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Abstract. This paper is concerned with finite surface waves in incompressible fluid
in circular channels or bowls. Fluid circulates through these channels and is contained
in them by the action of an axial gravitational force. Under certain velocity conditions
permanent waves of finite magnitude may be solutions to the differential equations of
motion. These waves are related to the cnoidal and solitary waves of the infinite straight
channel. Using stretching techniques on the nonlinear differential equations, we derive
expressions for the wave shape, the critical velocity condition, and relations to waves
in straight channels. The irrotational case is thoroughly treated and a short discussion
of the rotational case is included. The fact that these waves deform continuously into
those already derived for straight channels is also discussed. The most important result,
however, is that stretching techniques have been shown to describe finite waves pro-
gressing in curved trajectories. While it is true that the trajectories are dictated by the
curvature of the containing vessels, it is apparent that this technique may very well
be useful in deseribing finite wave shape and trajectories for waves near beaches and
breakwaters.

Introduction. Since 1944, when Scott Russell made his first observations of a solitary
wave in a canal, a considerable amount of theory has been developed dealing with
solitary waves in fluids. Most of this theory is concerned with two-dimensional flow
and flow in infinite straight channels. In this paper we shall be concerned with three-
dimensional cnoidal waves in circular channels and circular bowls. We will find that
the solutions of this problem have several points in common with previous results. The
first of these is the characteristic critical speed. For certain velocity profiles the equations
will exhibit a bifurcation, i.e. there will be two families of solutions. The first family,
which will be called the steady-flow state, will exhibit no wave in the direction of flow.
This family of solutions is also common to flows at noncritical speeds. The second family
of solutions will be nontrivial waves of a permanent type; i.e., the basic shape of the
wave is fixed although it moves over the surface of the fluid. The second point in common
with previous works in this subject will be the characteristic cnoidal profile (Jacobi
elliptic function) in the direction of flow. A third point in common with previous work
is that the specific wave shape depends on the solution of an elliptic Neumann problem
in the steady-flow cross-section of the fluid.

This paper will be devoted to an examination of irrotational inviscid progressing
waves of permanent shape. These steadily progressing waves are waves whose shape
remains fixed as viewed from a coordinate system which is rotating with respect to the
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fixed coordinate system at a constant angular velocity. When the angular velocity is
zero, these waves will be called stationary waves.

We will be interested in waves in circular channels or bowls. It will be obvious from
the solutions that the two will be equivalent except for some pathological bowls with
certain infinite dimensions. Consider a fixed curve s — G(p) = O in a cylindrical co-
ordinate system where p is the radial coordinate, « is the angular coordinate, and s is
the axial coordinate (see Fig. 1). This fixed curve is rotated about the axis p = 0 of the
coordinate system, and thus it generates a channel or bowl. Fluid will be constrained in
this channel by the action of a constant gravitational force along this same axis.

It is not a priori clear that cnoidal/solitary waves exist in circular channels since
their existence in straight infinite channels is strongly coupled with the fact that waves
of very large wavelength exist in such channels. The infinite length of the straight
channels, in which it has been proven that cnoidal waves do exist, stands in contrast
to the finite length of the liquid-filled circular channel discussed herein. The existence
of these waves in finite channels is suggested by observations. In particular, the solitary
waves observed for finite times under natural circumstances and also under laboratory
conditions in finite channels strongly suggest that these permanent waves do exist.
It is for these reasons that we apply variations of the techniques for infinite straight
channels to the problem of circular channels. What we do, basically, is associate a
stretching parameter to some of the dependent and independent variables so as to
emphasize the angular direction and angular velocity. We then expand each of the
new dependent variables in a power series in this parameter. The basic assumption is
that these power series converge to solutions or represent solutions in an asymptotic
sense. We substitute these series into the equations coefficient to different powers of the
stretching parameter. That is, the equation L(z, ¢, ¢(z, €)) = 0, where L is a differential
operator (or boundary condition), z represents time and space variables, e is the stretch-
ing parameter, and ¢ is the desired solution, will yield the following expression under
the assumption ¢(z, ) = .o, b.(2)e':

L= ZoLs(xﬂbo: -e- L ¢)e = 0.

In this expression the L, are differential operators (or boundary conditions) independent
of e. These resulting equations are solved recursively starting with those coefficient
to the lowest powers of the stretching parameter. This assures us of consistent results
from all the equations. The results in all the cases considered show that the leading terms
in the expansion of the wave profile have a marked cnoidal shape in the angular direc-
tion. The shape of the wave in the radial direction is highly dependent on the steady-flow
fluid velocity and the velocity of the progressing wave.

Equations of motion. Let the spatial coordinates by (p, «, s) and let them be indexed
1, 2, 3 as in Fig. 1. The velocity vector V in this cylindrical coordinate system is

V = i1V1 + ing + i3V3 ) (1)

where V, = dp/dt, V, = p(da/dt), and V; = ds/dt. The velocity V will be referred to
in the body of this report as the fluid velocity and as the particle velocity.
The equations of the free surface and the fixed surface will be, respectively:

s = n(p, a, t) 2
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and
s = G(p). 3)
The equations of continuity and momentum are given respectively by
vV-Vv=20 4)
and
F — (1/5) grad P = dV/dt. )

In these equations P is the pressure, ¢ is time, é 1s the constant density, and F is the
constant body force. To be specific, we will solve the problem with

F = —iy, (6)

where ¢ is a positive constant. We can think of the fluid as held in a circular channel
(3) by the action of a gravity force (6) directed along the axis of symmetry p = 0.

It is best to solve these equations in the Eulerian form. The solution will then be
given by the velocity in terms of the space and time coordinates. In the fluid interior
we have

190 19 ., 9+ _
;ap(pvl)+;6a‘2+36“3—0y (7)
. , 1 . . 1 2 _ 1 .
Vi + I1Vx,,"'_’:'vz.i’1..'!“ ViV, '—;(Vz) = —SP’” (8)
. . 1 , [ 1 1
Vo, + ViVo, + = VoVo, + Vi, + = (ViVy) = —— P, 9
P p dp
Vi, + ViVs, + % VoVis, + ViV, = _% P, —g. (10

These partial differential equations will be solved subject to zero pressure on the free
surface and the natural kinematic boundary conditions. On s = 5(p, «, f),

P=0 (11)
and
N LR (12)
and on s = G(p),
y, = 260y (13)
dp

We now introduce a stretching technique to facilitate finding a solution to the prob-
lem. Let e be the dimensionless stretching parameter. Then coordinates p, «, s go into
p,8,sand PV, ,V,,V;,tgointon, U, V, W, 7 respectively:

8= Vea, r=vet, U=V, Veyg,

(14)
V="V,V1yg, W=7V;Veyg, =w=P/(dg).
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We solve the problem in the new coordinate system and then use Eq. (14) to identify
the old variables. Eqs. (7) through (13) become Egs. (15) through (21). In the fluid
region we solve

V) +3 (U, + W, =0, (15)
e(U, ++ -,1, VU, - -:; Vz) + UU, + WU, = 0, 16)
1 1 1 .
e(V, +omt s VV,) + UV + UV, + WV, =0, an
e(w, + +% VW, + 1) + UW, + WW, = 0. (18)
On the free surface s — 5(p, 6, 7) = 0 we have
=0 (19)
and
W — Un, = e(n. + Vne/p). (20)
On the fixed surface s — G(p) = 0 we have
W — UG (p) = 0. (21)

(Note: in what follows we shall use the following alternate conventions: 9( )/dp = ('),
3( )/36 = (').) For irrotational waves we set the vorticity equal to zero:

vV X V=0 (22)
This implies the existence of a potential function ¢ such that
o1
U=¢p) I/=;¢8y W=¢,. (23)
It is now evident that we can integrate Eqgs. (16), (17) and (18) to get an energy integral.

The problem is then reduced to finding a solution of the following equations.
In the interior of the fluid we solve

2¢09+;a—pp ¢+¢sn— . (24)

On the free surface s = 5(p, 6, 7) we have the boundary conditions
e(n, + ;15 ¢ano) = ¢, — &1, (25)
and
B0 — 1657 — 1600 = {0+ 6. + 35 607): (29

On the fixed surface s = G(p) we have
¢, — G'(p)p, = 0. 27
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We may then solve for the pressure by using Eq. (28):
1
r = 2 E() — 3o — o) - [¢, +o+ @) ] (28)

Irrotational progressing waves. We now proceed to investigate progressing waves.
We have already set up the equations for incompressible, irrotational, inviscid fluid
flow in a circular channel with both a free and a fixed boundary. The progressing waves
that we defined earlier are characterized by the dependent variables being functions of
(p. s, @ — Qf) in the original coordinates and (p, s, 6 — @r) in the stretched coordinates.
The two constants ¢ and & are fixed with respect to each other by

o = /vy (29)

It follows that Egs. (24) through (28) reduce to Egs. (30) through (34). We note also
that E(r) reduces to a constant. We will solve Eqs. (30) through (34)-as functions of
p, S, 6 with the understanding that we will substitute 6 — &t for 6 after the solutions
are found.

In the fluid region we have

e 8 o
(p 36° + P 3p ap + =0 ©0)
Ons — n(p, 6 =0
¢’ p— ¢P1’P = 6770((_2% —_ O’)) (31)
and
n = %(E — H@.) + )" — ¢’0(;;:2 - ‘3) (32)
Ons— G =0
¢, = ¢,6'p) = 0. 33)

After the above are solved for ¢, 7, and &, the pressure may be determined directly
from

w9 = LE =360 + 600 — s~ (25— 5) 59

We now substitute the formal power series (or asymptotic series) solution (35),
(36) and (37) into Egs. (30) through (34):

o(p, 6,550 = 2 bilp, 6, 9)¢, (35)

i=0
©

1(p, 8,6 = 2 n:(p, O)¢, (36)

i=1

E = X E:. (37)
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We complete the expansion of (31) and (32) in the manner described in the introduction;
as a result, Egs. (30) through (34) are in the generalized form

L = Z%La(x)‘bo: tt )d’i)e“ =0

where the (L;) are differential equations or boundary conditions. We note also that
these expansions simplify the boundary conditions given by Eqs. (31) and (32). Instead
of being evaluated on s = 5(p, 6; ¢) all the terms are evaluated on s = 7(p, 6; 0) or,
more simply, on s = 70(p, ). Therefore, once we have determined 7,(p, 6) the prob-
lem reduces to that of a fixed boundary problem. We will see that the only admissible
functions 7,(p, 6) will be exact steady-flow solutions to the partial differential equations.
Hence, we can speak of this method as a finite-amplitude perturbation from the steady-
flow solution.
The equations coefficient to €® are examined first. In the region R we have

9 a3 d a
(appa—p-l-gépgs)% = 0. (3%)

On the boundary (9R) which is composed of segments of s — 7, = 0 and s — G(p) = 0
we have

d
35 80 = 0. 39)

On s — 7, = 0 we have
2E, = ¢i + ¢3 . (40)

We now apply the maximum principle (Hopf’s Lemma) to the uniformly elliptic equation
(38), noting the boundary condition, and get

$o = Fo(9), (41)
E, = 0. (42)
Let us proceed to the ¢ equations. In region R

(aaaa F,

5;"5-'_55”6_8 1=—7- (43)

Ons—G=0
a¢1/an = 0. (44)

Ons — 9 =0

F
¢1. — ¢1,M0, = 770;(7(2) - 53) (45)
and
; F.

70 = E, + Fo(' - 2—;‘2'> (46)
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Egs. (45) and (46) combine to give us Eq. (47) ons = 7, :

é1. — é1,m0, = —ﬁo<% - é) (47)
We apply the divergence theorem on Eqgs. (43), (44) and (47) and get
Fo = v9, (48)
¢ = Fy(9), (49)
7 = E, + 7<& - 2—}) (50)

At this point it is clear which region we are dealing with (see Fig. 2). Here a, a + b
denote the radial extent of the steady-flow fluid and b is the width of the channel. The
admissibility of vertical-sided channels of width b is also evident. We see that {¢ = ¢, ;
# = n,} is an exact solution of this fluid flow problem and is the steady-flow state pre-
viously defined. From the equations coefficient to ¢ we get

9 9,9 "’_> __k
(appap-i-aspas . = —~ (51)
in R. On s = G we get
d¢;/on = 0. (52)
On s = 75, we get Egs. (53) and (54) which combine to (55):
b2, — P2,M0, = 7710(%2’ - ‘:’) ) (53)
S
/
a a+b
. , —
L
0
g fixed surface: s - G(p) = 0
aal
ey ot fluid (steady—state) region
afe 2
o) 19 n =s-E -yb+X—<=0
@ |- o 1 202

Fic. 2. Region R.
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- s - X 54
’71‘"E2+F1w—pzy ()

! 2
b2, — $2,M0, = _Fl(é - %) : (55)

Applying the divergence theorem to Eqs. (51), (52) and (55), we get

ﬁz( [ fR (1/p) d4 — f " p(&) - %3)2 dp) —o. (56)

Eq. (56) represents a bifurcation typical of this problem which also appears in the case
of rotational waves and in the case of waves of variable-density fluid.

If (F, = 0), we get irrotational flow with no wave, i.e. the trivial steady-flow solu-
tion. That is,

1= + en, + O()
(El + ‘y(é - ;’—)) + e(E, + ‘yl(é - 7—)) + 0(&) (57

2
2p 3

= 7(p) + O(&)

where F, = v, = constant. If we make similar assumptions throughout the expansion,
we get n; = n:(p). The final result would then be n = n(p; € = A + Bp~° where both
A and B are arbitrary constants with respect to the space and time variables.

This is a steady-state solution and satisfies the exact differential equations of motion.
In fact, it can be represented as n = #70(p). For the solutions which may be waves we
are forced to look at the alternate solutions of Eq. (56). Assume (F, # 0); then v is

determined from
(j:L (1/p) d4 — ‘/:”b p(é - %)2 dp) =0, (58)

or by integrating once we get v(®) defined implicitly by

j‘ (G—E1+%_3l°+p‘;,’>dp=0. (59)
. P <P P

Integrating again we get a second-order equation in y and &:

2, [3In(+ b/a) 3y? B 1 ot
© T (“’)[ ab(l + b/za)] T aa e ), E O/ede @

Two pairs of solutions are of special interest. The first is the case of stationary waves.
If @ = 0, then

_ 203(1 + b/a)z a+b _ 1/2.
= j=<3b(1 o2y ), B O/ede ) ’ (61

i.e., there are two associated steady-flows, one clockwise and one counterclockwise.
Both are the same in absolute value. Another interesting solution is a perturbation from
a state where there is no steady-flow motion. Suppose vy = 0; then the bulk of the fluid
has no motion (w.r.t. O(e)) and
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& = i(m [CE - aman)” (62)

In this case we get a clockwise and a counterclockwise wave with the same wave velocity
amplitude.

It is interesting to look at the solutions as a gets very large with b relatively fixed
and keeping the same channel contour G. Let HT be the average height of fluid in such
a channel. As a result, Eq. (568) gives us the relation

(@@ — v/a)* > (HT) as (a) > . (63)

In dimensional form this statement says that the square of the relative velocity of the
wave to the bulk of fluid approaches (w.r.t. O(e)) the product of the average height
HT and the acceleration of gravity g. This is the same as the critical-speed expression
for infinite straight channels. We adopt the terms eritical speed or critical velocity to
the case of circular channels, since it is an obvious extension of the term defined for two-
dimensional waves.

Another point that should be made concerning Eq. (58) or (60) and Fig. 2 is that,
in general, one cannot pick ¢ and b arbitrarily. One can easily see this by noting that
the following inequality must hold:

Ga + b) = n(a + b) = no(a) = G(a). (64)

Let us pick a set (g, b) such that inequality (64) holds. Then from Eq. (50) there will
be one solution only for y and E, + y&. With v thus fixed we now solve Eq. (60) for two
values of &. One wave will be going faster than the bulk of fluid, and one wave will be
going slower and perhaps in the opposite direction. For each of these values of & we have
a corresponding E, , and hence all the low-order parameters that we need are fixed.
There is the possibility of G(p) = 14(p) for some p given by a < p < @ + b. In such a
case the region R will be decomposed into two or more disjoint regions, and each region
should be treated as a separate channel. Keeping the above in mind, we return to Egs.
(51), (54) and (55) and seek a solution under the condition that ¥, # 0 or Eq. (58).
Using the maximum principle, we see that ¢, may be written as

é:(p, 8, s) = F1(0)¥(p, s) + F2(0), (65)

where F.(6) is as yet undetermined and ¥(p, s) is a solution of Egs. (66), (67) and (68).
In region R

Goosstiesih = )
Ons =G,
a¥/on = 0. (67)
Ons = 7,
¥, — ¥,no, = —(a, - -"—)2- (68)
P2

In order to get more information about F,(8) we go to the next higher-order equations,
i.e., those coefficient to ¢. On R we have
(a 3,9 9 G200 F'y F,

0P Tafalt T T, T T T ©9)
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Ons =G,
9¢s _
3 = 0. (70)
We have

F,Z
N = 133 - D)

Bt (o - %) + Foxto, n &
and on s = 75, we get

: I Q?De
(B3, — $3,m0,) = Fl <— ‘I’(' - “:7 ) + F1E2<—% — \Il,,>

+FF[( - )(2 w+”’)+2’p&}—F(a)—Z—> (72)

Applying the divergence theorem to the above we get a differential equation for F, :

wlf3ea- "] G-3o0]
TR N
+ AP, [ " ,,[( - ”—)(w -2 @) - 2—”}1'—]

. p p p p

The coefficient of F, in Eq. (73) is zero because of Eq. (68). We can further simplify
the above using the following definitions for m, , m, , m, . The result, after integrating
the leading term, is Eq. (75). Let

do  (73)

=70

dp.

=70

my = ff o[¥? + ¥ d4 > 0,
R

m= [ [( BEA R L O M"] dp, (74)
. 5 P 2 I P
m, = E, f " (p\I/,, - ‘I’”Zz) . dp.
Then
moFy = mF\F, + mF, . (75)

We can solve for F, exactly with Eq. (75) once we know m, , m, , m, explicitly.
These values depend upon ¥(p, s), which is a solution of Eqgs. (66), (67) and (68), and
hence depend upon the particular channel shape s = G(p). Rather than getting explicit
solutions for various channels we can integrate (75) directly and get solutions for F,
in terms of the coefficients m, , m, , m, . Since the general properties of F, are easily
determined, the wave shape will thus be established. We will then get expressions for
the velocities V,, V., V5.

Wave shapes. The solutions of (75) fall into three categories depending on the
coefficient of the nonlinear term m, . Of these, the third case is the most interesting.
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Case 1. Let m, = 0. Eq. (75) is now linear and has smooth solution only if m, < 0:
Fi= ((n +)/2) 4 ((r. — 1)/2) cos ((—ma/mq)"*6). (76)

There must be a further restriction on m,/m, so that », will be continuous. This is given
by (77a) or (77b):

_j2m0 = Mq€; ,7 = 1. 27 3,0, (773)

_,-2[ [[ o+ w3 dA] - & | (p‘lf,. - 1{’—)

Under these restrictions we get

Fy = ((rn 4+ 1)/2) + ((rn — 11)/2) cos ja, (78)

dp < 0. (77b)

2= N0

or

n =1+ en + 0@

) & 4\ . JLwitweaa |
B JM( 2,,2) ]L£a+b (p\p,. - ”’:I’) L. de J "

Vg
[1+ (G- 942) + (5 em - )] 00

where #, and #, are arbitrary constants. Therefore we may specify the number of waves
in the channel or bowl by specifying j and we may specify the wave height in
Eq. (79) by specifying £, and £, . We note again that this solution is valid only for m, = 0
and m, < 0. The corresponding velocities will be given by

r B

- -3 7:2 - T‘] i f./]; [‘P’ + \IIpJp d‘hl
Vi=17 ¢ 2 ‘ a+b 2y
f (p‘l’., - 7—2”> ’ dp |
“va P la=ne

Jr jzf_Lp[\I/f+‘I'§JdA 1

o)

=7 (81)

¥, sin jla — Qt) + 0(65/2), (80)

r

V,='\—/£

Y a+b 2,

P v,
| 1\[ (P\I/,, - Y 2 )
: o P

{(T ! *Q‘f2> + (fz S f’)a + %) cos jla — Of) + eze}

+ 0(),

|

and
.

J[ w+wpas |
:‘ — ¥, sin jla — &Qt) + 0(?). (82)
%)

-
I

V, =7 \/g[rz -

dp

$=T7o
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Case 2. Let m, > 0. Let F, = —F, and substitute into Eq. (75). The differential
equation for F; will now fall into the category of Case 3.
Case 3. Let M, < 0. To get the simplest form for the solution we let

Z =F, + my/m, ; (83)
then
mOZ-” = ’m,ZZ. (84)
Let
3ff oY + ¥7] dA
= —3m,/m, = — R >0 (83)
ot 2 | 4, 2v¥p | |
f [(«3 - ZE)(’ + X p‘I’..> + ’lz—e] | do
a P P P p la=ne
and
a+b I
. [ (a=2)| o
C = _7E2:n = a+b a\ o AI/ £ = o (86)
1 =~ ps ~
‘vf [(&—:Y—z/(—+7—z—p‘1'..)+lz—p] dp
a P p p P &£=no
The equation for the free surface then becomes
7=+ eEz[l + 7(:’<o3 - %—)] + ez(a —~ %—) + 0(). (87)
Let
j = number of wave crests = 1, 2,3, ---,
H = height factor,
r = depth/height ratio, (88)
E=Q0+n/2C-1),
E=2—r

Then Eq. (84) may be integrated provided the value of 7 and hence the values of ¢
and k* are restricted as in Table I.

TABLE I

r=0 10<r <}

k* =13 I<kr<1

§=2 2>$>%‘

Let A be defined as

A= am(o(:g—f)m, k) = am(a(%)ln, k) (89)
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where
HE)I/? _ <H$>]/2 A dA )
(4>\ N\ o (1 — Kk*sin® A)'*” (90)
then
en(A, B) = cos A = cos (am(4, B)), 1)
sn(4, B) = sin A = sin (am(4, B)).
With these definitions Eq. (84) integrates to
1/2
Z- H[ r+ 1+ nen(o ) k)] (92)
)N
From continuity conditions for the wave, it is seen that j, H, and k are connected through
T _3_H_>”2 _
<2j)<>\(k2 +n) ~X® (93)

where K (k) is the complete elliptic integral of the first kind. We may arbitrarily choose j,
the number of waves, and one other parameter from the following group H, k, r, £. Egs.
(88) and (93) imply that the rest of the parameters are determined provided they are
confined to the range in Table I.

The equation for the free surface then becomes

Q N
n=E, + 7(‘\79 - éi—z) + €E2|:1 + ‘YC(—\/—g — 57[?)]

+ (2 - 2)u(a 4+ (BB 1) 1) 4 0.

Notice that E, is still arbitrary. Various criteria may be used to fix its value. When
considering higher-order terms it is best to set it equal to zero. The nature of the wave
is independent of its value and is shown in Eq. (95):

SHAPE (r) = H(\—j’—g - 79—2)[(1 + r)cnz(‘f%(k) , k) - r:l- (95)

The definitions for H, r, j in relations (838) are now apparent.
Egs. (96), (97) and (98) represent the three components of velocity for this case.
Egs. (90) and (85) may be used as a reference for the values of A(a) and A.

- (Hag(ixm 2

(94)

1/2
Vv, = ) (1 4 r)sin 2A(1 — k*sin® A)*¥, + 0(9**,  (96)

Vo= Yy L 4D e =0+ a4 e -0
97
2
{k Sl'z 2A — cos 2A(1 — k2 sin2 A)} -+ eEz‘yé -+ €2F2:| + 0(63))

3 _ 1/2
Vs = —(ﬁ%) (1 + r) sin 2A(1 — k*sin® A)*%, + O(9)*?, (98)
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G Q”(%yn = f.,A = e TN (99)

Higher-order terms may likewise be determined.

Rotational waves. Rotational waves may be treated in very similar ways. Egs. (1)
through (21) remain the same. The variables U, V, W, 5, 7 are expanded in formal power
series in e. The techniques used in solving the resulting differential equations vary with
the type of steady-flow state. In all the cases I have solved, however, three familiar
results appear: first, the bifurcation; second, the critical speed condition; and last,
the cnoidal wave shape. In most cases there is a horrendous bookkeeping problem
with lengthy equations. The irrotational case, is, however, representative as far as
wave shape is concerned.

Limiting case: straight channel. In the first section of this paper we noted the lack
of an existence theorem for the progressing waves described here. In order to establish
a good degree of credence to this method we can easily show that these solutions trans-
form smoothly into the solutions for straight channels as we straighten out the circular
channels referred to in this paper. Since there is an existence theorem [3], [4] for the
solution in the straight channel, we might expect existence for the waves discussed in
this report. We proceed by fixing both the value b and the cross-section shape G, and
then we let a approach infinity. We then compare our solutions to the solutions discussed
by Peters [2] in straight channels. After suitably identifying terms, we see that the
coefficients m, , m, , m, and others smoothly transform into their proper limits. Since
the wave shape is a smooth function of these parameters, we see that it also transforms
into the expected limit. As a result, we see that as the channel straightens out (b, G
fixed: @ — ), the cnoidal waves discussed here transform into the cnoidal waves
for infinite straight channels.
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