Q_(x_'%_Z_) . ¢®sin &
dv = dx dy dz = 3. 8. 6) dadB d¢p = (cosh B — cos )’ da dB de,

the surface element (for the surface « = ;) by
¢’ sin oy .
7 = (cosh B — cos o)’ dp dg;
d/dn is the normal derivative (in the direction out of V) and is given by

g 1 9 1 (i)
= haa e (cosh B — cos @) % 4.4

d

We want to represent the regular part U, of the Green’s function using the above
Theorem. U, is not regular at infinity. There is more than one way of making U, regular.
Although, for example, the function e”**"U, is regular, in a particular problem like
ours the choice must be made more judiciously to simplify the resulting equations and
to enable us to carry out the integrations eventually arising in connection with the
iteration. Thus, we define

0 —_ e--‘k/(a.ﬁ)Uk (45)

and call f the ‘‘eikonal”.
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5. A suitable choice for the eikonal f (e, 3). We have
' U =¢e™*U, (5.1)
and
(V2 + e T = 0. (5.2)
Therefore,
Vie™0) + ke™'T = V o (tke’” OV] + 'V U) + Ke*'U
= e[l — (Vf o VPIKT + V2T + 2ike™ VT o Vf + ke TV’f = 0

or
V2O + 20k U o Vf 4+ kU + [1 — (Vf o VHIKT = 0. (5.3)
We see from (5.3) that the first natural simplification is achieved by setting
VfoVf=1. (5.4)

This is the “‘eikonal equation” for f.
6. Solution of the equation ¥V f o V f = 1. In bispherical coordinates

_1 _ AR | __éLi}
V = p (cosh B8 — cos a){ea % + & a8 + Sin o 39 6.1)

with (6.1), (5.4) becomes

91)2 (ﬁf)z _ c
<a°‘ + a8/~ (cosh B — cos a)® (6.2)
We note that

2 2 2
Let
z =B+ ta, =8 —1«a
then
of _ .of _ .of of _of | of
da " Yor Yozt 9p " os oz
therefore
ﬁi)z (if)z_ af of
(6(1 + a8 _40.262

The equation to be solved is
af of ¢

9z 02 4 sinh® (2/2) sinh® (2/2)

We want to find a solution to this equation which is regular at infinity. Assume f =
g(2) + g(&), then

dgx) c _
9z 2sinh® (2/2)

—c a% (coth (2/2)).
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Hence,
9(2) = —(c/2) coth (2/2)
B + ia B — ia
f= 2{coth< 5 )+ th( B )}, ¢c> 0. (6.3)
From r = (cosh 8 + cos a)'/*/(cosh 8 — cos a)'’?, and (6.3) it is immediately seen that
f=0@0) as r— (@—0,8—0). (6.4)

Now, making use of the expansion [Wilcox (6)] for U, , which is absolutely and uniformly
convergent outside of a sphere completely containing the spindle, we have,

r k_e‘k'zfn)

n-O
and, with U = ¢ U, ,
rU — e-k(r n ZZ_
so that
[P0 < ® as r— o, 6.5)
Also
2& _ 20 ( _ay _ zé_{e"‘("" - L} .
'ar"’ar{e U"}_rar r gr"’
therefore,

Ir* a0/or| < © a8 r— o. (6.6)
From (6.5), (6.6) we see that
0 =™,

is regular at infinity.
We also note that V* f = 0; therefore equation (5.3) yields

V0 = —2ikv U o VY. 6.7)
But
vU = Ve ™U,) = —ike YU Vf + e VU, ;
therefore,
VU o Vf = —tke ™ U(V]f o Vf) + e VU, 0o Vf = —ike ™ U, + ¢ *'VU, o VJ.
So we have
V0 = =2(k°U, + kV U, o Ve ™. (6.8

U satisfies the hypothesis of the above theorem; taking w(p) = U in equation (4.3)
we have

0,0 = [ @ Golp, p)V°0' 9 + [ dow Opa 1) i Glp. p) (69

where VU is given by (6.7) or (6.8). Substituting (6.7) into (6.9), we finally obtain
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Do, po) = —2ik fv @' Golp, p')Vf o VU@, po)

~ 9
+ [ dow Ups 1 p) 3, Golp,2). (610

7. Scattering of a plane wave by the spindle. We write (6.10) in the operator form

O—Kol+U® @.n
where
K: UKol = —-2ikf dv Go(p, p) V] 0 VT, (7.2)
v
and
U® = [ doy Ups , po) o= Golp, ps) 7.3)
e B B » Do, an 0P, Ps). .
The iterates are given by
N
U(N) — Z K o U(O) (7.4)
n=0
or by
l7(N) = K ° U(N-—l) + U(O), N _>- 1. (7.5)

On the surface of the spindle @ = o

(j(pB ,po) = e-iki(u:.ﬁ) Ua(Pa , po);

also the sum of the scattered field U, and the incident field U*** vanish on the surface;
therefore (7.3) becomes

U = = [ MR (p,) 2 Golp, p) do. 7.6)

We now take the incident field to be a plane wave propagating in the direction of the
negative z-axis, thus,

¢sinh B8

coshB — cosa’ @7

Uinc = e—-‘k:(a.ﬂ)’ x(a‘ ﬁ) —_
then we may assume m = 0 in the expressions for the static Green’s function
G, = f(coshﬂ — cos a)'”*(cosh B, — cos ay)'”’

5> exp [(s; + 1/2) |8 — Bul) P, (cos a;)
7 sin s;x (d/ds){P,(cos ay)},-.,

Observing that 9/on = —(1/h,)(8/da) = —(1/c)(cosh 8 — cos a) (8/da) and that
P, (cos ;) = 0, from (7.8) we obtain

P, (cos )P, (cos ay). (7.8)

1/2

3G, s
on lowa, ¢

sin a,(cosh 8 — cos a,)**(cosh B, — cos ay)

exp((s; +1/2) [8—Bo)) P, (—cose) {g_ . } _ .
Z sin s;x (d/ds) (P (cosay)},-., \da [P, (cose)] P, (cosar). (7.9)

a=ay
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Substituting (7.7) and (7.8) into (7.9) and noting that

[ ® ¢’ sin o,
fB dog = fo @ [ ot ey O (7.10)

we obtain
U , By) = —2r sin® ay(cosh B, — cos ap)'”®
1 P, (—cos a,) i
' ‘,Z sin s;w (d/ds){P,(cos ay)},-., da P, (cos o} a-a.P, (c0S a0)
® o exp [—tk[fla; , B) + (i , Bl exp [(s; + 1) [B — Bol]
'f_e., a8 (cosh 8 — cos a;)*? ! (7.11)
where

8= o (2255 1 0520}

¢ sinh a
cosh 8 — cosa; ’

z(ey , B) =

and we recall that s; are the real zeros of P, (cos ay), (s; < —3%).
The iterates U’ for N = 1 are given by

U = ~2ik [ a Gup, p) VI, B) 0 VU@, B) + UV (112)
)

where

i . - ¢’ sin o’
/o ’ ’ ’ .
[ar=[ ao [ a [ a8 Y (7.13)
Acknowledgment. The author is indebted to R. E. Kleinman for suggesting the
problem.
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