QUARTERLY OF APPLIED MATHEMATICS 245
Jury, 1970

MEAN FIELD VARIATION IN RANDOM MEDIA*

BY

MARK J. BERAN anp JOHN J. McCOY!

University of Pennsylvania

ABstrAacT. We consider here the basic equation
9 9¢ -
ax‘ [:G(X) axi (x)] - P(X),

where €(x) is a random function of position and p(x) is a prescribed source term. A
formal equation is derived that governs {¢(x)}, where the braces indicate an ensemble
average. The equation, which depends on the boundary conditions of the stochastic
problem, is presented in terms of an infinite sequence of correlation functions associated
with €(x). The equation is investigated first for the case of an infinite dielectric where
isotropy may be assumed. An impulse response function is obtained and an explicit
form of this response function is presented for the limit of small perturbations. Further,
it is shown that the equation governing {¢(z)} is greatly simplified for the case in which
all characteristic lengths associated with {¢(x)} are large compared to all correlation
lengths I; associated with the e(x) field. The question of boundary conditions is next
considered and as an example a spherical boundary (radius R) is studied. It is demon-
strated, in this case, that if R 3> [, the cffects of the boundary conditions on the equation
governing {¢(x)} are negligible except at points within a thin layer near the boundary.
The relationship between the ensemble average and the local volume average is also
discussed.
1. Introduction. The problem to be discussed involves the operator cquation

where L is a random differential operator and f may be a random forcing term. It is
desired to obtain an equation governing the mean of the random field quantity wu.
This may be formally accomplished as follows. Take the average of Eq. (1). This gives

{(Li{u} + {L'W} = {7} ()

where { } indicates the ensemble average of the relevant quantity and the superscript
(") denotes the fluctuating part of the indicated quantity about this ensemble average.
Subtract Eq. (2) from Eq. (1). This gives the following equation for u':

L} + T = P)L' = —L'{ul = f. @)
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In Eq. (3), I represents the identity operator and P represents the averaging operator,
i.e. Pu = {u}. Solving Iiq. (8) for v/, operating on this result by L’ and averaging gives

(L'w} = (LIL} + I — P)LTf'} — {L'I{L} + (I — P)L'T'L'}{u). @
Substituting Eq. (4) in Eq. (2) gives the desired equation on {u}.
UL} — (L} + d = P)LT' L' {u) = {f} — (LI{L} + I = P)LTf}. (5)

The study presented in this report is an investigation of the operator equation (5).
In doing this, it was found necessary to express the inverse operator, [{L} + (I — P)L']™},
by its binomial expansion. I.e.

(L} +d - P)L)" = Z;) (=D'LY'( = P)L'T{LY . (6)
Thus, the only inversion that must be carried out is for the operator {L}. Use of the
binomial expansion limits the validity of a result to a certain class of problems for which
this expansion converges. Unfortunately, it is not possible for us to define precisely
the class of problems for which the results are valid. For a specific problem, it is usually
possible to offer some justification on physical grounds but the ultimate justification
will be the usefulness of the equations obtained in predicting results which may be
experimentally justified. It may be noted, however, that since the series in Eq. (6)
is not truncated in the main body of the report, the solution is not a perturbation solu-
tion about the operator {L}.

In the next section, the above formulism is carried out for the equation

2 % — ), ©

where €(x) is a random function of position and p(x) is a source term which is taken
for convience to be nonrandom. This equation represents the field equation for a number
of physical problems. For example, I;(x) = 9¢/dx; , might denote the electric field
in a medium with a variable permittivity, or ¢ might represent the temperature in a
medium with a variable conductivity. An explicit expression is obtained for the operator
appearing in the equation of {¢}. The equation is in terms of an infinite sequence of
correlation functions associated with e(x).

In Scc. 3 we consider an infinite medium, invoke statistical isotropy and show how
this allows us to obtain a solution to our equation governing {¢} in transform space
(i.e. a three-dimensional I'ourier transform space). Using this solution it is easy to see
how the solution may be simplified for the case in which all correlation lengths associated
with the e(x) field are small compared to all characteristic lengths associated with the
problem. We explicitly discuss the small perturbation case.

In Sec. 4, we consider the validity and meaning of equating the ensemble average
{¢} with a local volume average. It is further shown that the governing equation on
the local volume average of ¢ is of the same form as the governing equation on ¢ for a
homogeneous medium if one introduces the idea of nonlocal effects.

Finally, attention is paid to the problem of a bounded medium. The difficulties
introduced by adding the boundary are discussed. It is shown for the case in which all
characteristic lengths of the boundary are large compared to all correlation lengths
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that the infinite medium field equations are valid in the region interior to a small layer
at the boundary.

2. Derivation of equation on {¢(x)}. In this section the formulism presented
in the introduction is to be applied to the differential equation

where e(x) is a statistically homogeneous random function of position and p(x) is a
source term which is taken to be nonrandom. Here and hereafter the summation con-
vention is employed. Referring to the operator Eq. (1), we can immediately identify

and {f} = p(x). The assumption that e(x) is statistically homogeneous allows us to
write

{L} = {¢} 8°/0z; oz, , (10)
while
= % [e'(x) %] (11)

The equation on the mean field {¢(x)} is now given by Eq. (5). Using the iterated
expression for the inverse of the operator, [{L} + (I — P)L’"%, the only operator that
we need invert to obtain an explicit equation on {¢(x)} is {L}. The inverse of the Lap-
lacian operator may be carried out by the introduction of a Green’s function (see Courant
and Hilbert [4, p. 261]). The appropriate Green’s function to introduce will, of course,
depend on the boundary conditions. In this treatment the boundary conditions on ¢
are taken as nonrandom; hence ¢’ satisfies homogeneous conditions. Denoting the
appropriate Green’s function by G(x, x’), where x locates the field point and x’ locates
the source point, we write

(L) 'ux) = {—IJ f G, x)u(x) dx’ (12)

where u(x) is a generic function of position and the integration is to be carried out over
the entire volume.

With Eq. (12), the manipulations involved in obtaining an explicit equation on
{¢(x)} are straightforward although extremely cumbersome. Consider the second term
on the left-hand side of Eq. (5). We write

d

(UL + (= DL L o) = 5o [@E), (13)
where
EI® = 2 1LY+ (= P 5o € B ) (14)
In Eq. (14)
(E0) = - (s(). (15)

oLy
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As discussed in the introduction, the inversion of the operator appearing in Eq. (14)
is to be carried out by formally expanding it as an infinite series. The resulting series
may be put in an understandable form by first introducing the integrodifferential

operator, 4;;(x, x’), defined by
A, ) = 5 [ S5 00 g e i

where u;(x) is a generic vector field. Thus, we write
Ei(x) = Ai(x, x){E;(x)}

+ (I — P)Ai(x, x)A;u(x: , Xo) {Ex(x2)}

+ (I = P)Ai(x, x)(I — P)Aju(x: , X) Au(Xs , X5) {Ei(xs)}

o+

(I = P)A,;x, x){ — P)A;(x , %) - (I — P)A,(Xn-2 , Xue1)
Ay(Zner , ) {E,(%0)}
+ ...

This may be written in the form
Ei(x) = H;(x, x){E;x)},
where H,;(x, x') is an integrodifferential operator given by
H,;x x) = A,(x,x)
+ (I — P)A,(x, x,)As;(x, , X')
+ I — P)A,&x, x,)J — P)A,.(x,, x)A4,,(x: , X’)
o
We next multiply both sides of Eq. (18) by €' (x) and average. We find
{{@Ex)} = Ki;(x, x){E;(x)},

where
K.(x, x) = {{@H,;x x)].

(16)

amn

(18)

19)

(20)

@n

The equation on {¢(x)} may now be written using Eqs. (5), (13), and (20) and is

given by
(6 2 (B.0) + 2 (Kulx, ) Eu)]] = o),
where it is to be recalled that {F,(x)} = a{¢x)}/dx, .
In explicit form, we may write
Ki(x,x) = {£®A4.(x, x))
+ (@)U — P)Aulx, x) A, x)}
+ {®UI — P)Aux, x)(I — P)Au(x: , %) A, (%, X'}

(22)
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We note that {¢/(x) PQ(x, x')} = 0. Therefore since
¢ @) Au(x;, Xi41) = Au(x;, Xi0)€ (), 1<
we find
K.(x, x) = {4, X))
+ {4a® 2) du(x , X))} (23)
+ {AuEx, x)Au(® , X)A;X: , X)EE)) + -
— (A& )@} {AuE , x) 41X, X))} — --- .

If we now define the operator B;(x, x’) by
Batx, ¥ute) = 17 [ 6.0 2w (2)

where u(x) is a generic function of position, we have finally
K;;(x, x') = B,;(x,x)C(x, x’)
+ Bu(x, x,)B,;(x, , x)C(x, x; , X)
+ - 4+ By, x)Bu(X1, X2) *** Bpe(Xn-1  Xn)Ber(Xn , X') (25)
C(x, %, ¢+, %, ,X),
+ -
where
CE x\-, %, %) = @) - @) @)}
= Z (D - @) o @) e €l e €D

The sum is over all combinations of p products of {¢'(x;) --- €(x:)}. The order of the
arguments must be preserved.

K. ;(x, x’) is thus an integrodifferential operator determined by the Green’s function
G (%, x’) and the infinite set of correlation functions

Cx, %, ,%,X); n—o o,

Before proceeding to investigate the integrodifferential equation on the mean field
it is well to point out that Eq. (22) (using Eq. (25)) is dependent on the boundary
conditions applied to the original stochastic problem. Thus, it would perhaps be in-
appropriate to term such an equation a field equation on {¢(x)}. It is important to
note that this is not a result of the derivation of this equation but rather is a result
of the nature of the problem. In the last section of this paper the effects of boundary
conditions are studied in some detail and it shall be shown, for the case of a large spher-
ical boundary, that the contribution of the boundary conditions to the equation of
{¢(x)} is significant only within a layer of the boundary. The thickness of this layer
is a function of the correlation lengths associated with the fluctuations in e(x). I'rom
this we may conclude that the equation on {¢(x)} is independent of the boundary
conditions, and thus may be appropriately termed a field equation, except for points
lying within a boundary layer.
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3. Infinite space. In this section we consider an infinite space with a local source
p(x) confined essentially to some finite volume. We assume ¢(x) vanishes at infinity.
We choose the statistics of the €(x) field to be homogenecous and isotropic. In this space
G;(x, x') is the free space Green’s function and is a function only of r = x — x’. We have

1

T
an P (26)

G.'(X, x,) = —

and

1 r; du(x’)

4 {e} yo 1 dzx; dx’ 27)

B(x, xu(x) = —

A typical term of the product K,;(x, x'){E; (x’)} is
CONY gC S I I I
v v

" = - !
® (47{6})n ' ® Tg(xr x,) 0x,, Jy, Tl’(xl , X) 0%y, - Tn(xn—x y X,)

i) (X, , X') 9
0T..q Va,r(x,.,x)a

X 7 [Cx, %y, -0, X, X){E;(x')}]) dx’ dx, - - dx,.  (28)

Consider the last integral

q n_ a ’ ’
0= [ HET e Cmn OB (29)
@ may be written in the form
— 9 Zﬂ(_x_"'xz ’ 2l ’ ] ’
Q= Ve OX; [r x,,,x)C(x Xy VX, X){E (X)) | da
- 9 Tq(xnvx)jl ’ nl ’ ’
[ax T(X,, ,X) C(X X, y Xn yx){L,‘(X)} dx’. (30)
Using the divergence theorem, the first integral is equal to
ro(Xa , X') B
fr(x,,, )C(x Xy, y Xa, X){E; (X)) In; dS.

S may be taken to be an infinite sphere around the point x, and a small sphere around
this point x to allow evaluation of the integral in the neighborhood of the singularity
1/7*(x, , x’). We assume that C(x, X, , - - - , X, , x') vanishes rapidly enough as [x,—x'| = «
so that the infinite sphere gives no contribution. The singularity gives the contribution

- (47r/3)Ei(xn)C(x) X1, " Xy xn)'
Noting that
9 r(x., %) _ 1 [64 _ 3r,—rq] _ (%, , X')

axi rf{(xn , x/) - r.’{(xn , x/) 2 r.{

r )
Q may be written as®

Q- ~%7—FE,(x”)C(x, X e XX

2 In this form the second integral exists only in a Cauchy principal value sense.
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-/ ﬁ o X)CE, K 5 2 X, X)(Ey)) dr. @31)

Substituting Eq. (31) into Iiq. (28) yields

(n) _ (—1)" 1 7',-(X, xl) ﬁ_(xl ) xz) i__
I7x) = [4n{e}]” 3{e} Jva (%, X)) dx, axl,, (X , X,) dx, EYo
R ,,(X,. 2y Xn— 1) 4 ra(xn—l ,X) a . u
‘/;o T (xn-2 y n—!) dx ax(n—l)a ‘/;m r (xn—l y X ) axm C(x XI ! ’ X ’ x") {E’(xn)} dx
i (=D" r@xx) 9 [ nE,%X) 3
[(4m) {5}]”1 ra(x’ x;) 0%y, Jy. 7'3(x1 , Xp) 0Xz
. D(xn—lvx) a 1 ’ e ’ A=’ ’
fr Kot 3 Xn) OZng Jya 7(X, ,x)a“i(x" X) Ol Xy oy X, DB A (32)

We note that the first integral of Eq. (32) is the same as I{"™" given by this equation
ifCx, %x,, - ,X.1,X)isreplaced by (1/3{e})C(x,x,, - -+ , X,-1 , X, X'). The sequence
of steps Eq. (29)-Eq.(32) can thus be performed for I;"" where C(x, X, , *** , Xa-y , X')
is replaced by

C(xyxln"'r n—1 ,)+ C(X xly”'rxn—l’xlrx’)'

{ J
Let us define the following function
CZ(x,xlv"'vxi)=C(xvxl1” ) z)+ {}C(X xlr"'rxi’xi)
I -
+"'+[§m] C(xvxl""rxiv“‘vxi)_k"' (33)

where x; , -7- , X; means the coordinate x; is repeated m times.
In terms of Cx(x, %, , ++ - , X;) and a new operator I;; , defined as

Iz, x"Yux) = a;(x, x)u(x’) dx’

1 1
_47r{e} f,, r(x, x')

u(x) being a generic function of position, K,;(x, x'){E;(x’)} is given by

K.z, x){E,(x)} = C:E®} + 1i(x, x')Cx(x, )

3{ }
AE;&NY F Lu(x, x)1u(x, , x)Cs(x, x: , X'){E;&')}
+ oo T, )X, K L, X (X, , X7)
Crx, %, 0 X, X)L ()]
4. (34)

In infinite space Egs. (22) and (34) constitute a formal solution to our problem.
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If we define G;(x, ') as

Gulx, ) = — g s @6 X)Cx(x, X)
_F{le—} ;3—(11—,;:) a;i(®, x);(x , x)C:(x, %, , X')
+ = 47r1{€} ;:T(il’—;l_)‘aei(xy xl)Ikl(xl , xz) cee Ipq(xn—l ) xn)
Ao (x, , X)Cs(X, %y, -+, %, X)) F -0, (35)
we may write
Kl X)E®)) = =515 GOE®) + [ G E@) & . ()

Since the e field statistics are homogeneous and isotropic Cs(x) is independent of
position and G;(x, x’) depends only on x — x’. Thus we may write Eq. (20) in the form

[0 -3 &] 2w+ 2 [ e -omea = 0. @
T

Inspection of G,;(x — x’) shows that in every term there is a correlation function
of the form C(x, x,, -+ , X, , X’). When |x — x'| >> [, where [ is a characteristic correla-
tion length of the field, C' decreases rapidly in magnitude. We assume here that similarly
G; has this property.

Let us denote a characteristic length associated with the source p(x) to be L, and
assume for the moment that Z,/I >> 1. In this case we may assume that {E;(z")} varies
slowly in distances of the order of I. Thus we write

[ 6t = ) B, ax' ~ (B [ Gutx ~ x) o (39

n;; = [ Gi;(x — x') dx’ is independent of x. In addition 7,; is an isotropic tensor
and thus 5,; = 5 &;; . Therefore we have finally for Eq. (37)

[t - 3% 4 0] 2 i) = o0, (39)
Writing
= (4 = 3Ca/1eD) + (40)

we see that e* is just the cffective constant of the random media defined for constant
average fields (see Beran [1, Chap. 5]).

In general it is useful to define an cffective constant even when the ratio L,/l is
arbitrary. This allows the equation to assume a useful form as L;/l — . In addition
¥ is a measurable quantity. Thus in general we may write for Eq. (41)

& ‘é%‘ {E, 6(3:‘ f [G,-,-(X —x) — §(x — x') f Gi(x — x) dx':|

(E,(x)} dx’ = p(x). (41)
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Finally, writing

M.','(X — X’) = G.‘;(x - X') - 5(X - X,) f G-‘i(x = X’) dx’ ! (42)
we have
e* —c')%: {E:@)} + .6_(.’913—. f M;;(x — x'){E;(X')} dx’ = p(x), (43)

or remembering {E;(x)} = (3/dz;) {¢(x)},
#V @) + o [ M - ¥) L o)) ax = 5. )

Eq. (44) is the equation governing {¢(x)}. Because of the random medium, the
free space equation

eV’¢(x) = p(x) (45)
has been modified in two ways:

(1) eis replaced by €* the effective constant;
(2) The term

3 ad / ,
o [ Mt =) =t} ax

has been added.
Both ¢* and M,;(x — x’) may be calculated in principle if all the correlation functions
C(x, ,X5, *++ , X,) were known. An alternate procedure is to measure ¢* and M ,;(x—x').
€* is easily measurable and presents no difficulty. M;;(x — x’) has not been measured
to our knowledge but before we discuss its measurability we wish to perform further
manipulations with Eq. (44) and present a solution for {¢(x)} for a reasonable choice
of M;;(x — x’). First let us take the Fourier transform of both sides of Eq. (44). This
is easily done since the integral appearing in the equation is of the Faltung type. We
find

— k&) — kM Rk ($&)) = pK). (46)
M ;; (k) is an isotropic tensor in k space and thus has the form
M) = M,(k) 6:; + M,(k)k:k; . 47
Writing
KM (k) = kM (k) = KM, (k) + M. (k)K" (48)
we have
60} =~ («9)

M (k) depends on all the correlation functions associated with the e field. In the
case of small perturbations, however, we may confine our attention to only the two-
point correlation function. As an example we now consider this case.
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In the small perturbation case we find from Eq. (35) (sce in this limit Bourret [2]5

!’ — ___]'__ __1—__ ’ - ’
Gii(xv X ) - 47r{€} Ta(X, x/) aii(xv X )C(Kv X ) (50)
Since C(x, x’) = C(|jx — x|) direct calculation shows that [ G,;(x, x') dx’ = 0.
Thus we have

1 —_— v} = ____1_____ ’ ’
A[,-,(X X ) - 4:7['{6} TZ!(X, x’) a-‘i(x’ X )C(X1 X )v (51)
and
ki 0 = —FF [ L 00)e dr (52)
(AL [¥] 4:71’{6} V. 7'3 L%} y
wherer = x — x'.
Manipulation then gives
__2 ["Co [sin kr (_?z_ _ ) _ §£0_8ﬂ]
M) = e} Jo r kr \(kr)* 1 k7* dr. (53)

Here we note

10y |~ =5 55 [ Q)eGals) o
and
M) e — —§ g_gge)} (54)

Thus if the characteristic length of p(x), L, , is very large compared to ! then the
medium responds as if it were homogeneous with cffective constant €* = {e} — 3C(0)/{e}.
When the characteristic length of p(x) is very small compared to I, 5(k) is a constant
until k ~ 1/L, . For k > 1/, {$(k)} is determined by the average value {e} — C(0)/{e}.
This is the small perturbation limit of 1/{1/e}. Since the values k — « determine
p(x) as |x| — O this is the expeeted result. p(x); [x] — 0 experiences only one value of
¢ in each member of the ensemble.

We expect M (k) to behave similarly when the fluctuations in e(x) are large. That
is, we expect

M) i — ak* — 0,

J‘A](]\) ‘kam * (55)

1

1172, — €
{1/¢}
Here a is a constant with dimensions length®. For example for some materials a useful
expression might be

.
{1/¢}

where [, is some characteristic correlation length.

Mk = [ e*:l [1 — exp — k7]
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If we consider I/L, << 1 but wish a first correction to this limit, Eq. (53) becomes

160} = gl (56)

In coordinate space this yields
EVHe@) — aV' {s(@)} = p(x). 67

Eq. (57) may also be derived from Eq. (43) by transforming to the coordinate
r = x — X’ and expanding {E;(x + r)} in a Taylor series about x. Eq. (57) allows us
to take into account slowly varying fields ({/L, < 1). To do this it is only necessary
to know the additional constant a.

4. Discussion of ensemble and volume averaging—interpretation of Eq. (44).
The meaning of {E;(x)} as defined in this paper is unambiguous. We consider a family
of dielectrics for which there is an associated probability distribution for the field e(x).
Each member of the family is, in turn, subjected to an identical excitation p(x) and
the value of the electric field vector is either measured or calculated at the identical
point denoted by x. {E:(x)} is the result of averaging all of the values so measured (or
calculated).

It is not so clear how to infer any information from {F;(x)} that is useful for dis-
cussing the response of a single dielectric, the permittivity of which varies with position
in space in a manner about which we have only limited information. If the random
vector field E;(x) is defined over an infinite region of space and if it is statistically
homogeneous, i.e. {E;(x)} is not a function of position, then it is possible to invoke an
ergodic hypothesis. The ergodic hypothesis equates the ensemble average with a spatial
volume average. Thus, one may view {E;(x)} as a spatial average of the electric field
vector that exists in a single dielectric.

In the case in which the random vector field is not statistically homogeneous the
conditions justifying the invoking of an ergodic hypothesis are not present. Still, one
could argue that if {E;(x)} varied “‘slowly” with position in space then the conditions
necessary for an ergodic hypothesis to be valid are approximately present. In such a
case it could be hoped that some information of the response of the single medium prob-
lem might be inferred from {E.(x)}.

To give some meaning to {E,(x)} varying “slowly” with position and what we
might infer from {E,(x)}, one might imagine that the variations in E,(x) are seen over
two scales. On one scale one could discern details of the variation of the permittivity.
On this scale (the inner scale) the overall dimensions of the dielectric and any charac-
teristic length associated with the forcing of the dielectric appear to be infinitely large.
On the second scale (the outer scale) one can make measurements of the overall di-
mensions of the dielectric and of characteristic lengths associated with the forcing
of the dielectric. On this scale the fluctuations in the permittivity with position in space
are too rapid to be discernible. The variations of &, (x) with distance measured on the
inner ccale are variations due to the variations in the permittivity. The variations of
B.(x) with distance measured on the outer scale avise due t. the finiteness of the di-
electric and/or the finiteness of all characteristic lengths associated with the forcing.
If {E:(x)} does not vary appreciably with a change in position of any length measured
on the inner scale, then the conditions for the justification of an ergodic hypothesis are
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present on this scale. Hence, {F.(x)} may be associated with a local spatial volume
average over a region with dimensions very large compared to the inner scale.

In a specific problem, the length defining the inner scale, which we may denote by
l; , will be given by some correlation length associated with the variations in the per-
mittivity, for example, the correlation length associated with C(r). The length defining
the outer scale, which we may denote by L, , has already been defined as the smallest
characteristic length that can either be associated with the overall geometry or with
the forcing mechanism (i.e. L,). If I;/L, < 1, one can equate {E;(x)} to a local volume
average taken over a region which is large compared to I; but small compared to L, .

For problems in which two clearly discernable length scales are not present it is
not possible to extract any deterministic information regarding the response of a single
medium from statistical averages such as {E,(x)}.

In general Eq. (44) only makes sense if viewed from an ensemble point of view. If,
however, I;/L, < 1 (e.g. /L, < 1) the problem may be viewed from either an ensemble
averaged or volume averaged point of view. Eq. (37) admits of either interpretation.

5. Effect of boundaries. The analysis of the bounded dielectric differs from that of
the infinite dielectric only in the form of the Green’s function that is used to invert the
operator, {L} = {e}V? which acts on a vector field. In the case of an infinite dielectric
the appropriate Green’s function is

Gm‘(xl E) = (CL‘.‘ - E,)/‘iﬂ' lxi - Eila) (58)
whereas in the case of the bounded dielectric the appropriate Green’s function is
(’(Bi(xr {) = (’vooi(x) i) + IV! (X, E): (59)

where G, (x, ¥) is to satisfy the condition specified for x on the boundary and W is
continuous both within the dielectric and on the boundary and is regular within the
diclectric. (See Courant and Hilbert [4, p. 262].)

In this section we should like to consider the effect of modifying the Green’s func-
tion in this manner. This will be accomplished by considering the special case of a
spherical dielectric with the boundary condition that ¢ is zero on the surface of the
sphere. This particular configuration is, of course, chosen since the Green’s function
for the sphere is known. The result of considering this special case will be a demonstration
that the contribution of the boundary to the equation on {£;} when I[/R < 1 (R is the
radius of the sphere) is small except for a region in the immediate vieinity of the boun-
dary. Thus, one might conclude that the equation derived for {£,} based on theé infinite
dielectric is an approximation to the field equation on {£,} which is valid for bounded
media except for a small boundary layer. Ior the boundary layer itself, the equation
on {I;} depends on the configuration of the body and on the boundary conditions.

For a sphere of radius R subject to the indicated boundary conditions the appropriate
Green’s funetion is

T R rg.
- 3 P
dar dwé

(60)

where r;, = 2, — & and ry,, = 2. — (R/£)°¢; . 1, is the vector from the field point to the
source point and 7, is the veetor from the field point to the reflected image of the source
point. (The reflection is about the surface of the sphere.) The expression for {¢'E/} may
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be written, if no iteration is performed,

[(E) = 4,}” [.5| £ weon o &

rRx
471' } E 7'13

[ag (R OL®) dz] (61)

We assume now that {¢'(x)¢/(¥)E;(¥)} falls appreciably to zero when r = |x — ¥|
is greater than . In this entirc development we have only considered media for which
all order correlation functions {¢'(x,) --- €(x,)} are effectively zero beyond some dis-
tance which we take to be of order I. This does not allow us to state, however, that the
above three-point correlation function behaves similarly, but consideration of Eq. (29)
leads us to this inference. It is clearly true in the first iteration wherein {€ (x)€'(§)E;(¥)}
is replaced by {¢'(x)€'(§)} {£;(¥)}, and the repeated integrations neccessary in the terms
with higher-order correlation functions do not appear to change the character of the
decay. Morcover on physical grounds it is difficult to imagine that L£/(¥) is correlated
to ¢ (x) when |r| >> 1. L/(¥) is determined by contributions within the sphere of radius »
and these contributing elements are uncorrelated when they are separated by distances
greater than [.

Subject to above assumption we consider the relative magnitudes of the two terms
in Eq. (61). We want to show that for points away from the surface |x| = R the second
term is small compared to the first term. If this is so then in the region away from
the surface we may usc the free space Green’s function and the analysis given in Sec.
3 is applicable.

Essentially we wish to compare the magnitude of the factors r,/7° and Rry/¢r} .
Let us consider 7 = 0 to be the origin of the sphere. Choose a point x, with radial co-
ordinate r, where R — r, > al where « is a number >> 1. We assume, however, that R is
large enough to meet the condition B >> al:

ry 1 _ 1
0 {;;} - r? - [2 ’

Rrp > 1

) = 5. 2

0 <£7‘} y R (62)

Thus when R — r, > [ the second term is smaller than the first term by a factor of

(I/R)*. We note that there is no singularity in the second integral and the singularity

in the first integral is only apparent (d€ = r* dQ). Moreover we assume no singularities
in the function

a/ak; (e )€ (O L;(D)}.

If we neglect the second term in Iiq. (61) the analysis given in Sec. 3 is applicable
and the governing equation within the sphere (r < B — «l) is given by Eq. (43).

The above analysis was restricted to a spherical surface. On physical grounds we
assere, however, that if all radii of eurvature in the boundary are 3> of then the same
corclusions hold for this surface.

6. Conclusions. We have determined, by iteration, aun cquation governing {¢(x)}.
This equation is determined by the sequence of corrclation functions associated with
the e-field. In infinite space, where isotropy may be invoked, we showed how the equa-
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tion may be simplified by use of an impulse response function (Eq. 44). A solution in
transform space is noted in Eq. (49) and for the case of small perturbations an explicit
expression is found for the transform of the impulse response function (Eq. 53). When
the characteristic length associated with the source, L, , is large compared to a char-
acteristic correlation length, [, a simplified equation results (Eq. (56) or Eq. (57)).
This equation is not restricted to small perturbations and contains only one unknown
constant, a.

The case of a finite boundary was also considered using a spherical surface as an
example. It was shown that outside of a boundary layer near the surface of the sphere
the free space analysis given in Sec. 3 is valid and Eq. (43) may be used.

The elastic properties of a random medium may be treated by procedures analogous
to those given in this paper. In a subsequent paper we shall study the variation of the
average displacement field in a medium in which the elastic constants may be treated

stochastically.
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