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Abstract. Methods are developed to study the problem described in the title.
Improvable lower bounds for the first eigenvalue are obtained for the low velocity-thin
pipe wall case. It is shown that the eigenvalue changes from real to imaginary as the
fluid velocity increases through a “critical” velocity. It is the methods which we wish
to emphasize in that while we discuss them only for the present problem they are very
general and especially powerful when applied to differential equations with constant
coefficients.

1. Introduction. The problem we wish to consider reduces to the study of the
eigenvalue problem for the differential equation

u"V + k'u + wpu’ — fu = 0,

together with appropriate boundary conditions. At first glance one might think that
the problem is not very difficult in that the differential equation has constant coefficients.
However, the problem possesses several difficulties: (1) the problem is not self-adjoint;
(2) one coefficient is imaginary; and (3) the operator is a nonlinear function of the
eigenvalue parameter 8. The first two difficulties rule out the possibility of a variational
approach to the problem, as can be proven using the results of [2]. The third difficulty
is formidable and represents the novel feature of the problem.

The present paper is concerned with the method of integral equations only formally
different from the methods of [3].

From the symmetrization [9, pp. 145-150] of Green’s function for the low velocity
case, one can deduce the existence of an infinite number of real eigenvalues from the
theorems of Iglisch [4]. In the high velocity case, Green’s function is a classical Schmidt
kernel and hence has only real eigenvalues, 8°. We assume the existence of eigenvalues
in the general case; to prove this assumption is by no means a simple matter.

We concern ourselves here with a simply supported pipe but the method applies
to any of the boundary conditions for beams.

2. Historical background. The problem of determining the lowest frequency of
vibration of a pipe containing flowing fluid was first studied in connection with vibration
of the Trans-Arabian Oil Pipeline. The partial differential equation governing the
transverse vibration of a pipe considered as a beam was derived from Hamilton’s prin-
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ciple by Housner [5]. The equation was separated assuming harmonic time dependence,
¢”**, and put into the following nondimensional form by Long [6]:

w"V + kvu™ + wpu' — fu =0, 6))

where u is the transverse deflection, » is the dimensionless flow velocity, and % is a
constant essentially determined by the geometry of the tube. Roman numerals indicate
differentiation with respect to z (0 < =z < 1), and B is the eigenvalue. Niordson [10],
who studied the vibration of the plenstock tubes of the Aswan Dam, also derived (1)
from shell theory as the special case of a tube whose cross-section is unchanged in the
deformed state (i.e., a tube which vibrates as a beam).

Conventional power series solutions for (1) were investigated by Ashley and Haviland
[7] and Long [6]. Their work showed that it was necessary to use extreme care in evalu-
ating the resulting high-order determinants in order to obtain correct results. Long
found that flowing fluid caused a small decrease in the frequency of vibration but no
damping. Handelman [8] used perturbation techniques to determine the behavior of
the eigenvalues without first solving the differential equation. He found that at low
fluid velocity the eigenvalue remained real and decreased slightly as the velocity in-
creased, while at high fluid velocity the eigenvalue approached zero and then became
complex as the velocity increased. Thus, Handelman concluded that above a certain
“critical” velocity the tube will be unstable due to exponential time dependent terms.
Handelman’s results also agreed with those of Niordson.

The purpose of this paper is to describe methods of integral equations which provide
improvable lower bounds for the eigenvalues of differential equations which are nonlinear
in the eigenvalue parameter.

3. Integral equation formulation. The transverse vibrations of a simply supported
pipe containing flowing fluid are described by the differential equation (1) together
with the boundary conditions

u(0) = u"(0) = u(l) =u"(1) = 0,

or by the equivalent integral equation:
1
u@) = =6 [ 6, v, Hut) da. @

G(z, y, B) is Green’s function and is given by:

G, y,B8) = Gi(z,y,8), 0<z<y<l
Gz, y,8), O0=ZLy<z<1,
where G, and G, satisfy the adjoint equation

3G G aG

d .
TR G T =0

It

and the boundary conditions

2 2
GI(O: Y, 13) = aaszl (O: Y, .3) = O: Gz(ly Y, :3) = %2;022 (1) Y, B) = 0.

2

Gz, y, B), %} (z,y,B), and %—g (z, y, B) are continuous at = y
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while
asGl

:y,B)—l

W ,y,8) —

Eq. (2) follows from Green’s formula:

[ 1664, 9L.6) - w@LGe, v, 8} dz = P, O

where
4
L6 =T+ 1w T s %= g,

L, is the operator adjoint to L, , and P(u, @) is the bilinear concomitant of » and G. Since
L, = d*/dz* + kv*’d*/dx® + wBd/dz is not self adjoint, G(z, y, B) will not be symmetric
in z and y.
Now, L, is a differential operator with constant coefficients so Gi(z, y, B) =
4 e and Gy(z, ¥, B) = D%, bie®" where o; , © = 1, 2, 3, 4, are roots of o' +
kv’a® — wBa = 0. Clearly @, = 0 and a, , a3 , and a4 are roots of the cubic o® + kv’ —
@B = 0. These roots can be determined by radicals, and will be linear combinations of

B v B X% 6)1/2)1/3
(2 + ( 4 + 27

@g _ _@_2 E)l/:)lls
( 2 ( 4 + 27 )
Calculations involving these radicals will be extremely cumbersome unless either k*°/27

can be neglected relative to v°8°/4 or v°8°/4 can be neglected relative to k*°/27. Thus,
we consider two special cases:

kv kv
O 57 <7 abdwah

Since k = (m + p)/4p where m is the mass of the pipe per unit length and p is the mass
of fluid per unit length, case (1) corresponds to pipes with (a) low fluid flow velocity
(small v), (b) thin pipe walls (small k¥ resulting from small m), or (¢) a combination
of relatively low flow velocity and relatively thin pipe walls. Case (2) corresponds to
pipes with (a’) high fluid flow velocity (large v), (b") thick pipe walls (large k resulting
from large m), or (¢’) a combination of high fluid velocity and relatively thick pipe walls.
The data given by Ashley and Haviland [7] for the Trans-Arabian Pipeline show that

k:!v 8 1)2 32

27 4

and

< >

~3 X107

2

thus pipelines of practical interest will clearly be covered by case (1), the low velocity-
thin wall case. It is important to note that for any particular pipe problem, both geometry
and fluid velocity must be specified before the appropriate special case can be selected.
The low velocity-thin wall case can be used only if 4k%*/27 < =* for the particular
pipe under study.
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In the low velocity-thin pipe wall case, [k%°/27| < [v?8°/4], the roots of the cubic
are: a, = (B0)'%"™%, ay = (Bv)'°e*"’%, and a, = (Bv)'°e’°*’%, corresponding to the
differential equation

w4+ @' — Bu = 0.
In the high velocity-thick pipe wall case, |k*%°/27| > [v°8°/4], the roots of the cubic
are:a, = 0, a; = k', ay, = k"%, corresponding to the differential equation

w4+ B — g = 0.

The rest of this paper will be primarily concerned with these two special cases.

4. Low velocity-thin pipe walls. For pipes with thin walls and low fluid velocities
we have
k%*

RV 2
455 <]

so that the roots of the cubic ® 4+ kv’a — w8 = 0 are:
a = (ﬁv)llses‘r/s’
b — (ﬁv)x/seiSr/G
c = (Bv)l/sel'Qr/B.

Most pipelines of practical interest will be covered by this case. For low velocities we
expect 8 ~ B, where 8, = =°, the lowest eigenvalue for a beam with simply supported
ends. If we define [4k%*/27| < |8°| to mean that |4k%*/27| < (.01)7°, we can compute
for a given pipe (i.e., a given value of k) the mazimum dimensionless flow velocity for
which this case is valid. These results are given in Table I. The Trans-Arabian Pipeline

TasLe I

Mazimum permissible v for application of
low velocily-thin wall case

k 0.3/04]05(06{08(10]|2.0 [4.0 |10.0

v 4013227124119 |1.6]0.95|0.56 |0.29

[7]1 has k ~ 0.3 and v = 0.15; clearly the low velocity-thin wall case is applicable.
Green’s function can be written:

Gi(z, y,B) = (by +¢) + (b: + co)e* + (b5 + Cs)ebz + (bs + c)e,
0<z<y<1 @
Gz, y, B) = by + boe™ + bee”™ + bue”, 0<y<z<1,

where ¢; = a@; — b, % = 1, --- 4, and where c;(y, 8) are determined by the continuity
of G, 3G/dz, and 6°G/dz* and the jump discontinuity of 8°G/dz® at z = y. We note
that the determinant of the coefficients of the equations used to determine c;,
2 =1, --- 4, is the Wronskian determinant
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W = abcla — ¢)(d — ¢)(b — a).

The parameters q, b, and ¢ are always distinct in the low velocity-thin pipe wall case.
Thus, the integral equation (2) can be written as a nonhomogeneous Volterra integral
equation

u@) + 6 [ T e+ o+ e + ceula) de Y
4

1
= "'ﬁz j; (by + be™ + bsebz + bie™)u(z) dz,

where clearly the Volterra operator is well behaved as a function of 8. In the case of a
simply supported pipe, u(0) = u(1) = ©"(0) = «'(1) = 0, the functionsb;,7 =1, -+ 4,
are determined from the boundary conditions: ‘

by+ b+ by + b= —(c,+c.+c+c) = Cly),
b, 4 bye® + bie® + be” = 0,

bya® + byb® + bt = —(c.0® + cb + ¢id) = D(y),
ba’e® + bib%® + bt = 0.

Thus, the integral on the right of (4) naturally assumes the form

fol [C@AE@ + D(y;”x)]u@ i,

where
E(x) = b262(eb — ec) (eaz — eu) + a202(ee — ed)(ebt — eb) + a2b2(e¢ . eb) (ecz — ec)’
F(z) = e”[b%’(e — 1) — c%e’(¢® — 1)] + &[c%e’(¢® — 1) — a’e’(e° — 1)]
+ e[ (@ — 1) — b — 1)] — [(B* — D™ + (& — ade*** + (@® — bHe™],
and
A=abe+e") — (€ + e+ (e +e7) — (€€ + )]
+ B2 + ™) — (¢ + 7))

Eq. (4) considered as a nonhomogeneous Volterra integral equation has the solution

u@y) = —4° fo l {C(y)AE @y DWF (x)}u(x) dz

+¢ [ Ba,z, ﬁ){“32 f (C(z)AE(x) + D(ZZF@)“@ dx} &

Eq. (5) can be rewritten as a homogeneous Fredholm integral equation with degenerate
kernel, 322, X:(z, B)Y.(y, B):

w) = 6" [ 22| cw) + 8 [ B,z 006 e Jute) az

©®)

—p [ [D(y) +6 [ Hy,z 0 DO dz]u(x) dz.
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Here H(y, z, B) is the resolvent kernel for G,(y, z, 8) = G,(z, y, 8) where
G(z,y,8) =0, 0<y<z<l,
= F e F e tee”, 0<z<y<Ll

and
_be(d —c) — acla —c) — ab(b — a) o = —be(d — c)e™*
Cl - W ) 2 T W )
_acla — c)e”” _ ab(b — a)e”
C; = W ’ € = w
The eigenvalue equation of (6) is
1+ Bz(au + a) + 64(011022 — 02,0:5) = 0, ]
where

s = f Xz, B) Vilz, B) dz.

Only the first few terms of the eigenvalue equation expanded as a power series in §
are needed to obtain lower bounds for the first eigenvalue using Spiegel’s formulae [11].
In order to obtain all of the terms of the eigenvalue equation of order 8¢, the terms of
a;; and a,, of order ° and the constant terms of a;, and a,; were calculated from the
series expansions of C(y), D(y), E(z), and F(z) and inserted in (7):

z__l_E) {(év__@)_ 1?:112] o _
1+[3< g0/ TEI\311 ~ 1o + To1 &7 + 0(8°) = 0. ©)
When» = 0, A = W and (8) becomes

1+ af® + a' + 0@ =0 9)

where
a; = —1/90 a«nd Oy = 32/10'.
Application of Spiegel’s first and second formulae [11] yields:
— 1 1
G~ T T (102)

and
e 279450

It is well known that the eigenvalues, 8, , for a simply supported beam are (hr)* h =
1,2, --- . In addition, it is well known [12, pp. 19, 27] that

— 1 1 1

?:? (ha)* ~ 90 and h; (}m) T 9450
Thus, when » = 0, application of Spiegel’s formulae to (8) gives correct results. Lower
bounds for 3, obtained from (10a) and (10b), respectively, are
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81 >4/90 = 9487 and B, > /9450 = 9.859.

The exact value of 8, is 9.8696 which is very closely bounded by the result from (10b).
When v # 0,

2

2 22 454 6
A=W(1—-8—!v/3 + VB +0(/3))' 1

Application of Spiegel’s first formula to (11) shows that the first zero of A will occur
at (v8)* > 8!/2. Since A 0 in the low velocity-thin pipe wall case, (8) can be written:

2
- B[&M] " 54[_33 L 2,2(;6_ + L)

8! 10! 6!8! 3311 12)
+o(d ﬁ)] + 0@ = 0.
Spiegel’s first and second formulae yield the following lower bounds for 3, :
oz [ ] (se)
= [1 T .0001831)"‘]1“' (13b)

The lower bounds given by (13a) and (13b) are analytic functions of a real variable
v (v > 0) which can be used to bound 8, for all velocities for which the low velocity-thin
pipe wall case is valid. From (12) and (13a, b) it is clear that B, is real and decreases
very slightly as v increases. The maximum dimensionless velocity for which (13a) and
(13b) are valid is restricted by the parameter k£, but the lower bound does not depend
on k explicitly. Thus, for sufficiently small dimensionless velocities all pipes will show
the same decrease in 8; for a given dimensionless velocity. Handelman’s low velocity
results [8] also show that 8, decreases as v increases; however, his perturbation procedure
indicates a strong direct dependence of 8, on k, namely:

By =m" — <§ + Tlé)vz. (14)

Fig. 1 is a graph of B8, versus » showing the lower bounds calculated from (13a)
and (13b), the perturbation estimates calculated from (14) for pipes with & = 0.4 and
k = 1.0, and experimental data given by Long [6] for a simply supported pipe with
k = 0.4. Fig. 1 also shows a lower bound for 8, calculated by neglecting the »* term in
(13b):

9450 1/
6 2 [m] . (13¢)

In the important case of k = 0.4, it is clear from Fig. 1 that both (13b) and (13¢) provide
better lower bounds for the experimental data than that provided by the perturbation
estimate (14). (In this case the perturbation estimate apparently is also a lower bound
but this is not known a priori.) In particular (13c), which depends only on »*, provides
a very accurate lower bound for experimental values of 3, for much larger values of v
than does (14), which also depends on v° Previous experience [13], [14] has shown that
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Second Lower Bound

9.5

: \
S U

Perturbation Estimates (14)
\

g |— k=10  k=0.4

First Lower Bound

I | | ] J
1 2 3 4 5 6
Ymax

(k=0.4)

v (dimensionless)

Fic. 1. The first eigenvalue 8, plotted against dimensionless velocity ».

for problems with well-separated eigenvalues the bounds obtained by Spiegel’s second
formula are generally accurate to two more decimal places than those obtained from
Spiegel’s first formula. This is shown by comparison of the approximations to #° given
by (10a) and (10b). The bound on 8, given by (13b) can be further improved by cal-
culating the terms of order 8° and applying Spiegel’s third formula [11]. These calcula-
tions are not prohibitively difficult and can be expected to give extremely accurate
lower bounds for 3, .

5. High velocity-thick pipe walls. In this case Green’s function is independent of
B and is given by:

Cim, ) = &, + @z + ae”™ + ae™™, 0<z<y<l,
Gy(x, y) = by + bz + bee®™ + be™ ", 0<y<z<l,

where o = ik"/*» and the eight coefficients are uniquely determined. Since the operator
Llu] = 4" 4+ kv*u* with boundary conditions, #(0) = u(1) = «(0) = «"(@1) = 0,
is self-adjoint, Green’s function will be symmetric and 8; will be real for each A [9].
Green’s function is
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Gz, 7) = —x(lz— )+ lsmha(l—y)smhax’ 0<z<y<l,
« a sinh «
(15)
—y(l — x 1 sinh o(1 — z) sinh
Gz(x)y)= y(a‘z )+a a(smhi ay; 0Sy<x$1;
where G(z, y) is singular when « = 4nr;ie., when k"% = nx,n = 1,2, --- . It is clear

that Green’s function remains symmetric for kv® > = so that the eigenvalues, 82 , of
the integral equation

u) = —8" [ Gy, D) ds (16)

cannot change from real to complex at this point. Thus, 8, will either be real or pure
imaginary for all h. For arbitrary «, a s inm, the hypotheses of Mercer’s Theorem
[9, p. 125] are satisfied and

— k") — 3 cot (%)
6k%*

f Gz, z) dz = @ 17

; Gy

For k'*v near =,

1 —3 cot (k%)
; ®? 6k%t

When k"% — =—, > 1/82 > 0 while when k'*» — =+, Y 1/82 < 0. Thus, 8, is real
for v < k™% and at least some B, are pure imaginary for v > wk™'/%. These results
agree with Handelman’s perturbation results [8]. For pipes of practical interest (k = 0.4),
we expect unstable vibration at 0. = 7k~ *> = 5.0 (dimensionless). This result
conflicts with experimental data given by Long (6] which show stable vibration for pipes
with & = 0.4 up to v = 10.0 (dimensionless). We note that (1) was derived under the
assumptions of small transverse deflection [5] and nondistortion of the cross-section
of the pipe [10]. It would appear that at high velocities these assumptions are no longer
justified and that (1) fails to provide a good description of the transverse vibration
of the tube.

If Green’s function (15) is written in the “natural” unsymmetric form discussed
in Sec. 4, (16) can be written as a nonhomogeneous Volterra equation of the convolution
type which can be solved by means of the Laplace transform [9]. Thus (16) becomes:

w) + ¢ [ [ Lo -2 - heinhaty - 9 Juw ¢z .

1
= “52£ [b; + b.x + bze™ + bie *“Ju(z) dz.

The Laplace transform of u, £[u] is:

Lfu] = & _3a2) — 5 {(32 ) fo (1 0; 2) u(z) dr — §° fo %ﬂu(x) dx}
(19)

and the inverse Laplace transform of (19) is a homogeneous Fredholm integral equation
with degenerate kernel which depends on the four roots, a, b, ¢, and d, of the quartic
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equation s* — s’a® — % = 0. Thus it is possible to obtain the exact eigenvalue equation
of (16):

1- Bz(au + azz) + ﬂ4(a1lazz - alzazl) = 0, (20)
where
2 2 2
a,1=a(a _02){(0 a)(smha )—(cTaz(sinhc—-c)},
_ {(smh a—a) (sinhe— c)}
Gz =3 (a - c ’
0 — { _ asinh a) o c (c _asinhc)}
27 A (a — ¢ (@® — a) sinh «  — o) sinhea /)’
S {(a « sinh a) _ <c a sinh c)}
2T F@E =) sinh a sinh «
and where

a=—b=—3@ + 2B)" — 1’ — 2iB)",
¢c=—d=—3a+ 2B + 3 — 2if)".

Since az, and a,, are singular when sinh « = 0, i.e., when ¥'’* = nr,n = 1,2, --- ;
the eigenvalue equation (20) will be satisfied if and only if

lim g2 =0 and lim f’a,;, = 1.

a—ix B30
Since lims., a® = o, the first term of a,; clearly approaches 0, and since ¢ = —1i/a
for small 8, and lims_, sinh (—i8/a) = 0, the second term approaches —1/a’c® = 1/8%
Thus, limg._, Bzau = 1 and the eigenvalue equation is satisfied exactly by 8 = 0 at
v = nrk™%, n = 1,2, --- , and again we find that ve;;4iem = 7k "% Unfortunately,

further analy51s of (20) will not provide useful information concerning the transverse
vibration of a pipe because (1) no longer provides an accurate description of the physical
system in the high velocity case.

6. Arbitrary flow velocities. The method used to obtain the eigenvalue equation
for the high flow velocity-thick pipe wall case can also be used, in theory, to obtain the
eigenvalue equation for the general case of arbitrary flow velocity. Green’s function
will have the form:

Gl(z; Y, B = (bl +c¢) + (b + )’ + (bs + Ca)ebz + (bs + 04)9“; 0z<y<l,
Gy(z, y, B) = by + bye™ + bse’™ + e, 0<y<z<l,

where a, b and ¢ are roots of &° + kv’e — w8 = 0 and b; and ¢; , %2 = 1, 2, 3, 4, are
uniquely determined by the conditions on the Green’s function. As before, the integral
equation can be written as a Volterra equation of the convolution type which can be
solved by use of the Laplace transform. The four roots, X\, , A, As , Ay , of the quartic
equation, s(s + a)(s + b)(s + ¢) — B° = 0, must be found in order to invert the Laplace
transform. The inverted equation will be a homogeneous Fredholm integral equation
with degenerate kernel consisting of four terms:
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1 4
u(y) = 62 j; {z-; Yi(y’ B; )‘1 ) )‘2 ’ )‘3 3 )\4)Xi(x) B)}u(x) dx)
and eigenvalue equation of this integral equation can be written down as the determinant
of a 4 X 4 matrix. Although general application of the method is straightforward, the
most useful results will be obtained when the roots a, b, and ¢ are such that the roots
A, Az, Ag, A, are relatively simple. Although the roots of a quartic equation can always
be obtained by radicals, these roots will generally be very complicated.

7. Conclusion. The integral equation methods discussed in this paper and applied
to the specific nonlinear eigenvalue problem which describes the transverse vibrations
of a tube containing flowing fluid are quite general. Green’s function for a fourth order
differential operator L, s which is an entire function of 8 can always be written:

Gl(x: Y, B) = Z [bz(yy B) + Ci(y’ B)]u,»(x, 6)7 O S z < Yy S 1; (
t=1 21)

Gz, y, B = 2_; by, Bu.(z, B, 0<y<z<l1,

where u,(z, 8) are a fundamental set for the adjoint operator, L. s . This means that
the differential equation, L, su] + B°[«] = 0, and appropriate boundary conditions
can be written as a nonhomogeneous Volterra integral equation

v 4 1 4

u@y) — # fo [Z;c;(y, Bu.(z, 6)]u(x) dz = §° fo [21 bi(y, Bus(z, B)]u(x) dz.  (22)
Since the denominator of ¢;(y, B8) is the Wronskian determinant, (22) can be solved
and the first few terms of the eigenvalue equation obtained by the methods of [3]. If
L. s has constant coefficients, (22) will be a Volterra integral equation of the convolution
type which can be solved by means of the Laplace transform. It is sometimes possible
to obtain the exact eigenvalue equation of the problem by this method. Finally, we
note that one of us has shown [15] that the eigenvalue equation obtained from the
Volterra formulation discussed in this paper has the same roots as that obtained from
the Fredholm formulation described previously [3], and that the lower bounds obtained
from the Volterra formulation are either the same or better than those obtained ac-
cording to [3].
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